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Numerical studies of isotopic selective photoionization of
ytterbium in a three-step ionization scheme

Xiao-Yong Lu(卢肖勇)† and Li-De Wang(王立德)

Science and Technology on Particle Transport and Separation Laboratory, CNNC, Tianjin 300180, China

(Received 7 June 2022; revised manuscript received 2 October 2022; accepted manuscript online 19 October 2022)

Selective photoionization of ytterbium isotope is studied numerically based on a three-step photoionization scheme,
4f146s2 1S0 (0 cm−1)→ 4f146s6p 3P1 (17992.008 cm−1)→ (4f136s26p) (7/2, 3/2)2 (35196.98 cm−1)→ auto-ionization
state (52353 cm−1)→Yb+, by the density matrix theory with the consideration of atomic hyperfine structures and magnetic
sublevels. To examine the physical model, the numerical isotopic abundance of ytterbium is compared with that from mass
spectroscopy experiment, showing that they are in good agreement with each other. The excitation process and ionization
process of ytterbium, especially for odd isotopes, are discussed and analyzed in detail on this basis. The effects of frequency
detuning, power densities, spectral bandwidths, polarization of two excitation lasers, and atomic Doppler broadening on the
total ionization yield and isotopic abundance are investigated numerically and the optimal excitation conditions for 176Yb
enrichment are identified semi-quantitatively.
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1. Introduction
Lanthanide isotopes, either stable or radioactive, are

widely used in scientific research, industrial production, nu-
clear engineering, and medical treatments.[1,2] Taking stable
lanthanide isotopes for example, 150Nd is a candidate nuclide
for studying neutrinoless double beta decay.[3] 168Yb can be
used to produce 169Yb, which is more appropriate for indus-
trial non-destructive testing than 60Co and 192Ir due to its rela-
tively low-energy gamma ray.[4] 146Nd can serve as the target
material of neutron irradiation to produce 147Pm, which is a
fuel of radioisotope battery.[5] 157Gd, 164Dy, and 167Er can be
incorporated into burnable poisons in nuclear reactors due to
their large capture cross sections for thermal neutrons.

It is worth noting that lanthanide radioisotopes have at-
tracted much attention in medical diagnosis and targeted ra-
dionuclide therapy (TRT), and they are usually produced
by the irradiation of enriched stable isotopes in reactors or
accelerators.[6–8] Especially, 177Lu is an important radioiso-
tope in medical applications for its decay properties. 177Lu
decays to the excited (24%) or ground (76%) state 177Hf by β -
radiation, with the maximum energy of 497.1 keV and a half-
life of 6.65 days.[9] The excited 177Hf decays to its ground
state by emitting γ-radiation with energy of 112.95 keV and
208.37 keV subsequently.[9] The soft β -radiation can mitigate
undesirable exposes to healthy tissues, and the low-energy
γ-radiation is beneficial to lesion imaging and dosimetry as-
sessment. Although radio-pharmaceuticals containing 177Lu
have emerged and boomed recently, their large-scale applica-
tions are limited by the global production capacity of 177Lu.
There are two mainstream production routes for 177Lu, namely
neutron irradiation of enriched 176Yb (Yb-route) or enriched

176Lu (Lu-route).[9–12] In the Lu-route, the metastable iso-
mer 177mLu with a half-life of 160.1 days is coproduced in
trace quantities. It is hard to extract desirable 177Lu from the
176Lu carrier and 177mLu impurity by chemical methods, caus-
ing a detriment to product’s specific radioactivity and increas-
ing the difficulty in managing medical waste.[13] By contrast,
the Yb-route can produce the non-carrier added 177Lu with-
out 177mLu, showing more popularity among researchers and
manufacturers (like SHINE Medical Technologies in America,
Bruce Power in Canada, Isotope Technologies Munich in Ger-
many, Nuclear Research and Consultancy Group in Nether-
lands, and so on) and fueling the demand for enriched 176Yb.
Isotope separation of ytterbium cannot be realized through the
centrifugation method because ytterbium does not have any
volatile compounds. The electromagnetic separation method
is feasible theoretically, but its cost is too high. As a result,
the laser isotope separation (LIS) method is the only option
for economic ytterbium isotope separation.[14–18]

Basically, the LIS method is based on isotopic selec-
tive photoionization of atomic vapors under several narrow-
bandwidth laser pulses. Target isotopes are excited and ion-
ized resonantly, while non-target isotopes are ionized barely
due to the isotope shifts. It is worth noting that hyperfine struc-
tures have significant influences on the effective isotope shift
because some components in the hyperfine structure may be
closer to the fine energy levels of other isotopes than the cen-
ter of gravity. Accordingly, two critical indices of LIS pro-
cess, namely total ionization yield and target isotope abun-
dance, display larger variations than those under the hypothet-
ical condition of no hyperfine structures. Besides, the tran-
sition strengths between different magnetic sublevels, which
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are controlled by transition selection rules and laser polar-
ization, also affect the excitation process and ionization pro-
cess. Consequently, apart from the common parameters such
as laser bandwidth and atomic Doppler broadening, the hyper-
fine structures and magnetic sublevels should be considered in
ytterbium photoionization numerical studies.

In this work, the isotopic selective photoionization of
ytterbium is studied numerically under a three-step pho-
toionization scheme, 4f146s2 1S0 (0 cm−1) → 4f146s6p 3P1

(17992.008 cm−1)→ (4f136s26p) (7/2, 3/2)2 (35196.98 cm−1)

→ auto-ionization state (52353 cm−1) → Yb+. First, a gen-
eral theoretical model for three-step photoionization process
is proposed based on the density matrix theory, with hyper-
fine structures and magnetic sublevels taken into considera-
tion. Then, properties of excitation process and ionization
process are discussed and analyzed after being compared with
experimental results. Next, efficient and selective photoion-
ization processes to enrich 176Yb are optimized. Finally, some
conclusions are are drawn from the present studies.

2. Theoretical model
Generally, the coherent interaction of atomic vapors with

lasers in LIS process is equivalent to that of an individual atom
with lasers. Figure 1 shows the schematic diagram of ytter-
bium three-step photoionization process. The ground state |1〉,
the first excited state |2〉, and the second excited state |3〉 split
into sublevels |1, i〉, |2, j〉, and |3,k〉 respectively. Each sub-
level represents a magnetic sublevel rather than a hyperfine
structure ensemble. The wave function 𝛹 of an individual
atom can be considered as the superposition of sublevels under
the excitation of lasers, and expressed as

𝛹 = ∑
i

a1(i)𝛷1(i)+∑
j

a2( j)𝛷2( j)+∑
k

a3(k)𝛷3(k), (1)

where 𝛷1(i) and a1(i) are the eigenfunction and probability
amplitude of sublevel |1, i〉 respectively.

In the electric dipole approximation, rotating-wave ap-
proximation (RWA) and adiabatic approximation,[19,20] the
temporal evolutions of probability amplitudes are written as

d
dt

a1(i) =
i
2

J

∑
j=1

Ω1(i, j)a2( j)e i∆12(i, j)t , (2a)

d
dt

a2( j) =
i
2

K

∑
k=1

Ω2( j,k)a3(k)e i∆23( j,k)t

+
i
2

I

∑
i=1

Ω
∗
1 (i, j)a1(i)e−i∆12(i, j)t , (2b)

d
dt

a3(k) =
i
2

J

∑
j=1

Ω
∗
2 ( j,k)a2( j)e−i∆23( j,k)t , (2c)

where i is the imaginary unit; I, J, and K are the total sublevel
numbers of the ground, the first, and the second excited states
respectively; ∆12(i, j) is the frequency detuning between the
first laser and the transition |1, i〉→ |2, j〉, Ω1(i, j) is the corre-
sponding Rabi frequency. Similarly, ∆23( j,k) and Ω2( j,k) are
the frequency detuning between the second laser and the tran-
sition |2, j〉 → |3,k〉, and the corresponding Rabi frequency.

Probability amplitudes of sublevels are replaced by den-
sity matrix elements ρmn(m′,n′) = am(m′) · a∗n(n′) for con-
venience, where diagonal elements ρ11(i, i), ρ22( j, j), and
ρ33(k,k) are the population probability of sublevels |1, i〉,
|2, j〉, and |3,k〉 respectively. Off-diagonal elements describe
the coherence degree between two corresponding sublevels,
and ρion is the ionization probability. Based on the above equa-
tions, the relaxation processes of excited states are introduced
as a product of the relaxation rate and density matrix element.
The time-varying equations are shown as follows:

Laser pulse 1 

λ1=555.648 nm

Laser pulse 2 

λ2=581.067 nm

Laser pulse 3

λ3=582.790 nm

Ω1↼i↪j↽
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R↼k↽

k/K

k/
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j/J
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i/I

i/

|1>

Auto ionization state   52353 cm-1

Ionization potential   50443.2 cm-1

(f13s2p↽ ↼/,3/2)2   35196.98 cm-1

f14s2 1S0   0 cm-1

A21↼i↪j↽↪Γ2↼j↽

f14sp 3P1   17992.008 cm-1

A31↼i↪k↽↪A32↼j↪k↽↪Γ3↼j↽

Fig. 1. Schematic diagram of ytterbium three-step photoionization processes.
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d
dt

ρ11(i, i′) =
i
2

J

∑
j=1

Ω1(i, j)ρ∗12(i
′, j)e i∆12(i, j)t − i

2

J

∑
j=1

Ω
∗
1 (i
′, j)ρ12(i, j)e−i∆12(i′, j)t +δi,i′

J

∑
j=1

A21(i, j)ρ22( j, j), (3a)

d
dt

ρ22( j, j′) =
i
2

K

∑
k=1

Ω2( j,k)ρ∗23( j′,k)e i∆23( j,k)t +
i
2

I

∑
i=1

Ω
∗
1 (i, j)ρ12(i, j′)e−i∆12(i, j)t

− i
2

K

∑
k=1

Ω
∗
2 ( j′,k)ρ23( j,k)e−i∆23( j′,k)t − i

2

I

∑
i=1

Ω1(i, j′)ρ∗12(i, j)e i∆12(i, j′)t

−1
2

(
I

∑
i=1

A21(i, j)+
I

∑
i=1

A21(i, j′)+Γ2( j)+Γ2( j′)

)
ρ22( j, j′)+δ j, j′

K

∑
k=1

A32( j,k)ρ33(k,k), (3b)

d
dt

ρ33(k,k′) =
i
2

J

∑
j=1

Ω
∗
2 ( j,k)ρ23( j,k′)e−i∆23( j,k)t − i

2

J

∑
j=1

Ω2( j,k′)ρ∗23( j,k)e i∆23( j,k′)t

− 1
2

[
J

∑
j=1

A32( j,k)+
J

∑
j=1

A32( j,k′)+Γ3(k)+Γ3(k′)+R(k)+R(k′)

]
ρ33(k,k′), (3c)

d
dt

ρion =
K

∑
k=1

R(k)ρ33(k,k), (3d)

d
dt

ρ12 (i, j) =
i
2

J

∑
j′=1

Ω1(i, j′)ρ22( j′, j)ei∆12(i, j′)t − i
2

I

∑
i′=1

Ω1(i′, j)ρ11(i, i′)ei∆12(i′, j)t

− i
2

K

∑
k′=1

Ω
∗
2 ( j,k′)ρ13(i,k′)e−i∆23( j,k′)t − 1

2

(
I

∑
i=1

A21(i, j)+Γ2( j)+2b1
β 2

1 b2
1

∆ 2
1 +β 2

1 b2
1

)
ρ12(i, j), (3e)

d
dt

ρ13 (i,k) =
i
2

J

∑
j′=1

Ω1(i, j′)ρ23( j′,k)ei∆12(i, j′)t − i
2

J

∑
j′=1

Ω2( j′,k)ρ12(i, j′)ei∆23( j′,k)t

− 1
2

(
J

∑
j=1

A32( j,k)+Γ2( j)+Γ3(k)+2b1
β 2

1 b2
1

∆ 2
1 +β 2

1 b2
1
+2b2

β 2
2 b2

2

∆ 2
2 +β 2

2 b2
2

)
ρ13(i,k), (3f)

d
dt

ρ23 ( j,k) =
i
2

K

∑
k′=1

Ω2( j,k′)ρ33(k′,k)ei∆23( j,k′)t − i
2

J

∑
j′=1

Ω2( j′,k)ρ22( j, j′)ei∆23( j′,k)t

+
i
2

I

∑
i′=1

Ω
∗
1 (i
′, j)ρ13(i′,k)e−i∆12(i′, j)t

− 1
2

(
I

∑
i=1

A21(i, j)+
J

∑
j=1

A32( j,k)+Γ2( j)+Γ3(k)+R(k)+2b2
β 2

2 b2
2

∆ 2
2 +β 2

2 b2
2

)
ρ23( j,k). (3g)

These equations can be rewritten into a compact form d
dt𝜌 =

𝑄 ·𝜌, where

𝜌 = [ρ11(i, i),ρ22( j, j),ρ33(k,k),ρion,ρ12(i, j),

ρ13(i,k),ρ23( j,k)]T

and 𝑄 is the density matrix. The total number of complex
equations is (I× I+J×J+K×K+1+ I×J+ I×K+J×K),
i.e., 59, 233, and 2089 for even ytterbium isotopes, 171Yb and
173Yb respectively.

The Rabi frequencies Ω1(i, j) and Ω2( j,k) are defined as

Ω1(i, j) =
〈J1,F1,m1|d12|J2,F2,m2〉E1

h̄
,

Ω2( j,k) =
〈J2,F2,m2|d23|J3,F3,m3〉E2

h̄
, (4)

where E1 and E2 are the slowly varying amplitudes of laser
fields; 〈J1,F1,m1|d12|J2,F2,m2〉 and 〈J2,F2,m2|d23|J3,F3,m3〉

are the electric dipole moment matrix elements between
atomic magnetic sublevels; h̄ is the reduced Planck constant.

The laser power density P for quasi-monochromatic laser
field is written as follows:

P =
1
2

cε0E2, (5)

where c and ε are the light speed and permittivity in vacuum,
respectively.

The electric dipole moment matrix element between
atomic magnetic sublevels is obtained to be

〈J′,F ′,m′|d|J′′,F ′′,m′′〉
〈J′|d|J′′〉

= (−1)J′+In+2F ′−m′
√

(2F ′+1)(2F ′′+1)δm′−m′′,λ

×
{

J′ F ′ In
F ′′ J′′ 1

}(
F ′ 1 F ′′

−m′ λ m′′

)
, (6)
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where 〈J′|d|J′′〉 is the reduced matrix element between
two fine structures, which is the same value for different
isotopes;[21] { } and ( ) are the Wigner 6- j symbol and Wigner
3- j symbol, respectively; J′, F ′, and m′ are the electronic an-
gular momentum quantum number, atomic angular momen-
tum quantum number, and magnetic quantum number of the
lower sub-state, respectively; J′′, F ′′, and m′′ are the corre-
sponding quantum numbers of the upper sub-state; In is the
nuclear spin; δ is Kronecker delta function; λ = 0 and ±1
represent the linearly polarized laser and circularly polarized
laser, respectively. The schematic diagram of transition rules
between magnetic sublevels is shown in Fig. 2.

The relaxation of |2, j〉 includes two parts, i.e., A21(i, j)
and Γ2( j), which are the spontaneous radiation rate from |2, j〉
to |1, i〉 and to other states, respectively. A32( j,k) and Γ3(k)
are the corresponding relaxation rate from |3,k〉 to |2, j〉 and
other states respectively. Generally, the auto-ionization state
is selected as the terminal state for effective ionization in the
three-step photoionization scheme. Since the auto-ionization

process involves multi-electron excitation, which is beyond
the range of application of the semi-classical theory, the auto-
ionization rate R(k) is introduced into the theoretical model,
as shown in Eq. (3). The R(k) is proportional to the photoion-
ization cross section σion and flux density of the third laser φ ,
and they are related by the following equation:

R(k) = σionφ . (7)

The laser bandwidth is introduced according to the phase
diffusion model as 2b β 2b2

∆ 2+β 2b2 in Eq. (3), where 2b is the
full width at half maximum (FWHM) bandwidth, β is the
dimensionless cut-off coefficient, ∆ is the frequency detun-
ing. In phase diffusion model, the laser spectrum displays a
Lorentzian profile near the central wavelength, but turns to
quasi-monochrome when ∆ is far larger than 2b. The laser
spectrum can be adjusted by the cut-off coefficient β in nu-
merical simulations. In the following simulations, the cut-off
coefficients of the first two lasers are set to the same value.

λ/

λ/↩

λ/⇁

m′′/↩F ′′ m′′/↩ m′′/↩ m′′/ m′′/ m′′/ m′′/F ′′

m′/↩F ′′ m′/↩ m′/↩ m′/ m′/ m′/ m/F ′

Fig. 2. Schematic diagram of transition rules between magnetic sublevels.

The total ionization yield Pion, which is defined as the
weighted average value of ionization probabilities of all iso-
topes, and written as

Pion = ∑
p

Cpρion,p, (8)

where ρion,p and Cp are the ionization probability and natural
abundance of isotope p respectively.

3. Results and discussion
Based on the dye oscillators and amplifiers, the three-step

photoionization scheme, 4f146s2 1S0 (0 cm−1)→ 4f146s6p 3P1

(17992.008 cm−1)→ (4f136s26p) (7/2, 3/2)2 (35196.98 cm−1)
→ auto-ionization state (52353 cm−1) → Yb+, is adopted
in this work. This three-step photoionization scheme was
also used to conduct the Yb LIS experiments by other
researchers.[14–18] The natural abundances, nuclear spins and
isotope shifts of ytterbium isotopes are list in Table 1, where
all of the isotope shifts are relative to 176Yb, and the number
in bracket is the atomic angular momentum quantum number.
All even isotopes do not have hyperfine splitting, while 171Yb
and 173Yb with non-zero nuclear spins own hyperfine struc-
tures for both excited states.[22]

Table 1. Natural abundances, nuclear spin, and isotope shifts of ytterbium isotopes.

Isotope 168Yb 170Yb 171Yb 172Yb 173Yb 174Yb 176Yb

Natural abundance (%) 0.14 3.03 14.31 21.82 16.13 31.84 12.73
Nuclear spin 1/2 5/2
Isotope shift of the first ex-
cited state (GHz)

4.612 3.242 –1.177(1/2)
4.762(3/2)

1.955 4.762(3/2)
3.267(5/2)

–1.432(7/2)

0.954

Isotope shift of the second
excited state (GHz)

–8.259 –5.655 –6.617(3/2)
–3.789(5/2)

–3.334 –1.963(1/2)
–1.428(3/2)
–1.118(5/2)
–1.840(7/2)
–4.743(9/2)

–1.624

053204-4



Chin. Phys. B 32, 053204 (2023)

Based on the measurement of excited state lifetimes
and spectral linewidths in Ref. [23], the reduced matrix el-
ements 〈J′|d|J′′〉 of the first transition and the second tran-
sition are set to 4.66× 10−30 C·m and 1.15× 10−30 C·m
respectively.[20,22] The photoionization cross section σion is
taken as 6.7× 10−20 m2 for the entire hyperfine structures of
the second excited state.[23] The lifetimes of the first and sec-
ond excited states are 840 ns and 1120 ns respectively.[23] The
fourth-order Runge–Kutta algorithm is adopted in simulations,
and the time step is set to 0.01 ns for accuracy. Initially, all the
atoms populate at the ground state.

3.1. Comparison with experimental data

Aiming at the selective photoionization of 168Yb and
176Yb, the results of the theoretical model are compared with
experimental data.[17,18,24] In experiment, ytterbium atoms are
first excited by two single-mode dye lasers and then ionized
by a broadband dye laser. The isotope abundance of ytterbium
ions is tested by a time-of-flight mass spectrometer. The band-
widths of three lasers are 0.25 GHz, 0.25 GHz, and 6.0 GHz,
respectively. Other experimental parameters can refer to Park
et al.’s work.[24] The ratios of linearly polarized component
to left-circularly polarized component to right-circularly po-
larization polarized component in two excitation laser pulses,
which are demonstrated to have negligible influences on se-
lective photoionization of ytterbium in Subsection 3.3, will be
both set to 1:1:1 in numerical simulations. Ytterbium atoms
are assumed to be static in the laser propagation direction.
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Fig. 3. Experimental and numerical abundances of ytterbium isotopes versus
total laser power density, with power density ratio of three lasers maintained
at 1:2:5, consistent with that in Ref. [24].

Figure 3 shows the experimental and numerical simulated
ytterbium isotope abundances versus total laser power den-
sity. In measurement, the power density ratio of three lasers is
maintained at 1:2:5 and laser frequencies are resonant with the
resonance frequency of 168Yb.[24] The abundance of 172Yb,
174Yb, and 176Yb are not presented in Fig. 3 because these
signals are too small to be observed in experiment. Because
the experimental laser frequency spectrum is unknown, 168Yb
abundances are calculated with different values of cut-off co-
efficient β in the phase diffusion model as shown by the three
blue lines. The β = 10 indicated by the blue solid line is se-
lected in the following simulations according to the smallest
errors between numerical and experimental values. Indicated

by the four solid lines, the experimental and numerical results
show that they are in reasonable agreement for the four mea-
surable ytterbium isotopes when the total laser power density
changes from 0.6 W/cm2 to 8.8 W/cm2.

Figure 4 shows the numerical abundances of 176Yb and
168Yb versus the total laser power density when the power
densities ratio is maintained at 1:2:25. In experiment, the
abundances of 176Yb and 168Yb reach more than 99.5% and
90% when laser frequencies are tuned to the frequencies reso-
nant with 176Yb and 168Yb respectively under a specific total
laser power density.[17] Because the total power density is not
provided in the reference, it can be inferred that the numeri-
cal abundances of 176Yb and 168Yb are well consistent with
experimental data at two different resonant frequencies if the
total power density is set to 0.5 W/cm2.

The testing results for these two cases show that the the-
oretical model shown by Eq. (3) is credible, and excitation
mechanisms and optimal excitation conditions of 176Yb en-
richment can be found without lots of troublesome experi-
ments.
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Fig. 4. Numerical abundances of ytterbium isotopes versus total laser power
density, with power densities ratio of three lasers maintained at 1:2:25, con-
sistent with that in Ref. [17].

3.2. Photoionization properties

The interactions between ytterbium atoms and lasers are
simulated and discussed in this subsection. Laser parame-
ters in simulations are listed in Table 2. The saturated power
densities of the first laser and the second laser, which are
0.06 W/cm2 and 2.2 W/cm2 respectively, are selected for ef-
fective excitation. Under the combination of these saturated
laser power densities, the ionization probability of even ytter-
bium isotope decreases to 90% of the saturated value when one
laser is kept at the saturated power density and another is set to
50% saturated power density. Experimental laser bandwidths
and pulse widths used in Subsection 3.1 are still adopted in
following simulations.[24] The FWHM of 52353 cm−1 auto-
ionization state is generally much greater than the isotope
shifts and hyperfine splitting of the second excited state, thus
the bandwidth and polarization of the third laser are not pre-
sented. Ytterbium atoms are assumed to be static in the laser
propagation direction and simulation parameters remain un-
changed as indicated in Table 2 unless otherwise specified.
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Table 2. Laser parameters in ytterbium photoionization simulations.

Laser parameter The first laser The second laser The thirrd laser

Power density (W·cm−2) 0.06 2.2 5.0
FWHM pulse width (ns) 10 10 10

FWHM bandwidth (GHz) 0.25 0.25 –
Polarization 1:1:1 1:1:1 –
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Fig. 5. Population dynamics of several ytterbium isotopes under the assumption of zero hyperfine splitting. (a) 176Yb (In = 0), (b) 176Yb
(In = 0, magnetic sublevels), (c) 171Yb (In = 1/2, hyperfine levels), (d) 173Yb (In = 5/2, hyperfine levels).

Firstly, a hypothetical case, in which the hyperfine split-
tings of two excited states are both set to zero for odd isotopes,
is presented. The population dynamics of 176Yb, 171Yb, and
173Yb under resonant excitation are shown in Fig. 5, where fig-
ure 5(a) indicates the population dynamics of 176Yb’s fine lev-
els, figure 5(b) indicates those of 176Yb’s magnetic sublevels,
figures 5(c) and 5(d) exhibit those of odd isotopes’ hyperfine
levels. The population of each level and ionization probability
display the same characteristics over time even though nuclear
spins of three isotopes are different. Moreover, this property
is not influenced by laser parameters in simulations, such as
the power density, frequency detuning, bandwidth, and polar-
ization, indicating that the excitation process and ionization
process of isotopes are not disturbed by nuclear spin under the
hypothetical condition of zero hyperfine splitting.

Figures 6–8 show the two-dimensional contour plots of
ionization probabilities of 176Yb, 171Yb, and 173Yb isotopes
versus frequency detuning respectively, where the hyperfine
structures of odd isotopes are set to actual values as indicated
in Table 1. The results of other even isotopes are not presented
because they can be obtained easily by translating Fig. 6 ac-
cording to isotope shifts. Frequency detuning is set to zero

when both two excitation lasers resonate with 176Yb isotope.
The central wavelengths of even isotopes, 171Yb and 173Yb
are marked by black, red, and blue circles respectively in the
three figures, with the sequential change of F values marked
for odd isotopes. It can be inferred from the simulation results
that (i) the peak ionization probabilities of several transition
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Fig. 6. Two-dimensional contour plot of 176Yb ionization probability versus
frequency detuning.
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channels are quite different for odd ytterbium isotopes; (ii) the
peak ionization probabilities of even ytterbium isotope, 171Yb
and 173Yb are quite different under the same excitation param-
eters, and the ordering of peak ionization probabilities depend
on laser power density.

The first phenomenon can be explained as follows. Ac-
cording to the Wigner 6- j symbol, the reduced matrix element
redistributes unequally among different transition channels for
odd isotopes. Inevitably, some paths manifest themselves as
strong peaks with larger ionization probability while others
are faint. The wider ionization probability distribution repre-
sents higher transition strength in the two-dimensional contour
plot of ionization probability. These phenomena are shown
by the distribution of 171Yb ionization probability evidently in
Fig. 7. The transition strength of F = 1/2→ 1/2 is weaker
than that of F = 1/2 → 3/2 in the first transition, and the
transition strength of F = 3/2→ 3/2 is weaker than that of
F = 1/2→ 3/2 and F = 3/2→ 5/2 in the second transition.
Identical phenomena can be observed in 173Yb ionization pro-
cess despite more complex hyperfine structures and tinier en-
ergy level spacing.
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Fig. 7. Two-dimensional contour plot of 171Yb ionization probability versus
frequency detuning.
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Fig. 8. Two-dimensional contour plot of 173Yb ionization probability versus
frequency detuning.

The second phenomenon is explained with the help of
Fig. 9, which shows the peak ionization probabilities ordering
among 176Yb, 171Yb, and 173Yb under different laser power
densities. It can be concluded from Fig. 5 that the 176Yb and
171Yb display the same ionization process under the hypothet-
ical condition of zero hyperfine splitting. Therefore, total con-
tributions to ionization probability of three transition paths in
171Yb are equivalent to those of only one path in 176Yb. Un-
der the circumstances of real hyperfine splitting, the ionization
probability of 171Yb is lower than that of 176Yb in the case
of unsaturated excitation because the non-resonant transition
paths make little contributions to the ionization probability for
171Yb. However, contrary relation appears under supersatu-
rated excitation conditions because of the power broadening
effect of non-resonant transition paths in 171Yb ionization pro-
cesses. Therefore, it is unnecessary to increase laser band-
widths for higher ionization probability in odd isotope exci-
tation process, and choosing appropriate transition path is a
critical step.
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Fig. 9. Peak ionization probabilities ordering among 176Yb, 171Yb,
and173Yb under different laser power densities.

The total ionization yield and 176Yb abundance are two
most important indices in 176Yb enrichment, the former is rel-
evant to ionization probabilities and natural abundances of all
isotopes, and the latter represents the photoionization selectiv-
ity of 176Yb relative to other isotopes. To evaluate the final
products of LIS process comprehensively, two-dimensional
contour plots of these two indices versus frequency detun-
ing are shown in Fig. 10, where the colorful circles have the
same meanings as those in Figs. 6–8. The total yield shows
its highest value around the resonant point of 174Yb due to
the high natural abundance and high ionization probability of
174Yb isotope, while the 176Yb abundance is unsatisfying in
this area. The total yield can only be obtained about 3.2%
when laser frequencies resonate with 176Yb isotope. Because
the central frequencies of other isotopes are almost located on
the same side from the perspective of 176Yb, the 176Yb abun-
dance in products rises distinctly on another side as shown in
Fig. 10(b). Interestingly, there exists a strip domain where
high 176Yb abundance can be obtained in products because
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of the two-photon coherent transition, while the viability and
effectiveness need to be verified in experiments. Generally,
resonant excitation with 176Yb is an optimal choice from the
standpoints of total ionization yield and 176Yb abundance.
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Fig. 10. Two-dimensional contour plots of (a) total ionization yield and
(b) 176Yb abundance versus frequency detuning.

3.3. Discussion of systematic parameters

In the ytterbium selective photoionization processes, laser
parameters and atomic Doppler broadening play critical roles
in determining the total ionization yield and target isotope
abundance. It is known that the influences of laser time delay
are equivalent to those of laser power density from our pre-
vious article.[25] The influences of laser frequency detuning
have been discussed in Subsection 3.2. Therefore, it is impor-
tant to identify the influences of other laser parameters (power
density, bandwidth, polarization) and atomic Doppler broad-
ening under the condition of resonant excitation with 176Yb.
In order to obtain the effects of a single parameter on 176Yb
enrichment, other parameters would use the benchmark val-
ues in Table 2 unless otherwise specified.

Figure 11 shows the abundances of ytterbium isotopes
and total yield versus power density of two excitation lasers.
For convenience, the saturated power densities of two lasers
and their threefold values are denoted by dashed lines, and the
corresponding abundances of 176Yb are also marked. Power
densities of laser 1 and laser 2 play similar roles qualita-
tively. With the increase of excitation power density, the to-

tal yield Pion displays a rapid increase followed by a plateau.
Because of the power broadening effect, 176Yb abundance
decreases monotonically and the abundances of other non-
resonant isotopes increase monotonically within the simula-
tion range. These two important indices are more sensitive to
power density of laser 2 than that of laser 1. It is because laser
frequency detuning of the second transition is larger than those
of the first one, and the saturated excitation of the first tran-
sition requires smaller Rabi frequency generally for the non-
resonant isotopes in this photoionization scheme.
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Fig. 11. Abundances of ytterbium isotopes and total yield versus power
density of (a) laser 1 and (b) laser 2.

The influences of laser bandwidth, which is another criti-
cal parameter, are shown in Fig. 12. The influences of laser
bandwidth show similar characteristics to those in Fig. 11,
including the overall trends and differences between laser 1
and laser 2. Abundance of 176Yb decreases monotonically
with the increase of laser bandwidth, while those of 173Yb
and 174Yb increase monotonically. It can be explained as fol-
lows. The spectral power density (SPD) at the resonant fre-
quency (such as the central wavelength of 176Yb for 176Yb en-
richment) displays a downward trajectory with the increase of
bandwidth. As a result, the ionization probability of 176Yb
decreases monotonically. However, the SPD at non-resonant
frequency (such as the central wavelength of 174Yb) increases
first and then decreases, and the ionization probabilities of
non-resonant ytterbium isotopes display the similar tenden-
cies. The turning points are positively correlated with the iso-
tope shifts of non-resonant isotope relative to those of 176Yb.
As shown in Fig. 12(a), the abundance of 174Yb is close to sat-
uration when bandwidth of laser 1 approaches to the isotope
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shift 0.954 GHz. Besides, the bandwidth of laser 2 has more
significant influences on the abundances of ytterbium isotopes
and total yield because of the same reasons illustrated in the
previous subsections. With the consideration of high 176Yb
abundance, narrower bandwidths are required for excitation
lasers.
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Fig. 12. Abundances of ytterbium isotopes and total yield versus band-
widths of (a) laser 1 and (b) laser 2.

Isotopic selectivity in LIS process is generally achieved
from the isotope shift by using narrow bandwidth lasers, and
another way is based on the atomic alignment induced by
laser polarization[26]. Isotopes with hyperfine structures are al-
lowed to be excited, while isotopes with zero nuclear spins are
prohibited from being exited by choosing proper photoioniza-
tion schemes and laser polarization combinations. Figure 13
shows the abundances of ytterbium isotopes and total yield
versus linear polarization degree, in which the ratio of left
circular component to right circular component is 1:1. The
results indicate that the laser polarization has negligible ef-
fects on 176Yb enrichment under this three-step photoioniza-
tion scheme. Small fluctuations of Pion and 176Yb abundance
appear with the change of linear polarization degree because
there are some differences in effective dipole matrix elements
at different polarization component ratios. To sum up, the laser
polarization is not a critical parameter, and it is difficult to en-
hance 176Yb abundance greatly by adjusting laser polarization
ratio based on this photoionization scheme.

Atomic Doppler broadening, which can affect the ioniza-
tion results, exists naturally because of the interatomic col-
lisions and divergence of atomic vapors. Figure 14 shows
the abundances of ytterbium isotopes and total yield versus

FWHM of Doppler broadening, where the Gaussian profile
is adopted for the Doppler shift distribution. Results indicate
that Doppler broadening has negative influences on the selec-
tive photoionization effect. 176Yb abundance and total yield
decline monotonically with the increase of Doppler broaden-
ing, which is consistent with our previous study.[25] The ex-
planation, which is similar to that for laser bandwidth, is not
provided again.
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Fig. 13. Abundances of ytterbium isotopes and total yield linear polar-
ization degree of (a) laser 1 and (b) laser 2.
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Fig. 14. Abundances of ytterbium isotopes and total yield versus
Doppler broadening.

4. Conclusions
Three-step selective photoionization of ytterbium iso-

topes is investigated numerically through the density matrix
theory. Apart from laser bandwidths and atomic Doppler
broadening,[25] the hyperfine structures and magnetic sub-
levels are also taken into consideration. Numerical results are
compared quantitatively with experimental results and they are
in good agreements with each other for isotopic abundances in
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a large range of total laser power density. In the present work,
not only the excitation and ionization process of ytterbium is
analyzed, but also the systematic parameters are optimized on
this basis for 176Yb enrichment. The Results show that the
total yield and 176Yb abundance cannot be enhanced simulta-
neously by adjusting excitation lasers’ power density or fre-
quency detuning individually. Extra-narrow excitation laser
bandwidths and atomic Doppler broadening are necessary for
high abundance of 176Yb. Besides, laser polarization is found
to have negligible influences on total yield and 176Yb abun-
dance. The physical model and numerically optimal results
can provide semi-quantitative references for laser isotope sep-
aration of ytterbium.
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