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Meshfree-based physics-informed neural networks for the unsteady
Oseen equations
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We propose the meshfree-based physics-informed neural networks for solving the unsteady Oseen equations. Firstly,
based on the ideas of meshfree and small sample learning, we only randomly select a small number of spatiotemporal points
to train the neural network instead of forming a mesh. Specifically, we optimize the neural network by minimizing the loss
function to satisfy the differential operators, initial condition and boundary condition. Then, we prove the convergence of
the loss function and the convergence of the neural network. In addition, the feasibility and effectiveness of the method are
verified by the results of numerical experiments, and the theoretical derivation is verified by the relative error between the
neural network solution and the analytical solution.
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1. Introduction
Partial differential equations (PDEs) are derived mathe-

matically or physically based on some basic principles, and
they play vital roles to model many important phenomena in
science and engineering, such as the Allen Cahn equation of
the phase field model, the Fisher KPP equation for study-
ing animal gene transmission, KdV equations, and Navier–
Stokes equations. Among many equations, Navier–Stokes
equations are a special existence, since they involve a trilin-
ear term, which changes the essence of all the problems con-
sidered so far, from linear to nonlinear. The Oseen equa-
tion can be obtained by replacing the trilinear term with (b ·
∇)u.[1–9] Some researchers would study the Oseen equation
first, because the Oseen equations are significant for the de-
velopment of robust and efficient numerical methods in solv-
ing the incompressible Navier–Stokes equations. In the past
decades, traditional methods have been development greatly,
e.g., researchers used FEM,[10] the parallel FEM,[11] the weak
Galerkin FEM,[12] and other traditional methods to solve the
Oseen equations.[13–15] Although some good results are ob-
tained by these methods, the generation of grid often has a
certain influence on the computational efficiency.

In the past few years, it is very popular to use deep
learning techniques to solve a series of computational sci-
ence and finance problems.[16–20] With the development of
this technique, many researchers apply deep learning to solve
PDEs.[21–32] In particular, the method of physics-informed
neural networks (PINNs) is proposed in Ref. [33], and it is

a popular method to solve PDEs using deep learning. In
addition, some PINNs-based extensions are proposed.[34–39]

They can be used to different types of PDEs, such as
integro-differential equations,[40] heat transfer equations,[41]

Schrödinger equations.[33] In order to obtain the desired neural
network, researchers trained the neural network by minimiz-
ing the loss function at randomly spatiotemporal points. The
loss function of PINNs can be defined by the residual differen-
tial operators, the initial condition and the boundary condition.
The PINNs algorithm avoids the form of mesh and reduces
computational complexity. In addition, small sample learning
(SSL) can reduce the cost of data collection, so it has been
frequently used in neural machine translation,[42] museum art
discovery,[43] and so on. Meanwhile, researchers trained neu-
ral networks to solve PDEs by applying a small number of
samples, many numerical experimental results show that it is
practicable.[44]

In this paper, we use the meshfree-based PINNs to solve
the unsteady Oseen equations. This method is meshfree since
it can approximate the solution by neural network instead of
linear combination of basis functions. Moreover, the proposed
sampling method also avoids grid generation during the train-
ing process of the neural networks. According to the thought
of SSL, we collect the small number of random spatiotemporal
points to optimize the neural networks by minimizing the loss
function, such that the neural networks satisfy the differential
operators, initial condition and boundary condition. Further-
more, we prove the convergence of the loss function and the
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convergence of the neural network. Finally, we verify the fea-
sibility of this method by numerical experiments.

The outline of the paper is as follows. In Section 2, we
give some mathematical preparations and assumptions. In
Sections 3 and 4, we prove the convergence of loss function
and neural network, respectively. Numerical experiments are
given to verify the effectiveness of this method in Section 5.

2. Methodology
Let Ω ⊂ Rd (d = 2,3, . . .) be a bounded domain with

Lipschitz-continuous boundary ∂Ω ⊂ Rd−1 and (0,T ] be a
time interval with T < ∞. We consider the following unsteady
Oseen equations

ut −ν∆u+(b ·∇)u+∇p = f , in Ω × (0,T ], (1)

∇ ·u = 0, in Ω × (0,T ], (2)

u = 0, on ∂Ω × (0,T ], (3)

u = u0, on Ω ×{0}, (4)

where u : (0,T ]×Ω → R2 represents the velocity vector, p :
(0,T ]×Ω → R the pressure, f : (0,T ]×Ω → R2 the external
body force, ν > 0 the kinematic viscosity, u0 : Ω → R2 the
initial velocity satisfying

∇ ·u0 = 0,

and b : (0,T ]× Ω → R2 a solenoidal vector field satisfying
∇ ·b = 0.

For notational convenience, let us denote ΩT = Ω ×
(0,T ], ∂ΩT = ∂Ω × (0,T ], Ω0 = Ω × {0}, 𝒢[u, p](t,x) =
ut − ν∆u + (b · ∇)u + ∇p − f . Meanwhile, we use the stan-
dard notations W m,p(Ω) for Sobolev spaces, the norms ‖·‖m,p

and the seminorms | · |m,p

W m,p(Ω) =
{

v ∈ L1
loc(Ω) : ‖v‖m,p,Ω < ∞

}
,

‖v‖W m,p(Ω) = ‖v‖m,p,Ω =

{
∑

|α|≤m
‖Dα v‖p

0,p,Ω

}1/p

,

1 ≤ p ≤ ∞,

|v|m,p,Ω =

{
∑

|α|=m
‖Dα v‖p

0,p,Ω

}1/p

, 1 ≤ p ≤ ∞,

for p = 2, we denote Hm(Ω) =W m,2(Ω) and set

‖v‖k =
√
(v,v)k =

{
k

∑
|α|=0

∫
Ω

(Dα
wv)2 dx

}1/2

,

‖q‖0 =

(∫
Ω

q2 dx
)1/2

, X = H1
0 (Ω)2,

Y = L2(Ω)2, M = L2
0(Ω) =

{
q ∈ L2(Ω) :

∫
Ω

qdx = 0
}
.

We define the closed subset V of X and V1 of Y , respectively,

V = {v ∈ X , ∇ · v = 0} ,
V1 = {v ∈ Y, ∇ · v = 0,v ·n | ∂Ω = 0} .

To prove the existence and uniqueness of the solution, we first
make the following assumptions

(i) The unique solution (v,q)∈X×M of the steady Stokes
problem

−ν∆v+∇q = g, ∇ · v = 0 in Ω , v | ∂Ω = 0,

for prescribed g ∈ Hk−2, for any 2 ≤ k ≤ 3, satisfies

‖v‖k,Ω +‖q‖k−1,Ω ≤ c‖g‖k−2,Ω .

(ii) The initial velocity u0 ∈ V ∩H2(Ω)2, the solenoidal
vector field b ∈ L∞(0,T ;W 1,∞(Ω)2) and the prescribed force
f are smooth uniformly in time, satisfying

‖u0‖2,Ω + sup
t∈(0,T ]

{
‖∂

k
t f‖m,Ω +‖b‖1,∞,Ω

}
≤ c, k,m= 0,1,2.

(iii) There exists a constant C such that

sup
t∈(0,T ]

‖∇u(·, t)‖0,Ω ≤C.

Lemma 1[44] Assume that assumptions (1), (2) and
(3) hold. Then Eqs. (1)–(4) exist a unique solution pair
(u, p)∈ (L2(0,T ;H2(Ω)2)∩C(0,T ;V )∩H1(0,T ;L2(Ω)2))×
L2(0,T ;H1(Ω)∩M). Moreover, the following bounds hold:

sup
0<t≤T

(
‖ut(t)‖2

k−2,Ω +‖u(t)‖2
k,Ω +‖p(t)‖2

k−1,Ω
)
≤ c, k = 2,3, (5)

sup
0<t≤T

‖ut(t)‖2
1,Ω +

∫ T

0

(
‖utt(t)‖2

0,Ω +‖ut(t)‖2
2,Ω +‖pt(t)‖2

1,Ω
)

dt ≤ c. (6)

For the unsteady Oseen equations (1)–(4), we define 𝒞n
u and 𝒞m

p as the class of neural networks:

[𝒞n
u(ψ)]d =

{
Ψ(t,x) : Rd+1 → Rd | Ψι(t,x) =

n

∑
i=1

βiψ

(
d

∑
j=1

α j,ix j +αd+1,iti + γi

)}
,

𝒞m
p (ϕ) =

{
Φ‘(t,x) : Rd+1 → R | φ(t,x) =

m

∑
i=1

ξiϕ

(
d

∑
j=1

σ j,ix j +σd+1,iti + ci

)}
, (7)

040208-2



Chin. Phys. B 32, 040208 (2023)

where ι = 1,2, . . . ,d; ϕ and ψ are the shared activation
functions of the hidden units in C2(ΩT), bounded and non-
constant; x j is input, βi, ξi, α ji, and σ ji are weights; γi and ci

are thresholds of neural network. The simplified diagram of
the neural networks are displayed in Fig. 1

Input

Hidden

Output

Fig. 1. The neural network architecture.

We use [𝒞u(ψ)]d × 𝒞p(ϕ) as the multilayer neural net-
works, and [𝒞u(ψ)]d ×𝒞p(ϕ) =

⋃
n≥1[𝒞n

u(ψ)]d ×
⋃

m≥1 𝒞m
p (ϕ).

Furthermore, the parameters can be written as

θ
ι
1 =

(
β1, . . . ,βn,α1,1, . . . ,αd,n,αd+1,n,γ1, . . . ,γn

)
,

θ2 =
(
ξ1, . . . ,ξm,σ1,1, . . . ,σd,m,σd+1,m,c1, . . . ,cm

)
,

assuming that (U,P) = (U(t,x;θ1),P(t,x;θ2)) is the approx-
imate solution to the general unsteady Oseen equations (1)–

(4). Here θ ι
1 and θ2 are the stacked components of the neural

network parameters θ for velocity and pressure, respectively.
Define the loss function

J(U,P) = ‖𝒢[U,P](t,x;θ)‖2
0,ΩT,ω1

+‖∇ ·U(t,x;θ)‖2
0,ΩT,ω1

+‖U(t,x;θ)‖2
0,∂ΩT,ω2

+‖U(0,x;θ)−u(0,x)‖2
0,Ω0,ω3

, (8)

notice

‖ f (y)‖2
0,𝒴,ω =

∫
𝒴

| f (y)|2ω(y)dy,

where ω(y) is the probability density of y in 𝒴 . J(U,P) could
measure how well the function (U(t,x;θ ι

1),P(t,x;θ2)) satis-
fies Eqs. (1)–(4), differential operators, boundary condition,
divergence condition and initial condition.

The goal is to find parameters θ such that the approxi-
mate solution (U,P) minimizes the loss function J(U,P). If
J(U,P) = 0 then (U,P) is the solution to equations (1)–(4).
However, directly minimizing J(U,P) to seek θ is impracti-
cable since the calculation is difficult. Therefore, we intro-
duce the PINNs to update parameters of the neural networks,
we collect sample points (tn,xn) ∈ ΩT, (τn,zn) ∈ ∂ΩT, and
σn ∈ Ω0. We will follow the method stated in the following.

Algorithm 1 Overview of the method
Input: Randomly spatiotemporal points sn = {(tn,xn),(τn,zn),σn}.
Output: Neural network predicted solution u(t,x), p(t,x).

(1) Construct a neural network with parameters θ ;
(2) Specify the training set sn;
(3) Specify the loss function by summing the residual of PDE;
(4) Train the neural network to find the best parameters θ by minimizing the loss function J(U,P) in (3);
(5) Get the predicted solution u(t,x), p(t,x) on the domain;
return u(t,x), p(t,x).

3. The convergence of the loss function
In this section, we ensure the existence of multilayer net-

works (U,P) which makes the loss function J(U,P) arbitrarily
small. In order to obtain the convergence of the loss function
J(U,P), we use the following assumption.

Lemma 2 Let the term ∆u(t,x) be locally Lipschitz in
(u(t,x),∇u(t,x)) with Lipschitz constant which has at most
polynomial growth on u, uniformly with respect to x. This
means that

|∆U −∆u| ≤ (|∇U |
q1
2 + |∇u|

q2
2 )|∇U −∇u|,

0 ≤ qi ≤ ∞, i = 1,2. (9)

Theorem 1 Let [𝒞u(ψ)]d , 𝒞p(ϕ) are given by Eq. (7),
where ψ and ϕ are nonconstant and bounded. Under the as-
sumption of Lemma 2, there exists a positive constant C and a
neural network (U,P) ∈ [𝒞u(ψ)]d ×𝒞p(ϕ), such that

J(U,P)≤Cε, (10)

where ∀ε > 0, and C depends on ν , f ,b,ω1,ω2,ω3.
Proof From Theorem 3 of Ref. [35], we know that there

is a (U,P) ∈ [𝒞u(ψ)]d ×𝒞p(ϕ) that is uniformly 2-dense on
compacts of C2(Ω̄)×C1(Ω̄). This means that for (u, p) ∈
C2(Ω̄)×C1(Ω̄), ∀ε > 0, such that

sup
(t,x)∈ΩT

|∂tU(t,x;θ
ι
1)−∂tu(t,x)|

+ max
|α|≤2

sup
(t,x)∈Ω̄T

|∂ (α)
x U(t,x;θ

ι
1)−∂

(α)
x u(t,x)|< ε, (11)

max
|α|≤1

sup
(t,x)∈Ω̄T

|P(t,x;θ2)− p(t,x)|< ε. (12)

According to Lemma 2 and Hölder inequality, we can ob-
tain ∫

ΩT

|ν(△U −△u)|2 dω1(t,x)

≤ ν
2
∫

ΩT

(|∇U |
q1
2 + |∇u|

q2
2 )2|∇U −∇u|2 dω1(t,x)

≤ 2ν
2
∫

ΩT

(|∇U |q1 + |∇u|q2)|∇U −∇u|2 dω1(t,x)
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≤ 2ν
2
[∫

ΩT

(|∇U |q1 + |∇u|q2)r1 dω1(t,x)
] 1

r1

×
[∫

ΩT

|∇U −∇u|2r2 dω1(t,x)
] 1

r2

≤ 2ν
2
[∫

ΩT

(|∇(U −u)|q1 + |∇u|q1∨q2)r1 dω1(t,x)
] 1

r1

×
[∫

ΩT

|∇U −∇u|2r2 dω1(t,x)
] 1

r2

≤ Cν
2(εq1 + sup|∇u|q1∨q2)ε2, (13)

where q1 ∨q2 = max{q1,q2}, r1,r2 satisfying 1
r1
+ 1

r2
= 1.

By applying Eqs. (11)–(13), we can reach

J(U,P) = ‖𝒢[U,P](t,x;θ)‖2
0,ΩT,ω1

+‖∇ ·U(t,x;θ1)‖2
0,ΩT,ω1

+‖U(t,x;θ1)‖2
0,∂ΩT,ω2

+‖U(0,x;θ1)−u0‖2
0,Ω0,ω3

= ‖𝒢[U,P](t,x;θ)−𝒢(u, p)(t,x)‖2
0,ΩT,ω1

+‖∇ ·U(t,x;θ1)−∇ ·u(t,x)‖2
0,ΩT,ω1

+‖U(t,x;θ1)−u(t,x)‖2
0,∂ΩT,ω2

+‖U(0,x;θ1)−u(0,x)‖2
0,Ω0,ω3

≤
∫

ΩT

|Ut −ut |2 dω1(t,x)

+
∫

ΩT

|(b ·∇)(U −u)|2 dω1(t,x)

+
∫

ΩT

|ν(△U −△u)|2 dω1(t,x)

+
∫

ΩT

|∇P−∇p|2 dω1(t,x)

+
∫

ΩT

|∇ ·U −∇ ·u|2 dω1(t,x)

+
∫

∂ΩT

|U −u|2 dω2(t,x)

+
∫

Ω0

|U(0)−u(0)|2 dω3(t,x)

≤ Cε
2. (14)

4. The convergence of the neural network
In this section, we discuss the convergence of the neural

networks (Un,Pn) to the analytical solution (u, p).
From Theorem 1, we know

J(Un,Pn)→ 0.

Each neural network (Un,Pn) satisfies the PDE

𝒢[Un,Pn](t,x) = 0, in Ω × (0,T ], (15)

∇ ·Un(t,x) = 0, in Ω × (0,T ], (16)

Un(t,x) = 0, on ∂Ω × (0,T ], (17)

Un(0,x) = u0(x), on Ω ×{0}. (18)

To demonstrate the results expected in this subsection, we
assume:

Lemma 3 Existing a positive constant β and satisfying

sup
v∈C2(Ω̄)

d(v,q)
‖∇v‖0

≥ β‖q‖0,∀q ∈C1(Ω̄).

Theorem 2 Under the assumptions of Lemma 1,
Eqs. (15)–(18) have a unique bounded solution pair
(u, p)∈ (L2(0,T ;H2(Ω)2)∩C(0,T ;V )∩H1(0,T ;L2(Ω)2))×
L2(0,T ;H1(Ω)∩M). Furthermore, the neural networks Un

converge strongly to u in L2(ΩT), and the Pn converges
strongly to p in L2(ΩT). Moreover, if the sequence {Un}n∈N

and {Pn}n∈N are uniformly bounded and equicontinuous in
ΩT, they can uniformly converge to u and p, respectively, in
ΩT.

Proof By using Lemma 2, the existence and uniqueness
for the solution of Eqs. (1)–(4) can be proved. We verify
the boundness of (U,P) for Eqs. (1)–(4). Multiplying the
above equations by (v,q) ∈ [𝒞n

u(ψ)]d ∩ [H1
0 (ΩT)]

d × [𝒞m
p (ϕ)]∩

L2
0(Ω̄T), we have

(Un
t ,v)+ν(∇Un,∇v)+((b ·∇)Un,v)

+(∇Pn,v) = ( f ,v), (19)

(∇ ·Un,q) = 0, (20)

since

(∇Pn,v) = −(∇ · v,Pn), (21)

((b ·∇)Un,v) = ((b ·∇)Un,v)+
1
2
((∇ ·b)Un,v)

=
1
2
((b ·∇)Un,v)− 1

2
((b ·∇)v,Un), (22)

noting ∇ ·b = 0 and taking (v,q) = (Un,Pn), we obtain

(Un
t ,U

n)+ν(∇Un,∇Un) = ( f ,Un). (23)

Taking t = 0, we obtain

(Un
t (0),U

n(0))+ν(∇Un(0),∇Un(0)) = ( f (0),Un(0)).

By definition of inner product and derivative, the above equa-
tion can be changed to

1
2

d
dt

‖Un(0)‖2
0 +ν‖∇Un(0)‖2

0

≤ ‖ f (0)‖0‖Un(0)‖0

≤ 1
2
(‖ f (0)‖2

0 +‖Un(0)‖2
0)

≤ 1
2
(‖ f (0)‖2

0 +C‖∇Un(0)‖2
0), (24)

at the same time, integrate both sides over t ∈ (0,s), and s ≤ T

s‖Un(0)‖2
0 +(2ν −C)

∫ s

0
‖∇Un(0)‖2

0 dt

≤ C
∫ s

0
‖ f (0)‖2

0 dt, (25)

where (2ν −C)> 0.
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Taking the derivative of both sides with respect to t ∈
(0,s) in Eq. (23) and taking t = 0, we have

(Un
tt(0),U

n
t (0))+ν(∇Un

t (0),∇Un
t (0)) = ( ft(0),Un

t (0)).

By definition of inner product and derivative, the above equa-
tion can be changed to

1
2

d
dt

‖Un
t (0)‖2

0 +ν‖∇Un
t (0)‖2

0

≤ ‖ ft(0)‖0‖Un
t (0)‖0

≤ 1
2
(‖ ft(0)‖2

0 +‖Un
t (0)‖2

0)

≤ 1
2
(‖ ft(0)‖2

0 +C‖∇ Un
t (0)‖2

0), (26)

at the same time, integrate both sides over t ∈ (0,s), and s ≤ T

s‖Un
t (0)‖2

0 +(2ν −C)
∫ s

0
‖∇Un

t (0)‖2
0 dt

≤ C
∫ s

0
‖ ft(0)‖2

0 dt, (27)

therefore, according Eqs. (25) and (27), we know that Un(0)
and Un

t (0) are bounded.
Using the similar approach, i.e., taking the derivative of

both sides with respect to t ∈ (0,s) in Eq. (23), then at the same
time, integrating both sides over t ∈ (0,s), and s ≤ T ,

s‖Un
t ‖2

0 +(2ν −C)
∫ s

0
‖∇Un

t ‖2
0 dt

≤ C
∫ s

0
‖ ft‖2

0 dt + s‖Un
t (0)‖2

0, (28)

then, Un
t is bounded.

According Hölder inequation, Eq. (23) can be simplified
to

ν‖∇Un‖2
0 ≤ ‖ f‖0‖Un‖0 −‖Un

t ‖0‖Un‖0

≤ 1
2
(‖ f‖2

0 +C‖Un‖2
1 +‖Un

t ‖2
0), (29)

because of the Poincaré inequation, we can reach

(2ν −C)‖Un‖2
1 ≤ ‖ f‖2

0 +‖Un
t ‖2

0, 2ν −C > 0. (30)

Up to now, we obtain Un is uniformly bounded, so we
can extract a subsequence {Un}n∈N of Un, which can con-
verge weakly in H1(ΩT). Due to the compact embedding
H1(ΩT) →˓ L2(ΩT), we have

lim
n→∞

‖Un −u‖0 = 0.

Thus, {Un}n∈N can converge strongly to u in L2(ΩT).
Next, let us discuss the boundedness of pressure Pn.

Firstly, we utilize Lemma 3 and Eqs. (19)–(22) to obtain

β‖Pn‖0

≤ sup
v∈C2(Ω̄)∩𝒞m

p (ϕ)

−(∇Pn,v)
‖v‖0

≤ sup
v∈C2(Ω̄T)∩𝒞m

p (ϕ)

(Un
t ,v)+ν(∇Un,∇v)− ( f ,v)

‖v‖0

≤ sup
v∈C2(Ω̄T)∩𝒞m

p (ϕ)

‖Un
t ‖0‖v‖0 +ν‖∇Un‖0‖∇v‖0 −‖ f‖0‖v‖0

‖v‖0

≤ sup
v∈C2(Ω̄T)∩𝒞m

p (ϕ)

‖Un
t ‖0‖v‖0 +ν‖∇Un‖0‖∇v‖0 +‖ f‖0‖v‖0

‖v‖0

≤ ‖Un
t ‖0 +ν‖∇Un‖0 +‖ f‖0, (31)

so we verify the boundedness of Pn, which implies that Pn

can converge weakly to p. Using the same method as for Un

converge strongly to u, we obtain

lim
n→∞

‖Pn − p‖0 = 0,

so Pn can converges strongly to p.
If Un and Pn are equicontinuous and uniformly bounded,

using the Arzelà–Ascoli theorem, we can conclude that Un and
Pn uniformly converge to u and p in Ω , respectively.

5. Numerical examples

In this section, we will verify the effectiveness of neu-
ral networks in solving unsteady Oseen equations by three
examples. In the numerical experiment, the configuration
of the computer is 64-bit Intel(R) Core(TM) i7− 8700 CPU
@3.20 GHz 3.19 GHz, the GPU of computer is Inter(R) UHD
Graphics 630, 8GB memory.

5.1. Analytic solution

In order to estimate the performance of this method, we
solve Eqs. (1)–(4) by the proposed algorithm. The analytic
solutions to Eqs. (1)–(4) are as follows:

u1 = x2(x−1)2y(y−1)(2y−1)e−t ,

u2 =−y2(y−1)2x(x−1)(2x−1)e−t ,

p = (2x−1)(2y−1)e−t ,

b1 = sin(x)sin(y),

b2 = cos(x)cos(y),

where Ω is the unit square [0,1]× [0,1]⊂ R2 and ν = 1. Then,
the right hand f can be calculated by Eq. (1). We compute the
relative L1,L2 errors to check the performance of the neural
network:

errL1 =
‖U −u‖L1

‖u‖L1
, errL2 =

‖U −u‖L2

‖u‖L2
,

where U and u denote neural network solution and analytical
solution, respectively. The formula of calculating pressure is
similar to that of velocity, so we only give the relative error
formulas of velocity.
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Fig. 2. Neural network solution and analytical solution of velocity and pressure: (a) the analytical solution of velocity, (b) the neural network
solution of velocity, (c) the analytical solution of pressure, (d) the neural network solution of pressure.
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Fig. 3. Neural network solution and analytical solution of velocity and
pressure: (a) pointwise error diagram of velocity, (b) pointwise error di-
agram of pressure.

We train the neural network by optimizing the loss func-
tion. According to the numerical experimental results, we find
that the neural network satisfies the requirements of the solu-
tions, the relative errors between the neural network solution
and the analytical solution can reach 10−3. The comparison
between the analytical solution and neural network solutions
of velocity as well as pressure are shown in Fig. 2 at t = 0.89,

and the relative L1, L2 errors are 2.25×10−3, 2.95×10−3, re-
spectively. Figure 3 illustrates the relative L1 pointwise error
of the velocity and pressure. Based on these results, we con-
clude that the neural networks solution fits to the analytical
solution perfectly. Therefore, we validate the feasibility of the
proposed method to solve Eqs. (1)–(4).

5.2. Influence of parameter

In this subsection, we discuss the influence of parameters
on the performance of neural networks. we first study whether
the accuracy of the neural network is related to the activation
functions. The values of the relative errors and loss function
J(U,P) corresponding to each activation function are listed in
Table 1.

Table 1. The neural network with different activation functions.

Activation functions Sigmoid tanh Softmax Relu
Hidden layers 2 2 2 2

Relative L1 2.56×10−3 3.08×10−3 2.7×10−2 2.3×101

Relative L2 1.79×10−3 3.44×10−3 2.9×10−2 3.7×101

J(U,P) 3.5×10−4 1.0×10−5 7.6×10−4 5.7×10−1

Hidden layers 3 3 3 3
Relative L1 3.82×10−3 1.05×10−4 3.7×10−2 1.5×101

Relative L2 5.73×10−3 8.94×10−4 4.3×10−2 1.9×101

J(U,P) 9.0×10−6 8.1×10−6 2.3×10−4 5.5×10−1

Hidden layers 4 4 4 4
Relative L1 2.45×10−3 2.35×10−4 1.41×10−3 7.31×101

Relative L2 2.03×10−3 2.17×10−4 1.29×10−3 7.32×101

J(U,P) 2.2×10−5 1.1×10−6 9.2×10−5 5.1×10−1

It could be seen that under certain conditions, choosing
tanh as the activation function can obtain the neural network
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with better performance. Therefore, we employ tanh as the
activation function of the following experiments.

Next we discuss whether the accuracy of the neural net-
works is related to the number of the sample points, the depth
and the width of neural networks. Figure 4 displays the rel-
ative error results with different numbers of sample points (3
hidden layers and 16 neurons per hidden layer).

1

0

-1

-2

-3

-4

0 100 200 300

Number of samples

lo
g
 e

rr

Err L1

Err L2

Fig. 4. The neural network with different samples.

We observe that the relative error drops slowly if the num-
ber of sample points exceeds 20. Although 200 randomly sam-
ple points show the best performance in Fig. 4, we generally
take 20 random sample points in order to meet both accuracy
and efficiency. Based on this conclusion, Fig. 5 shows the
relative errors using different widths and depths of the neu-
ral networks. In Fig. 5(a), the results show a downward trend
when the number of neurons is less than 32 (3 hidden lay-
ers). Figure 5(b) clearly shows that the neural network so-
lution can maintain being stable when the number of hidden
layers reaches a certain value (16 neurons per hidden layer).

Under certain conditions, the performance of the neural
network is optimized as the number of hidden layers and neu-
rons increase. However, we need to consider both accuracy

and efficiency in practical applications. Therefore, we finally
choose 3 hidden layers and 16 neurons per hidden layer as the
optimal parameter for Eqs. (1)–(4).
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Fig. 5. Neural network solution and analytical solution of velocity and
pressure: (a) the neural network with different neurons, (b) the neural
network with different hidden layers.

Meanwhile, we also discuss whether the accuracy of the
neural networks is related to the randomly seeds. From Ta-
ble 2, we can observe that the numerical results with different
randomly seeds are less distinguishable. Namely, the neural
network solutions produced by different randomly seeds are
in good agreement with the analytic solutions.

Table 2. The neural network with different randomly seeds.

Randomly seed 42 43 44 45 46
Relative L1 2.37×10−4 2.35×10−4 5.26×10−4 6.12×10−4 1.02×10−4

Relative L2 5.26×10−4 2.86×10−4 4.43×10−4 6.87×10−4 1.54×10−4

J(U,P) 4.28×10−6 3.13×10−6 1.27×10−6 2.88×10−6 6.21×10−6

Randomly seed 47 48 49 50 51
Relative L1 4.64×10−4 1.79×10−4 5.71×10−4 3.86×10−4 4.79×10−4

Relative L2 4.78×10−4 2.17×10−4 6.58×10−4 4.36×10−4 5.09×10−4

J(U,P) 2.67×10−6 2.61×10−6 2.82×10−6 4.27×10−6 1.52×10−6

Table 3. The neural network with different kinematic viscosity (ν).

log10 ν –4 –3 –2 –1
Relative L1 3.08×10−4 3.88×10−4 4.24×10−4 5.31×10−4

Relative L2 2.86×10−4 3.79×10−4 5.36×10−4 5.59×10−4

J(U,P) 1.27×10−6 2.32×10−6 2.73×10−6 3.27×10−6

lgν 1 2 3 4
Relative L1 5.69×10−4 2.47×10−3 1.82×10−2 1.64×10−1

Relative L2 6.97×10−4 2.40×10−3 1.99×10−2 1.97×10−1

J(U,P) 5.01×10−6 5.27×10−6 6.91×10−4 9.92×10−3

Further, we discuss whether the accuracy of the neural

networks is related to parameters of the equations. All the
results are listed in Table 3. Although the relative error is im-
pacted on the value of ν , it can maintain a certain accuracy.
Noticeably, it implies that this method is effective for solving
this kind of equations.

5.3. Lid-driven cavity flow

In this subsection, we consider the 2D incompressible lid-
driven cavity flow problem in a unit square, the specified ve-
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locity is 1 in the x direction of the upper boundary of the region
and in other directions the components of velocity are zero.
Additionally, we also study the 3D incompressible lid-driven
cavity flow in a unit volume. At the top surface, the tangen-
tial velocity is set 1 in the x direction, while 0 velocity is set
on the remaining surface. We prescribe ν = 1, f = 0, apply
100 randomly sample points, 3 hidden layers and 16 neurons
per hidden layer. Figure 6 shows the neural network solutions
at three independent time steps: t = 0.33, 0.66, 0.99 in the
2D case and compares the solutions of the Freefem equation.
Similarly, the results in the 3D case are exhibited in Fig. 7. It
shows the velocity profile solved by neural network. Tables 4

and 5 show the GPU time cost of 2D and 3D lid-driven cavity
flow problems with different hidden layers, respectively.

Table 4. Computational efficiency of 2D lid-driven cavity flow with
different hidden layers.

Hidden layer 1 2 3 4

GPU (s) 56.07 199.17 291.88 659.66
Iterations 20000 20000 20000 20000

Table 5. Computational efficiency of 3D Lid-driven cavity flow with
different hidden layers.

Hidden layer 1 2 3 4

GPU (s) 349.95 289.88 550.35 784.15

Iterations 20000 20000 20000 20000
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Fig. 6. The 2D lid-driven cavity flow.
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