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Observation of nonlinearity and heating-induced frequency
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When there is a certain amount of field inhomogeneity, the biased ferrimagnetic crystal can exhibit the higher-order
magnetostatic (HMS) mode in addition to the uniform-precession Kittel mode. In cavity magnonics, we show the non-
linearity and heating-induced frequency shifts of the Kittel mode and HMS mode in a yttrium—iron—garnet (YIG) sphere.
When the Kittel mode is driven to generate a certain number of excitations, the temperature of the whole YIG sample rises
and the HMS mode can display an induced frequency shift, and vice versa. This cross effect provides a new method to
study the magnetization dynamics and paves a way for novel cavity magnonic devices by including the heating effect as an

operational degree of freedom.
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1. Introduction

Nonlinear effects are a large class of physical phenom-
ena that have been continuously and actively explored in

461 and acoustics,!”™! as well as in

optics,!'=3] plasmonics, !
other oscillations and wave systems.!!*~!2] Nonlinearity and
nonlinear interactions are weak and difficult to be detected in
some systems, but they can also become sufficiently strong
to be the dominant factor in some other systems. A nonlin-
ear system serves as the basis for further development of ap-
plications, such as information processing,[!*14 information
conversion, 19! switching devices,'® and so on.

Cavity magnonics, on the other hand, has gradually
demonstrated its unique advantages in fundamental and ap-
plied research over the last few years.!!'”*?! Tt is expected to be

sI*31 and quan-

a critical component of hybrid quantum system:
tum network nodes.*l A commonly used cavity magnonic
system consists of a microwave cavity and ferrimagnets, such
as the yttrium—iron—garnet (YIG). The spin collective excita-
tion modes are spin waves in the ferrimagnetic spin ensem-
ble. The most widely studied spin wave mode is the uniform
precession mode of spins (i.e., the Kittel mode), which has
the largest magnetic dipole moment and can strongly interact

17.18] and room-

with the microwave in both the quantum limit!
temperature classical regime.['”! Under the bias of an external
magnetic field with certain inhomogeneity, besides the Kittel
mode, there are also higher-order magnetostatic (HMS) modes
in the spin ensemble.*=7] Previous studies often ignored the
influence of these magnetostatic modes on the observation and
application of Kittel mode in experiments. However, the HMS

modes actually have nontrivial spin textures. Their non-zero
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orbital angular momentum feature can be used to demonstrate
nonreciprocal Brillouin light scattering in optomagnonics and
other chiral optics. 334350

In this work, we focus on the heating-induced cross effect
on frequency shifts of the Kittel and HMS modes in a nonlin-
ear cavity magnonic system, where the non-linearity is embod-
ied in the self-Kerr effect of magnon mode under strong drive.
The heating effect is investigated experimentally in a coupled
three-dimensional (3D) cavity and YIG sphere system, where
the YIG sphere supports both the Kittel and HMS modes. A
large frequency difference between these two modes is found.
When the Kittel mode or HMS mode is pumped to generate a
certain number of magnon excitations, the pumped mode gains
a frequency shift due to the self-Kerr effect.[31:31-5%] Mean-
while, the frequency of the undriven mode also shifts due to
the driving induced raise of the temperature in the sample.
This offers additional controllable degrees of freedom in cav-
ity magnonics without increasing system’s complexity. Our
study will also bring new ideas to the magnetostatics studies

and hybrid magnonic operations.>’~>°]

2. System and theoretical model

The experimental setup of the cavity magnonic system is
illustrated in Fig. 1(a). It consists of the microwave field in a
3D copper cavity (internal dimension is 44.0 mm x 20.0 mm x
6.0 mm), the magnon modes in a single crystal YIG sphere
(1 mm in diameter), and the drive field provided by a mi-
crowave (MW) source. The YIG sphere is glued on the top of a
beryllium ceramic rod and mounted at the antinode of the mag-
netic field of the cavity mode TE o (@./27 = 10.07 GHz).

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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The whole sample is placed in a bias magnetic field By ap-
plied along the [110] crystal axis of YIG sphere, which results
in a negative self-Kerr coefficient (when the magnon mode
is driven, the self-Kerr effect with negative coefficient cor-
responds to a redshift of the magnon mode frequency).3!-%]
The cavity has three ports. The port 1 and port 2 are con-
nected with the vector network analyzer (VNA) for measur-
ing the microwave transmission spectrum |S,;|?. The drive
field is loaded to port 3, which is terminated with a magnetic
coil. The bias magnetic field, the rf magnetic field from the
magnetic coil, and the rf magnetic field from the cavity mode
TE ¢, are perpendicular to each other at the position of the
YIG sphere. This configuration maximizes the cavity—-YIG
coupling strength and drive efficiency. It should be noted that
the rf magnetic field from the cavity is employed as the prob-
ing field, which has a far lower intensity than the drive field
(rf magnetic field from the magnetic coil). The magnetic coil
plays multiple roles: (i) it radiates the drive field; (ii) it works
as a dissipative channel for the magnon modes.

More spin moments contribute to the Kittel mode in the
crystal, resulting in a larger magnetic dipole and a stronger
coupling with the cavity mode.*3:%01 Both the Kittel mode and
HMS mode become nonlinear modes on account of the mag-
netocrystalline anisotropy. The magnetocrystalline anisotropy
energy measures the energy cost when tuning the magnetiza-
tion orientation from the easy axis to the hard axis. These en-
ergy terms [see Eq. (A4) in Appendix A] give rise to the self-
Kerr effect and excitation number bistability.[>?! The magnon
mode is pumped to generate a certain number of excita-
tions, which increases macrospin precession angle and YIG
sphere’s temperature due to spin-lattice relaxation, as shown
in Fig. 1(b). The temperature alters the magnetocrystalline
anisotropy energy and saturation magnetization, which makes
all the magnon modes shift in frequency. In previous stud-
ies, the cross effect between the Kittel mode and HMS mode
has rarely been investigated. Here, we model the two magnon
modes with two sub-magnetizations Mg and My, where sub-
scripts K and H represent the Kittel mode and HMS mode,
respectively. The effective Hamiltonian of the coupled system
can be written as (see Appendix B)

H/h = oca’a+ (o +2K(T))b'b+ (an +2H(T))c'c
+gx (aTb + bTa) + gh (a*c + acT)
+Qk (b'}'efia)dlt +beiwd1t>
+Qh (CTefia)dzt _|_cei(1)d2t) , (1)
where a’ (a), bT (b), and ¢ (¢) are the creation (annihila-
tion) operators of the cavity mode at frequency @, the Kit-

tel mode at frequency @y, and the HMS mode at frequency
oy, respectively; T is the temperature of the sample, which

is a function of the excitation number of the magnon mode;
2K(T) =2Ki(T)(Sk(T) —(b'b)) [see Eq. (A5)] and 2H (T) =
2K (T)(Su(T) — {c’c)) [see Eq. (B1)] are frequency shifts of
the Kittel mode and HMS mode; K and K}, are the self-Kerr
coefficients of the Kittel mode and HMS mode, respectively;
gk (gn) is the coupling strength between the Kittel (HMS)
mode and cavity mode; €2 (£2y) is the drive-field strength on
the Kittel (HMS) mode, and wy; (@q») is the drive field fre-
quency. It should be noted that we apply only one drive field
in the experiment.
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Fig. 1. (a) Schematic diagram of the experimental setup. The YIG sphere is
coupled to the cavity mode TEgp. The cavity is placed in the bias magnetic
field By (blue arrow). The microwave source connected to the loop coil pro-
vides a drive field. The vector network analyzer (VNA) measures the cavity
transmission spectrum |Sy;|2. Inset: in the YIG sphere, the Kittel mode and
HMS mode are denoted by two sub-magnetizations. (b) Schematic diagram
of the self-Kerr and heating effects. In the upper panel, the drive field applied
on the Kittel mode excites a certain number of magnons, resulting in an in-
crease of the precession angle 6. The magnon mode dissipates energy into
the crystal lattice via spin-lattice relaxation. Then, as the sample is heated
and the temperature rises, the self-Kerr effect will shift the frequency of the
Kittel mode. The heating effect will shift the frequency of the HMS mode
without changing the precession angle of the HMS-mode magnetization My.
A similar effect occurs by exchanging the roles of the two modes, as shown
in the lower panel. The dotted arrows represent the states after driving.

When the drive field is applied nearly resonant to the Kit-
tel mode, (b*b) > (c'c) and the temperature rises, as depicted
in the top panel of Fig. 1(b). Then, both of the Kittel and HMS
modes have frequency shifts. In this case, the frequency shift
of the HMS mode is proportional to the excitation number of
the Kittel mode, and the precession angle (excitation number)
of the HMS mode remains unchanged. This is the mechanism
of the heating-induced cross effect on the frequency shift, and
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Anc =2H(T). Here, the subscript ¢ indicates the cross effect.
A similar mechanism occurs when the drive field is applied
solely on the HMS mode, as shown in the bottom panel of
Fig. 1(b).

3. Experimental results

The transmission spectra of the coupled system are mea-
sured versus the magnet coil current as shown in Fig. 2(a). The
anti-crossing indicates the strong coherent coupling between

the Kittel mode and cavity mode, and they will periodically
exchange energy with each other.l'”] At the left part of the
transmission mapping, when the magnet coil current is about
4.75 A, we find a small coupling feature, which is attributed
to the HMS mode. The coupling strength is 2 MHz. Here,
the frequency difference between the Kittel mode and HMS
mode is 301 MHz, which is much lager than the linewidths of
the modes. When the magnon mode is pumped by the drive
field, the temperature of the sample rises, and be measured by
attaching a thermocouple to the surface of the sample.

(a) —60 —40 —20 (b) =60 —40 —20 (<)
e |S,,|* (dB) |S21]* (dB)
S 10.3 D ~ ~
= = 10.2 s 7 o2
; § 10.1 &£ 0 —60 £
I5) 3] = =
1 . w wn
=) = 0.0 > —120 5,
& & g —75 =
& < 9.9 5 g
) o 7 =] o Kittel mod 180 =
< < g > HMS mode =
2 8 9.8 [ = —— Theory I
o) o : m —150 3 =
4.62 4.82 5.02 5.22 472 475 480 485  4.90 —50 0 50 100

Magnet coil current (A)

oy/2m (MHz)

Magnet coil current (A)

Fig. 2. Drive on the Kittel mode. (a) The transmission spectra are measured versus magnet coil current. The Kittel mode (red dashed line) and HMS mode
(green dashed line) are coupled with the cavity mode. (b) The transmission spectra are measured versus magnet coil current, while a drive field of 9.8 GHz
and 25 dBm is applied on the Kittel mode. The Kittel mode has a frequency shift Ay s due to the self-Kerr effect, and the HMS mode has a even larger
frequency shift Ay, . caused by the heating effect. (c) The frequency shifts of the Kittel mode and HMS mode are extracted from panel (b), and plotted versus

512 = 0y — g1 — 27 - 5.94 MHz. The experimental results are fitted with Eq. (2) and Ap . = 2.5A 5.

3.1. Drive the Kittel mode

In Fig. 2(b), we apply the drive field with an input power
of 25 dBm at the fixed frequency @q; /27 = 9.8 GHz on the
Kittel mode and measure the transmission spectra versus the
magnetic coil current. Typical bistable frequency jumps can be
observed in both the Kitte]l mode and HMS mode. This mea-
surement is equivalent to sweeping the frequency of the drive
field while fixing the frequencies of the magnon modes. We
define the drive-field detuning as 0k = @y — @q;. It should be
noted that our system works in the double-dispersive regime,
where A¢ = @ — @ > g and Ap g = o — O >> gn. The co-
herent couplings induced-frequency shifts are approximately
equal to g2/Acx and g2/Anx., respectively.’'"2! In the dis-
persive regime, they are all small terms. Also, the coupling
strength between the HMS mode and cavity mode is rela-
tively small. In this case, we can intently pay attention to
the effects induced by Kerr nonlinearity. Then we extract
and plot the frequency shifts of the two magnon modes ver-
sus 8, /21 = & /2m — 5.94 MHz in Fig. 2(c). The driven Kit-
tel mode has a maximum frequency shift of about —60 MHz,
and the undriven HMS mode has a synchronous frequency
shift of about —150 MHz. In this case, the temperature of
the YIG sphere rises from approximately 300 K to 360 K. The
temperature increasement of the YIG sphere results from the
spin-lattice relaxation process. The magnons pumped by the
drive field dissipate their energy to the lattice vibration phonon

mode.
The frequency shift Ay  of the driven Kittel mode can be
fitted by the following equation>'?! [see Eq. (B7)]:

[ (s + 8% + 7] A — P =0, @)

where & = & —Nd. and % = K/2+ Nk /2 with n =
gt/ (82+x2/4) are the effective drive-field detuning and
the effective damping rate of the Kittel mode, respectively.
gk/2m = 40.5 MHz is the coupling strength between the Kit-
tle mode and the cavity mode. 8./27% = @./2% — 0q; /27 =
270 MHz is the frequency difference between the cavity mode
and the drive field. k. /27 = 3.1 MHz and % /27 = 11.6 MHz
are the cavity mode linewidth and the Kittle mode linewidth,
respectively. Therefore, n = 0.022 and §,/2m = & /27 —
5.94 MHz. ¢ is a parameter reflecting the drive efficiency
of the drive field, and Py; is the drive power. The fitting curves
are shown as solid black lines in Fig. 2(c), which are in good
agreement with the experimental results. We get the ratio of
H (360 K)/K (360 K) equals 2.5.

3.2. Drive the HMS mode

The cross effect on the frequency shift implies that the
HMS mode excitation will also induce a frequency shift of
the Kittel mode. Next, we apply the drive field (25 dBm) at a
fixed frequency g /27 = 10.1 GHz on the HMS mode and
sweep the magnetic field. The measured transmission map-
ping is shown in Fig. 3(a). As expected, the HMS mode has a
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Fig. 3. Drive on the HMS mode. (a) The transmission spectra are measured
versus magnet coil current, while a drive field of 10.1 GHz and 25 dBm is ap-
plied on the HMS mode. The HMS mode has a frequency shift Ay, s due to the
self-Kerr effect, and the Kittel mode has a smaller frequency shift Ay . caused
by the heating effect. (b) The frequency shifts of the Kittel mode and HMS
mode are extracted from panel (a), and plotted versus &. The experimental
results are fitted using Eq. (3) and Ay ¢ = 2.1Ap.

frequency shift due to the self-Kerr effect, and simultaneously
the heating-induced cross effect shifts the frequency of the
Kittel mode. We extract the frequency shifts of these two
modes versus the effective drive-field detuning & as shown
in Fig. 3(b). In this case, the temperature of the YIG sphere is
increased from 300 K to about 310 K. Similarly, the self-Kerr
effect induced frequency shift Ay s of the HMS mode obeys

the following equation:
2 2
[(Ans+ 87+ 2] Ans — enPiz =0, 3)

where §) = &, — N6, and ¥, = ®/2+ Nk./2 with n =
gt/ (82 +x?2/4) are the effective drive-field detuning and
the effective damping rate of the HMS mode, respectively.
gn/2m = 2 MHz is the coupling strength between the HMS
0:/27 = @ /27 — Ox /27 =
30 MHz is the frequency difference between the cavity mode
and the drive field. %/27 =5 MHz is the HMS mode
linewidth. Therefore, 1 = 0.004 and & ~ &. cp is the pa-
rameter reflecting the drive efficiency of the drive field on the

mode and the cavity mode.

HMS mode. The fitting curves are shown as black lines in
Fig. 3(b). We get H(310 K)/K (310 K) = 2.1. It should be

noted that the temperature increasement in the Kittel mode-
driven case is greater than that in the HMS mode-driven case
because the dipole moment of the HMS mode is substantially
smaller than that of the Kittel mode.

4. Conclusion

In this work, we investigated the heating-induced cross-
frequency shifts when the magnon mode is pumped in a fer-
rimagnetic spin ensemble, in which one Kittel mode and
one higher-order magnetostatic mode co-exist. The heating-
incuced cross effect between them plus their individual self-
Kerr effects gives rise to fascinating phenomena. In the exper-
iment, we drive the Kittel mode and the higher-order mag-
netostatic mode, respectively. Our experiment opens up a
new path to study nonlinear effects in magnetic materials and
spin ensembles. The mutual interaction between different
magnetostatic modes in a single YIG sample can also pro-
vide new degrees of freedom for cavity spintronics and cavity
magnonics.®'l We anticipate that this finding may stimulate

more designs and applications of cavity magnonics.
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Appendix A: Hamiltonian of the kittel mode

First, we derive the Hamiltonian of the magnon modes
without including the heating effect. Under the bias mag-
netic field By, the Hamiltonian of the Kittel mode is written

as (HMS mode has a similar form)©!]

Hk:—/MK'BodT—%/MK'HandTa (A1)
v 1%

where the first term represents the Zeeman energy and the sec-
ond term is the magnetocrystalline anisotropy energy, Mk =
(Mk x,Mx y,Mx ;) is the sub-magnetization corresponding to
the Kittel mode, V is the volume of the YIG sphere, t is the
vacuum permeability, and Hy, is the anisotropic field due to
the magnetocrystalline anisotropy in the YIG crystal.

We adopt the direction of the bias magnetic By as the z
direction (By = Bpe;). When the [110] crystal axis of the YIG

sphere is aligned along the bias magnetic field, the anisotropic
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field is given by[6?]
3KanM. 9KanM KanM.
Han — an 2.X eX an Zyey an 22 -, (AZ)
HoM 4poM HoM

where K, is the first-order magnetocrystalline anisotropy con-
stant. Then, the Hamiltonian of the Kittel mode has the form

3KanMx x
Hy = _BOMK,ZV_ 2 —€x
2M2
9KainMxk KanM,
Ry, S TR (A3)
8M2 2M2

By using the macrospin operator S = MV /hy = (Sy, Sy, S;),
where 7 is the electronic gyromagnetic ratio,!**! the Hamilto-

nian Hy can be written as
37Kan
2MZV

KV o K
sMZv K om2y

Hy/h = —yBoSk,; — Sk

Sk o (A4)

We harness the Holstein—Primakoff transformation: (%4
Sg = \/28x — bbb, Sg = b'\/2Sx —b'b, and Sk . = Sk —
bb, where Sk is the total spin number, and S% = Sk x 1Sk y-
The excited magnon number is small compared with the to-
tal spin number Sk, and the higher-order terms can be ne-
glected in the Holstein—Primakoff transformation. Under the
rotating-wave and mean-field approximation, we finally obtain
the Hamiltonian for the Kittel mode

Hi/l = (yBo+ 2K (T)Sk(T))b'b — Ki(T)b bbb

[¥Bo +2Ki(T) (Sk(T) — (b'b))] b'b
(@ +2K(T))b"b,

(A5)

where @ = yBo, and K(T) = K(T)(Sk(T) — (b'b)). Be-
cause the magnon mode dissipates its energy to the lattice via
spin-lattice relaxation,[%>! the temperature of the sample is a
function of the excitation number, i.e., T = T(<bTb>). Here,
Ky represents the self-Kerr coefficient of the Kittel mode.
From Egs. (A4) and (AS), we can get

Ki(T) = —131Kun (T)Y*/ (16V MR (T)), (A6)

which is a function of temperature because both K,, and Mk
are temperature-dependent. [00-67]

Appendix B: Heating-induced cross effect on the
frequency shifts

The first-order magnetocrystalline anisotropy constant
Kin, saturation magnetization Mk, and Sk are all temperature-
dependent. Consequently, temperature change can alter the

Kerr coefficient and the magnon mode frequency. To quantify

the impact of temperature on the frequency shift, we measured
the temperature dependence of magnon mode frequency from
approximately 300 K to 350 K, as shown in Fig. B1. It can
be seen that the ferromagnetic resonance (FMR) frequency of
the sample varies with temperature, but there is no bistability

during the external heating and cooling.
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Fig. B1. Magnon mode frequency—temperature dependence. The YIG sphere
is placed on a heating plate, and a digital controller regulates the temperature
of the entire plate accurately with auto tuning function. The resonant fre-
quency of the magnon mode in the fixed bias magnetic field is measured by
a loop antenna, as shown in the inset figure. In this temperature range, an
approximately linear relationship is obtained.
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Fig. B2. (a) The temperature (bottom panel) of the sample and the magnon
mode frequency shift (top panel) versus drive frequency. The drive power
is fixed at 25 dBm. (b) The temperature (bottom panel) of the sample and

the magnon mode frequency shift (top panel) versus drive power. The drive
frequency is ®q/27w = 9.86 GHz.
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While sweeping the drive frequency or drive power, we
simultaneously monitor the frequency shift of the magnon
mode and the sample’s temperature. The experimental results
are displayed in Fig. B2. We can find that both the magnon
mode frequency shift and temperature exhibit bistable behav-
iors. In our setup, the drive power required for obtaining
magnon mode frequency shift is relatively large, but it can be
reduced by utilizing a planar waveguide structure.®! In fact, it
is the bistability of the magnon excitation number that causes
the simultaneous temperature bistability. Then, the tempera-
ture shifts the magnon frequency. The same holds for the re-
fractive index of the YIG sample, where the thermal bistabil-
ity is observed by measuring the optical resonance signal. (8]
When one of the magnon modes in the sphere is excited, the
temperature of the entire sample rises, which changes the sat-
uration magnetization and magnetocrystalline anisotropy field
of the sphere. The temperature change further affects the fre-
quencies of other magnon modes in the sphere. Subsequently,

the total Hamiltonian can be written as
H/h = oca’a+ (o +2K(T))b'b+ (an +2H(T))c'c
+gx (aTberTa) +gh (a+c+acT)
oy (bTe’i“’d" +bei“’d1’)

+0 (cTe_iw“zt +ceiw“2’> , (B1)

in the above equation, the effective Kerr coefficients K(7) =
Ki(T) (Sk(T) — (b'b)). and H(T) = Ki(T)(Su(T) — {c'c)).
which are functions of the sample’s temperature and the exci-
tation number of mangon. With the Hamiltonian in Eq. (B1),
we can obtain the quantum Langevin equations for the cavity

magnonic system in the case of driving the Kittel mode[>?!

d

diftl = —i (8C—i%)a7igkb,

db

@ = (Brac-iY)b-iga-iog B2

where SC(k) = O(x) — @d1, Kc 18 the total damping rate of the
cavity mode, % is the damping rate of the Kittel mode, and
Axs = 2K(T) is the frequency shift of the Kittel mode. Then
we rewrite the operator as a sum of the steady-state value and
the fluctuation, i.e., a = A+ 6a and b = B+ 6b. It follows
from Eq. (B2) that A and B satisfy

dA Ky,

o = (Eig) A,

B . AU .

5= —1(5k+Ak,S—15)B—1gkA—IQk. (B3)

When the system reaches steady state, we have dA/ds =0 and
dB/dt = 0. From Eq. (B3), we obtain

<6C—i%)A+ng:0,

(8+a—iZ)Braara=0  ®4
Eliminating A in Eq. (B4), we get
(8i+ Acs—i%) B+ =0, (B3)

where §) = & — Né, ¥ = %/2+ Nk/2, and N =
gt/ (82+xZ/4). Using Eq. (B5) and its complex conjugate
expression, we obtain
2
(8 + ) + o2 B = cPor =0, (B6)
where Py is the drive power and c is a constant coefficient
reflecting the drive efficiency of the drive field. It should be
noted that the frequency shift of the magnon mode is propor-
tional to [B|>. Then, we replace |B|* in Eq. (B6) with A.
Meanwhile, an additional factor could be incorporated into ck,
i.e., cx = ¢(Axs/|B|?). Finally, we obtain
2
(8 + k) + 2| A — kP = 0. (B7)
Similarly, we can obtain the equation of the frequency shift of
the HMS mode when the drive field is applied on the HMS
mode. It reads
2
[(51; +Ang) + 7412] Ans —cnPip =0, (BY)
where § = o — Né, ¥ = W/2+ NKk/2, and N =
g/ (82 +K2/4).

Appendix C: Data processing method

The transmission spectrum mapping consists of transmis-
sion spectra measured at different bias magnetic fields, as
shown in Fig. Cl(a). The individual transmission spectrum
is depicted in Fig. C1(b). The anti-resonances correspond to
various modes; for example, the green triangle dot represents
the HMS mode, and the circle red dot denotes the Kittel mode.
We extract the data points from the transmission spectra and
plot them in the left panel of Fig. Cl(c). We convert coor-
dinates to frequency shift versus driving detuning due to its
convenience for us to fit. First, we subtract the linear com-
ponent that increases with the external bias field from all data
points. The remaining component is the contribution of fre-
quency shift caused by the driving field. Second, converting
bias current to linear frequency. Third, we replace the hori-
zontal axis with drive detuning &, = & — @q; —27-5.94 MHz
and fit it using Eq. (2).
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