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Dynamical behavior and optimal impulse control analysis of a
stochastic rumor spreading model

Liang’an Huo(霍良安)† and Xiaomin Chen(陈晓敏)

Business School, University of Shanghai for Science and Technology, Shanghai 200093, China
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The Internet era has brought great convenience to our life and communication. Meanwhile, it also makes a bunch
of rumors propagate faster and causes even more harm to human life. Therefore, it is necessary to perform effective
control mechanisms to minimize the negative social impact from rumors. Thereout, firstly, we formulate a rumor spreading
model considering psychological factors and thinking time, then, we add white noise (i.e., stochastic interference) and two
pulse control strategies which denote education mechanism and refutation mechanism into the model. Secondly, we obtain
the global positive solutions and demonstrate the global exponential stability of the unique positive periodic rumor-free
solution. Thirdly, we discuss the extinction and persistence of rumor. Moreover, we use Pontriagin’s minimum principle to
explore the optimal impulse control. Finally, several numerical simulations are carried out to verify the effectiveness and
availability of the theoretical analysis. We conclude that the pulse control strategies have a great influence on controlling
rumor spreading, and different control strategies should be adopted under different transmission scenarios.

Keywords: rumor spreading, stochastic process, optimal impulse control, education mechanism, refutation
mechanism
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1. Introduction
As a vital form of social communication, the spread of ru-

mors has had a great impact on human society. At present, the
progressively expanding social networking platforms have fa-
cilitated the dissemination of information, thus providing more
diversified channels for rumor spreading. Generally, these
widespread rumors not only cause individual panic, but also
endanger social stability. For example, in the recent time of
COVID-19, several negative rumors were constantly emerg-
ing and spreading widely, which undoubtedly brought psycho-
logical, reputational, economic, and even social damage.[1,2]

Therefore, how to grasp the overall dynamics of rumor spread-
ing and thus effectively curb the spread of rumors is an urgent
issue to be addressed. Meanwhile, minimizing the social neg-
ative impact caused by rumor spreading and control the cost
brought by control strategies is our ultimate research goal.

There has been an increasing interest of rumor spread-
ing models over the past several decades. Initially, Daley et
al. put forward a classical DK model in order to describe
dynamic process of rumor spreading,[3] providing some new
ideas for later studies. Since then, Maki and Thompson made
improvements according to the DK model and then formu-
lated the MT model.[4] These models both provided effective
theoretical guidance for scholars to explore the properties of
rumor spreading models. Subsequently, the topological char-
acteristics of social networks are started to be considered in
some models.[5,6] In subsequent studies, some scholars intro-
duced various microscopic mechanisms to rumor spreading

models and revealed these mechanisms’ relationship with ru-
mor spreading.[7,8] Recently, based on these pioneering works,
some scholars also devoted themselves to studying the dynam-
ics and control strategies of controlling rumor spreading.[9–12]

It is well known that rumor spreading is more than a sim-
ple social behavior, and it also involves the psychological as-
pects of social groups. Especially, whether the susceptible
individuals accept rumors and turn into spreaders is affected
by personal psychological quality. For example, when a sus-
ceptible individual is surrounded by a large number of rumor
spreaders, the susceptible individual will be more inclined to
spread rumors. In the existing rumor spreading models, the
rate of interaction between the two groups is mostly measured
with either a constant or a bi-linear incidence rate. However,
considering the susceptible individuals’ crowd psychological
factor, it is obvious that nonlinear incidence rate is more prac-
tical than a constant or a bi-linear incidence rate.[13] Espe-
cially, the Holling II functional response function may demon-
strate interactive relationship between two groups well by sat-
uration incidence.[14] Moreover, through the introduction of
psychological factors in the process of rumor spreading, we
can specifically depict the behavior change and aggregation
effect of individuals to rumors.

In addition, time delay is a universal phenomenon in a
system. As is known to all, it takes time to react to an ac-
tion from start to finish. In particular, a statement that is not
verified casts doubt on individuals, so they cannot respond
to a rumor immediately and it takes time for them to think
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whether to spread. Hence, when susceptible individuals con-
tacted spreaders, the time delay needs to be imported. In re-
gard of it, Laarabi established a rumor spreading model con-
taining latent period,[15] and Zhu investigated the dynamical
behaviors of a delayed rumor spreading model.[16,17] However,
they donot seem to have considered the influence of external
disturbance on rumor spreading.

Actually, real life is full of randomness, the external en-
vironmental factor can also interfere with rumors.[18–20] Here,
when a rumor is disturbed by external circumstances or when
the events that trigger it may constantly evolve or change, its
spread will be influenced by stochastic factors. Since people’s
attitude towards rumors changes accordingly as events evolve
continuously and external environment changes at random in
these cases, which exerted corresponding effects on stochastic
rumor spreading. Hence, it is essential to study stochastic ru-
mor spreading, which may contribute to more novel research
results.

To sum up, factors affecting rumors are complicated and
varied, which reminds us to take positive control measures to
suppress the negative impact of rumors. A number of con-
trol strategies have now been proposed to address the prob-
lem of controlling the spread of rumors,[21–23] and these con-
trol strategies in previous studies were mostly considered to
be continuous functions in time. In addition, there have
been intensive researches about optimal continuous control
strategies,[24–28] the most typical of which are science edu-
cation and rumor refutation. As a matter of fact, whether it
is science education or rumor refutation, they are discrete and
spaced in time, rather than continuous. Moreover, pulse, the
repeated application within a specified time frame,[29–31] is
a discrete way of describing these controls well. Therefore,
we may consider two pulse control strategies: pulse education
mechanism to strengthen the susceptible individuals’ compre-
hensive quality periodically and pulse refutation mechanism
to help rumor spreaders identify rumors as true or false termly.
Among them, education mechanism denotes scientific knowl-
edge propagation by various channels such as books, and inter-
net, and refutation mechanism means refuting rumors and pro-
nouncing the truth by official platforms such as government,
and media.

In general, there are a couple of innovations in this work.
Firstly, on the base of a rumor spreading model that has al-
ready contained psychological factors and thinking time, we
introduce stochastic interference and two pulse control strate-
gies simultaneously. Besides, we explore optimal impulse
control strategies, which can minimize the control cost and
negative impact caused by rumor spreading. The following
sections are mainly composed of modeling, theoretical anal-
ysis, and numerical simulation. We build a stochastic rumor

spreading model and consider two pulse control strategies in
Section 2. Moreover, Section 3 gets the existence of global
positive solutions, and the uniqueness and global exponential
stability of a rumor-free periodic solution. We analyze extinc-
tion and persistent of the rumor in Section 4. The optimal
impulse control strategies are explored under a pulse version
of Pontryagin’s minimum principle in Section 5. Several nu-
merical results are given in Section 6. The last section gives a
conclusion.

2. Modeling
The total population is split into three types: susceptible

individual, spreader and stifler. They are respectively denoted
as S(t), I(t), and R(t) at time t and S(t) + I(t) + R(t) = 1.
Firstly, we believe the spreading process by which the suscep-
tible individual turns into spreader is complicated and subject
to various factors. On one hand, the process of rumor spread-
ing is infected by psychological factors, so the transmission
rate is connected with both the density of spreaders and the
personal propagation ability. Thus, we consider that using a
nonlinear incidence rate is more appropriate. Here, we choose
Holling II functional response function, given that it can re-
flect the interactive process well. In view of it, Holling II
functional response function β I(t)

1+αI(t) is adopted in the model,

where β I(t) denotes propagation force of rumors, and 1
1+αI(t)

is used to measure the inhibition effect of the progressively
increase of the spreaders on the susceptible individuals. On
the other hand, individuals might be suspicious of the credi-
bility of a rumor when a rumor comes to them, so it requires
time for individuals to respond, that is, time delay is inevitable
in the process of rumor spreading. Therefore, we introduce
the time delay τ that represents a reaction time after hearing
a rumor into this model and e−µτ is the removal rate during
the reaction time. Moreover, according to the classical DK ru-
mor model, we assume that I(t) turns into R(t) when I(t) is in
contact with R(t) or another I(t). In term of it, our team has
studied the following deterministic differential model:[28]

dS(t)
dt

= (1− p)b− βS(t)I(t)
1+αI(t)

−µS(t),

dI(t)
dt

= e−µτ βS(t− τ)I(t− τ)

1+αI(t− τ)
−ηI(t)(I(t)

+R(t))−µI(t),

dR(t)
dt

= pb+ηI(t)(I(t)+R(t))−µR(t).

(1)

Assuming that the above parameters are positive, and we gen-
eralize them in Table 1.

However, in addition to internal psychological factors and
personal reaction time, rumor spreading is undoubtedly influ-
enced by external environment disturbance caused by devel-
opment of events. As the changes of external environment and
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the evolution of the event that sparked rumor, individuals’ at-
titude and response could be changed accordingly. Thus, it
is necessary to take stochastic disturbance into consideration,
which makes model more in accordance with the fact. As we
all know, the white noise is helpful to model a phenomenon
prone to fluctuation and the primary source of white noise is
various uncertainties. So, we consider using the white noise to
represent the uncertainties such as evolution of events, which
makes the model more realistic.

And from what has been presented above, rumor spread-
ing is subject to various complex and changeable factors,
which may bring uncontrollable social harm. In terms of this,
we put forward several control strategies to reduce rumors’
negative impact. On the one side, considering that the suscep-
tible individuals have a poor cultural quality and knowledge

base, we introduce the education mechanism aimed at the sus-
ceptible individuals to improve their comprehensive quality,
which may let the susceptible individuals not spread rumors
and then convert them directly to stiflers. On the other side,
given that spreaders are the main force of rumor spreading,
we bring in the refutation mechanism aimed at spreaders to
refute certain rumors, which may make the number of spread-
ers reduce directly and sharply. However, since the education
mechanism and refutation mechanism are often neither carried
out continuously, using pulse controls seems more appropri-
ate. Furthermore, for the sake of minimizing the social harm
and control cost, we try to find the optimal impulse control.

Here, in order to be more in line with the facts and demon-
strate this process more accurately, on the base of model (1),
we add white noise and two pulse control strategies:



dS(t) = [(1− p)b−β
S(t)I(t)

1+αI(t)
−µS(t)]dt +σ1S(t)dB1(t)

dI(t) = [e−µτ β
S(t− τ)I(t− τ)

1+αI(t− τ)
−ηI(t)(I(t)+R(t))−µI(t)]dt +σ2I(t)dB2(t)

dR(t) = [pb+ηI(t)(I(t)+R(t))−µR(t)]dt +σ3R(t)dB3(t)

 t 6= nT,

S(t+) = (1−ω1)S(t)
I(t+) = (1−ω2)I(t)
R(t+) = R(t)+ω1S(t)+ω2I(t)

 t = nT,n ∈ N,

(2)

where all parameters involved are summarized in Table 1.
Moreover, set (Ω ,F,{Ft}t≥0,P) as a complete probability
space with a filtration{Ft}t≥0, which meets the usual condi-
tions.

Table 1. Parameter description.

Parameter Meaning
β Transmission rate
α Saturation rate
τ Thinking time
µ Natural removal rate
b Input rate
p Immunization rate of new people entering an

original group
η Immunization rate switching from spreaders into

stiflers
B j(t), j = 1,2,3 Independent Brownian motion

σ j , j = 1,2,3 Intensity of white noise
ω1 Control strength of education mechanism
ω2 Control strength of refutation mechanism
T Pulse period

3. Global positive solution and rumor-free peri-
odic solution
Here, we will focus on the mechanism of rumor spread-

ing. Firstly, our first concern is whether there is a global and
positive solution. Then, we study whether there exists a rumor-
free periodic solution and whether it is globally stable.

The following lemma provides a lot of support for the
theorem we want to prove.

Lemma 1[32] Consider the following stochastic pulse
system:{

du(t) = [a−bu(t)]dt +σu(t)dB(t), t 6= nT,
u(t+) = (1− c)u(t), t = nT.

(3)

When 2µ > σ2
1 , system (3) has a unique positive T -periodic

solution, where we define u∗(t) as the T -periodic solution of
the system and we can get u∗(t) is globally exponentially sta-
ble in mean square. In addition, we can derive the exact form
of u∗(t) as

u∗(t) = (1− c)n+1u0 exp
{

1
1−a

(−b−0.5σ
2)t

+
∫ t

0
σ dB(s)

}
, nT < t ≤ (n+1)T. (4)

Proof Firstly, using Itô’s formula for system (3), we have

d lnu(t) =
[

a
u(t)
−b−0.5σ

2
1

]
dt +σ dB(t). (5)

Then, integrating both sides of Eq. (5) from 0 to t, we can get

ln
u(t)
u0

=
∫ t

0

a
u(s)

ds−
∫ t

0
(b+0.5σ

2)ds

+
∫ t

0
σ dB(s),
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where 0 < t < T , and u0 = u(0). Besides, combining it with
the last equation of system (3), we get the unique periodic so-
lution of system (3) given by

u(t) = (1− c)u0 exp
{

1
1−a

(−b−0.5σ
2)t +

∫ t

0
σ dB(s)

}
,

0≤ t ≤ T.

For nT < t ≤ (n+1)T , there exists a unique T -periodic solu-
tion of system (3)

u∗(t) = (1− c)n+1u0 exp
{

1
1−a

(−b−0.5σ
2)t

+
∫ t

0
σ dB(s)

}
, nT < t ≤ (n+1)T.

It is well known that the coefficients of the stochastic differ-
ential equation need to meet both the linear growth condition
and local Lipschitz condition, which ensures that its solution
is positive and global. Nevertheless, it is obvious that the co-
efficients of system (2) do not satisfy the former, that is, the
solution is likely to explode in finite time. Thus, using Lya-
punov analysis method, we shall demonstrate the solution of
system (2) is positive and global.

Theorem 1 For any given initial value (S0, I0,R0) =

(S(θ), I(θ),R(θ)) ∈ R+
3 ,θ ∈ [−τ,0], there is a unique solu-

tion (S(t), I(t),R(t))T of system (2) for t ≥ 0, and it would
absolutely remain in R+

3 , that is, (S(t), I(t),R(t))T exists for
all t ≥ 0 almost surely (a.s.).

Proof First, for any initial value (S(θ), I(θ),R(θ)) ∈
R+

3 ,θ ∈ [−τ,0] (i.e., (S0, I0,R0)), we prove that system (2) has
a unique global solution on interval t ∈ [0,nT ].

Firstly, we consider the first three equations of system (2)
for t 6= nT . In regard of it, we formulate a function

V (t) = e−µτ

(
S(t)− x− x ln

S(t)
x

)
+

(
I(t)− y− y ln

I(t)
y

)
+(R(t)−1− lnR(t))+ e−µτ

∫ t

t−τ

βS(s)I(s)
1+αI(s)

ds

and then get that none of S(t), I(t) and R(t) will explode in
finite time, which is presented in Ref. [20] in detail.

At t = nT , n ∈ N, with 0 < ω1, ω2 < 1, there is a pulse
which transfers solution (S(T ), I(T ),R(T ))T ∈ R+

3 into ((1−
ω1)S(T ),(1−ω2)I(T ),R(T )+ω1S(T )+ω2I(T ))T ∈ R+

3 .

Similarly, we can derive there exists a unique global
solution defined on [T+,2T ] and ((1 − ω1)S(2T ),(1 −
ω2)I(2T ),R(2T )+ω1S(2T )+ω2I(2T ))T ∈ R+

3 , which is ob-
vious to be carried out infinitely. This completes the proof.

Then, we prove the existence and global stability of a
rumor-free periodic solution, where dI(t) = 0. Under this con-
dition, we get the following system

dS(t) = [(1− p)b−µS(t)]dt +σ1S(t)dB1(t)
dR(t) = [pb−µR(t)]dt +σ3R(t)dB3(t)

}
t 6= nT,

S(t+) = (1−ω1)S(t)
R(t+) = R(t)+ω1S(t)

}
t = nT,n ∈ N.

(6)

Theorem 2 If 2µ > max(σ2
1 ,σ

2
3 ), then system (6) has

a unique positive T -periodic solution (S∗(t),R∗(t)), which is
globally exponentially stable.

Proof On the basis of Lemma 1, it is obvious that if 2µ >

σ2
1 , then system (6) has a unique positive T -periodic solution

S∗(t), which is globally exponentially stable. Then we analyze
R(t) in system (6). Suppose that R(t,ξ ) is an optional solution
of system (6), and we define R(t,ξ )= ς , then R(t,ς) is another
solution of system (6). Define V2(t) = (R(t,ζ )−R(t,ς))2, and
it is continuous and positive for t ∈ [0,+∞), where V2(0) =
(ζ − ς)2.

Applying Itô’s formula, integrating and then taking the
mathematical expectation to V2(t), we can get

dEV2(t)
dt

≤ (σ2
3 −2µ)EV2(t), t 6= nT,

EV2(nT+)≤ λ 2V2(nT ), t = nT,
(7)

where λ > 1 is a positive constant.
Using the same method in Refs. [32–34], we get EV2(t)≤

ρEV2(0)e−δ t for t ≥ 0, where δ = 2µ−σ2
3 −2lnλ/T > 0 and

ρ > 1 are two positive constants, and then 2µ > σ2
3 .

Then, we can use the same method to get if 2µ > σ2
3 , the

positive T -periodic solution R∗(t) is unique and at the same
time all solutions converge to R∗(t) as t→ ∞.

Above all, if 2µ > max(σ2
1 ,σ

2
3 ), system (6) has a unique

positive T -periodic solution(S∗(t),R∗(t)) and all solutions
converge exponentially to (S∗(t),R∗(t)) as t → ∞. The proof
is completed.

In addition, according to Lemma 1, we can get the spe-
cific form of the T -periodic solution


S∗(t) = (1−ω1)

n+1S0 exp
{

1
1− (1− p)b

(−µ−0.5σ2
1 )t +M1(t)

}
,

R∗(t) = R0 exp
{

1
1− pb

(−µ−0.5σ2
3 )t +M2(t)

}
+(n+1)ω1S∗(t),

(8)

where nT < t ≤ (n+1)T,M1(t) =
∫ t

0 σ1 dB1(s), and M2(t) =
∫ t

0 σ2 dB2(s).
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4. Extinction and permanence

In this section, we always suppose that 2µ >

max(σ2
1 ,σ

2
3 ), and then come to study the extinction and per-

manence of system (2).
Before starting the theorem, let us define these notations

as follows:
(i) If f (t) is integrable for t ≥ 0, define

〈 f (t)〉= 1
t

∫ t

0
f (s)ds, t > 0.

(ii) If f (t) is bounded for t ≥ 0, define

f r = sup
t∈R+

f (t) and f l = inf
t∈R+

f (t), (9)

where ‘r’ is an abbreviation of ‘right’ and ‘l’ is an abbreviation
of ‘left’.

Theorem 3 Define R1 = e−µτ βS∗(t)r

µ+0.5σ2
2

as a threshold con-

dition for the extinction of a rumor. If 2µ > max(σ2
1 ,σ

2
3 ) and

R1 < 1, then the susceptible S(t) and stiflers R(t) will persist
and the spreaders I(t) will go to extinction.

Proof Since R1 < 1, we can get

e−µτ
βS∗(t)r−µ−0.5σ

2
2 < 0. (10)

It is easy to see that dS(t) ≤ [(1− p)b− µS(t)]dt +
σ1S(t)dB1(t) from the first equation of system (2), then take
y1 as a variable and formulate a pulse comparison system as
follows:

{
dy1(t) = [(1− p)b−µy1(t)]dt +σ1y1(t)dB1(t), t 6= nT,
y1(t+) = (1−ω1)y1(t), t = nT,n ∈ N,

(11)

where y1(0) = S0. According to Lemma 1, the periodic solution of system (11) can be written as

y∗1(t) = (1−ω1)
n+1S0 exp

{
1

1− (1− p)b
(−µ−0.5σ

2
1 )t +M1(t)

}
, nT < t ≤ (n+1)T.

In addition, for convenience, we set S∗(t) = y∗1(t). Then ac-
cording to comparison theorem, we can get S(t) ≤ y∗1(t) =
S∗(t), in other words,

lim sup
t→+∞

〈S(t)〉 ≤ lim sup
t→+∞

〈S∗(t)〉 ≤ S∗(t)r. (12)

Besides, we define the following function:

V (t) = I(t)+
∫ t

t−τ

e−µτ βS(s)I(s)
1+αI(s)

ds. (13)

Taking the derivative of V (t), we can get

dV (t) = dI(t)+
[

e−µτ βS(t)I(t)
1+αI(t)

− e−µτ βS(t− τ)I(t− τ)

1+αI(t− τ)

]
dt

=

[
e−µτ βS(t)I(t)

1+αI(t)
−ηI(t)(I(t)+R(t))−µI(t)

]
dt

+σ2I(t)dB2(t)

≤
[

e−µτ
βS(t)I(t)−µI(t)

]
dt +σ2I(t)dB2(t). (14)

Combine the above inequality (14) and the fifth equation of

system (2), we have{
dI(t)≤ [e−µτ βS(t)I(t)−µI(t)] dt +σ2I(t)dB2(t), t 6= nT,
I(t+) = (1−ω2)I(t), t = nT.

Applying Itô’s formula to ln I(t), we derive that

ln(I(t)/I0)/t ≤ e−µτ
β 〈S(t)〉−µ−0.5σ

2
2

+
∫ t

0
σ2 dB2(s)/t + ln(1−ω2)/t. (15)

Then taking the upper limit on inequality (15), we
get that lim sup

t→+∞

ln I(t)/t ≤ e−µτ β 〈S(t)〉 − µ − 0.5σ2
2 ≤

e−µτ βS∗(t)r−µ−0.5σ2
2 < 0 , i.e., lim

t→+∞
I(t) = 0.

Thus, there exists t0 and a set Ωε so that P(Ωε) ≥ 1− ε

and I(t)≤ ε , where t ≥ t0, ε > 0 is arbitrary small and ε ∈Ωε .
Then, from the first and third equations of system (2), we can
obtain that for t ≥ t0, t 6= nT and ε ∈Ωε ,{

dS(t)≥ [(1− p)b− (βε +µ)S(t)]dt +σ1S(t)dB1(t),
dR(t)≤ [pb+ηε2− (µ−ηε)R(t)]dt +σ3R(t)dB3(t).

(16)

Here, we take y2 as a variable and formulate pulse com-
parison system as follows:

{
dy2(t) = [(1− p)b− (βε +µ)y2(t)]dt +σ1y2(t)dB1(t), t 6= nT,
y2(t+) = (1−ω1)y2(t), t = nT,n ∈ N,

(17)

where y2(0) = S0. Similarly, according to Lemma 1, we have the unique periodic solution of system (17) as

y∗2(t) = (1−ω1)
n+1S0 exp

{
1

1− (1− p)b
(−µ−βε−0.5σ

2
1 )t +M1(t)

}
, nT < t ≤ (n+1)T.
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Utilizing the comparison theorem in system (17) yields S(t)≥ y∗2(t). This results in lim inf
t→+∞

〈S(t)〉 ≥ lim inf
t→+∞

〈y∗2(t)〉 ≥ y∗2(t)
l.

Combine Eq. (13), we gety∗2(t)
l ≤ lim

t→+∞
〈S(t)〉 ≤ S∗(t)r.

Then, take z1 as a variable and consider another pulse comparison system{
dz1(t)≤ [pb+ηε2− (µ−ηε)z1(t)]dt +σ3z1(t)dB3(t), t 6= nT,
z1(t+)≤ z1(t)+ωS∗(t)r, t = nT,n ∈ N,

(18)

where z1(0) = R0. According to Lemma 1, we have the unique
periodic solution of system (18) as

z∗1(t) = R0 exp
{

1
1− pb−ηε2 (−µ +ηε−0.5σ

2
3 )t +M2(t)

}
+ω

r
1S∗(t)r, nT < t ≤ (n+1)T.

Utilizing the comparison theorem in system (17)
yields R(t) ≤ z∗1(t). This results in lim sup

t→+∞

〈R(t)〉 ≤

lim sup
t→+∞

〈z∗1(t)〉 ≤ z∗1(t)
r.

In addition, take z2 as a variable and formulate the next
pulse comparison system{

dz2(t)≥ [pb−µz2(t)]dt +σ3z2(t)dB3(t), t 6= nT,
z2(t+)≥z2(t), t = nT,n ∈ N,

(19)

where z2(0) = R0. Similarly, we can get the unique periodic
solution of system (19) as

z∗2(t) = R0 exp
{

1
1− pb

(−µ−0.5σ
2
3 )t +M2(t)

}
,

nT < t ≤ (n+1)T.

For convenience, we set R∗(t) = z∗2(t). Utilizing the compari-
son theorem in system (19) yields R(t)≥ z∗2(t) = R∗(t), which
results in lim inf

t→+∞
〈R(t)〉 ≥ lim inf

t→+∞
〈R∗(t)〉 ≥ R∗(t)l. Com-

bining lim sup
t→+∞

〈R(t)〉 ≤ z∗1(t)
r ≤ z∗1(t)

r, we obtain R∗(t)l ≤

lim
t→+∞

〈R(t)〉 ≤ z∗1(t)
r.

Above all, we can get lim
t→+∞

I(t) = 0, y∗2(t)
l ≤

lim
t→+∞

〈S(t)〉 ≤ S∗(t)r, and R∗(t)l ≤ lim
t→+∞

〈R(t)〉 ≤ z∗1(t)
r. This

completes the proof.
Theorem 4 Define R2 = e−µτ βS∗(t)l

µ+0.5σ2
2 +ηR∗(t)r as a threshold

condition for the persistence of a rumor. If 2µ > max(σ2
1 ,σ

2
3 )

and R2 > 1, there is a parameter m > 0 that I(t) > m as t be-
comes sufficiently large, that is to say, the spreaders I(t) will
persist.

Proof Since R2 > 1 and according to Eq. (10), there is a
parameter m sufficiently small such that

e−µτ βy∗3(t)
l

1+αm
−µ−0.5σ

2
2 −ηz∗3(t)

r−ηm > 0, (20)

where

y∗3(t) = (1−ω1)
n+1S0 exp

{
1

1− (1− p)b
(−µ−βm−0.5σ

2
1 )t

+M1(t)
}
, nT < t ≤ (n+1)T,

z∗3(t) = R0 exp
{

1
1− pb−ηm2 (−µ +ηm−0.5σ

2
3 )t +M2(t)

}
+ω

r
1S∗(t)r +ω2m, nT < t ≤ (n+1)T.

We claim that lim sup
t→+∞

I(t) > m. If it is not true, then

there exists a n1 > 0 such that I(t) ≤ m for t > n1T . Then
combining the first and fourth equations of system (2), we can
get

{
dS(t)≥ [(1− p)b− (βm+µ)S(t)]dt +σ1S(t)dB1(t), t 6= nT,
S(t+)≥ S(t), t = nT,n > n1.

In terms of it, we take y3 as a variable and formulate the next pulse comparison system{
dy3(t) = [(1− p)b− (βm+µ)y3(t)]dt +σ1y3(t)dB1(t), t 6= nT,
y3(t+) = y3(t), t = nT,n > n1,

(21)

where y3(0) = S0. According to Lemma 1, we have the unique periodic solution of system (21) as

y∗3(t) = S0 exp
{

1
1− (1− p)b

(−µ−βm−0.5σ
2
1 )t +M1(t)

}
, nT < t ≤ (n+1)T.

Utilizing the comparison theorem in system (21) yields S(t)≥ y∗3(t). This results in lim inf
t→+∞

〈S(t)〉 ≥ lim inf
t→+∞

〈
y∗3(t)

〉
≥ y∗3(t)

l.

According to the third and sixth equations of system (2), we get{
dR(t)≥ [(1− p)b− (βm+µ)S(t)]dt +σ1S(t)dB1(t), t 6= nT,
R(t+)≥ R(t)+ω1S∗(t)r, t = nT,n > n1.
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In terms of it, we take z3 as a variable and formulate a pulse comparison system as follows:{
dz3(t)≤ [pb+ηm2− (µ−ηm)z3(t)]dt +σ3z3(t)dB3(t), t 6= nT,
z3(t+)≤ z3(t)+ω1S∗(t)r +ω2m, t = nT,n > n1,

(22)

where z3(0) = R0. Similarly, we can get the unique periodic solution of system (22) as

z∗3(t) = R0 exp
{

1
1− pb−ηε2 (−µ +ηm−0.5σ

2
3 )t +M2(t)

}
+ω

r
1S∗(t)r +ω2m, nT < t ≤ (n+1)T.

Utilizing the comparison theorem in system (22) yields R(t)≤ z∗3(t). This results in lim sup
t→+∞

〈R(t)〉 ≤ lim sup
t→+∞

〈
z∗3(t)

〉
≤ z∗3(t)

r.

Then taking advantage of Itô’s formula to ln I(t) in system (2), we get

d ln I(t) =

[
e−µτ βS(t− τ)I(t− τ)

1+αI(t− τ)I(t)
−η(I(t)+R(t))−µ−0.5σ

2
2

]
dt +σ2 dB2(t)

≥
[

e−µτ βS(t− τ)I(t− τ)

1+αmI(t)
−η(m+R(t))−µ−0.5σ

2
2

]
dt +σ2 dB2(t).

Integrating to the inequality above, we can see that

ln(I(t)/I0)

t
≥ e−µτ β

1+αm
〈S(t− τ)〉 I(t− τ)

I(t)
−η 〈R(t)〉−µ

−0.5σ
2
2 −ηm+

1
t

∫ t

0
σ2 dB2(s)+

ln(1−ω2)

t

≥ e−µτ β

1+αm
y∗3(t)

l I(t− τ)

I(t)
−ηz∗3(t)

r−µ−0.5σ
2
2

−ηm+
1
t

∫ t

0
σ2 dB2(s)+

ln(1−ω2)

t
.

Lastly, taking the upper limit on the above inequality, we
have

lim sup
t→+∞

ln(I(t)/I0)

t
≥ e−µτ β

1+αm
y∗3(t)

l−ηz∗3(t)
r−µ

−0.5σ
2
2 −ηm > 0, (23)

which indicates that P
{

lim sup
t→+∞

ln I(t)
t > 0

}
> 0. This is a

contradiction. The claim lim sup
t→+∞

I(t) > m is proved, that is

to say, the spreaders I(t) will persist.

5. Optimal impulse control
Here, we will study optimal impulse control of the sys-

tem (2). As mentioned above, the pulse control is a proper way
to demonstrate the control strategies in discrete time. Besides,
the intensity of each pulse control strategy has a prominent in-
fluence on controlling rumor spreading. As is known to all, the
purpose of control rumor spreading is to minimize the negative
social impact from rumors. Hence, we consider two aspects:
(i) minimize the number of spreaders, when the number of
spreaders becomes smaller, the intensity and scope of rumors
will become smaller, so the negative social impact will be-
come smaller; (ii) minimize the cost of education mechanism
and refutation mechanism during the whole rumor spreading

period. Therefore, the objective function that we consider is
given by

J = min
ω1,ω2∈Θ

{∫ T

0
AI(t)dt

+
n

∑
i=1

[
B1

2
ω

2
1 (iT )+

B2

2
ω

2
2 (iT )

]}
, (24)

subject to system (2), where A, B1 and B2 are all positive con-
stants, A represents the weight coefficient of I(t), B1 and B2

denote the control cost of one unit control variable. Moreover,
suppose that 0 ≤ ω1(t), ω2(t) ≤ 1, where ω1(t) = 1 denotes
maximizing the degree of education mechanism and ω2(t) = 1
represents maximizing the intensity of refutation mechanism.

To resolve the optimal problem (24), the following steps
are taken.

Firstly, we formulate the Hamiltonian H without control,
defined as

H(S(t), I(t),R(t), p1(t), p2(t), p3(t),q1(t),q2(t),q3(t))

= AI(t)+ p1(t)
[
(1− p)b−β

S(t)I(t)
1+αI(t)

−µS(t)
]

+σ1S(t)q1(t)+ p2(t)
[

e−µτ
β

S(t− τ)I(t− τ)

1+αI(t− τ)

−ηI(t)(I(t)+R(t))−µI(t)
]
+σ2I(t)q2(t)

+ p3(t) [pb+ηI(t)(I(t)+R(t))−µR(t)]+σ3R(t)q3(t)

(25)

for t 6= iT , where (pi(t),qi(t)) (i= 1,2,3) are pairs of solution.
Besides, for t = iT , we formulate the pulse Hamiltonian

function Hp,[35,36] defined as

Hp(S(t), I(t),R(t),ω1(t),ω2(t))

=
B1

2
ω

2
1 (t)+

B2

2
ω

2
2 (t)− p1(t+)ω1(t)S(t)
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− p2(t+)ω2(t)I(t)+ p3(t+)(ω1(t)S(t)+ω2(t)I(t)). (26)

Then the pulse minimum principle can be declared as fol-
lows.

Theorem 5 Consider optimal impulse control ω1(iT ),

ω2(iT ), i = 1, . . . ,n, which minimizes (24) with the optimal

trajectories S∗(t), I∗(t), R∗(t) related to system (2), then there

are adjoint variables pk(t), k = 1,2,3, which conform to the

following adjoint system for t 6= iT

d p1(t) =

[(
µ +

β I∗(t)
1+αI∗(t)

)
p1(t)−

e−µτ β I∗(t− τ)

1+αI∗(t− τ)
p2(t)−σ1q1(t)

]
dt +q1(t)dB1(t),

d p2(t) =

[
βS∗(t)

(1+αI∗(t))2 p1(t)+(µ− βS∗(t− τ)

(1+αI∗(t− τ))2 )p2(t)−η(2I∗(t)+R∗(t))(p3(t)− p2(t))−σ2q2(t)−A
]

dt

+q2(t)dB2(t),

d p3(t) = [ηI∗(t)(p2(t)− p3(t))+µ p3(t)−σ3q3(t)] dt +q3(t)dB3(t), (27)

with the transversality conditions pk(iT ) = 0,k = 1,2,3, and for t = iT we can get p1(iT ) = p1(iT+)− p1(iT+)ω1(iT )+ p3(iT+)ω1(iT ),
p2(iT ) = p2(iT+)− p2(iT+)ω2(iT )+ p3(iT+)ω2(iT ),
p3(iT ) = p3(iT+).

(28)

Furthermore, we have 
ω∗1 (iT ) = min

(
max

(
0,

S∗(iT )(p1(iT+)− p3(iT+))

B1

)
,1
)
,

ω∗2 (iT ) = min
(

max
(

0,
I∗(iT )(p2(iT+)− p3(iT+))

B2

)
,1
)
.

(29)

Proof We can get the Hamiltonian function stated in (25). Besides, utilizing pulse version of Pontryagin’s minimum
principle in Ref. [37], one can obtain, when t 6= iT

d p1(t) = −∂H
∂S

(S(t), I(t),R(t), p1(t), p2(t), p3(t),q1(t),q2(t),q3(t))dt +q1(t)dB1(t)

=

[(
µ +

β I∗(t)
1+αI∗(t)

)
p1(t)−

e−µτ β I∗(t− τ)

1+αI∗(t− τ)
p2(t)−σ1q1(t)

]
dt +q1(t)dB1(t),

d p2(t) = −∂H
∂ I

(S(t), I(t),R(t), p1(t), p2(t), p3(t),q1(t),q2(t),q3(t))dt +q2(t)dB2(t)

=

[
βS∗(t)

(1+αI∗(t))2 p1(t)+(µ− βS∗(t− τ)

(1+αI∗(t− τ))2 )p2(t)

−η(2I∗(t)+R∗(t))(p3(t)− p2(t))−σ2q2(t)−A
]

dt +q2(t)dB2(t),

d p3(t) = −∂H
∂R

(S(t), I(t),R(t), p1(t), p2(t), p3(t),q1(t),q2(t),q3(t))dt +q3(t)dB3(t)

= [ηI∗(t)(p2(t)− p3(t))+µ p3(t)−σ3q3(t)] dt +q3(t)dB3(t).

However, the transversality conditions are defined as minus the derivative of objective function with respect to state variables
S(t), I(t), and R(t). Consider that objective function (24) does not include these variables, so pk(iT ) = 0, k = 1,2,3.

From Eq. (26), we get the pulse Hamiltonian function Hp and then we have also at t = iT , p1(iT ) = p1(iT+)+Hp
S (S(t), I(t),R(t),ω1(t),ω2(t)) = p1(iT+)− p1(iT+)ω1(iT )+ p3(iT+)ω1(iT ),

p2(iT ) = p2(iT+)+Hp
I (S(t), I(t),R(t),ω1(t),ω2(t)) = p2(iT+)− p2(iT+)ω2(iT )+ p3(iT+)ω2(iT ),

p3(iT ) = p3(iT+)+Hp
R(S(t), I(t),R(t),ω1(t),ω2(t)) = p3(iT+).

Moreover, optimality condition at ω1 = ω∗1 , ω2 = ω∗2 means that ∂Hp/∂ω1(iT ) = 0, ∂Hp/∂ω2(iT ) = 0. Thus, after setting
S = S∗, and I = I∗, we get {

B1ω1(iT )− p1(iT+)S(iT )+ p3(iT+)S(iT ) = 0,
B2ω2(iT )− p2(iT+)I(iT )+ p3(iT+)I(iT ) = 0.
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Then calculating on the above systems, we can get
ω1(iT ) =

S(iT )(p1(iT+)− p3(iT+))

B1
,

ω2(iT ) =
I(iT )(p2(iT+)− p3(iT+))

B2
.

Utilizing 0≤ ω1(t), ω2(t)≤ 1 and the calculation is sim-
ilar to [37], we can obtain

ω∗1 (iT )=min
(

max
(

0,
S∗(iT )(p1(iT+)− p3(iT+))

B1

)
,1
)
,

ω∗2 (iT )=min
(

max
(

0,
I∗(iT )(p2(iT+)− p3(iT+))

B2

)
,1
)
.

6. Numerical simulations
In this section, some numerical results are presented in

two parts for supporting the analytic results obtained above.
On one side, we will study the influence of the strength of
pulse controls ω1 and ω2 on systems (2) and (6) by numerical
analysis, which will demonstrate the effectiveness of Theo-
rems 2–4. On the other side, we will find the optimal strength
of the pulse controls ω1 and ω2 to minimize Eq. (26) by nu-
merical analysis, which will visualize the result of Theorem 5.
We set the pulse period T as 5 in all simulations.
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Fig. 1. Trajectories and the periodic solution (S∗(t),R∗(t)) of system (7)
with ω1 = ω2 = 0.2.

In the first part, firstly, to explore the existence and
globally exponentially stability of the periodic solution

(S∗(t),R∗(t)) of system (6), we consider different initial val-
ues S0 = 0.7,R0 = 0.3 and S0 = 0.5, R0 = 0.5, respectively,
with the same parameter values p = 0.25, b = 0.2, µ = 0.2,
β = 0.7, α = 0.1, η = 0.1, τ = 3, and σ1 = σ2 = σ3 =

0.1. In this case, we set ω1 = ω2 = 0.2 and the condi-
tion 2µ > max{σ2

1 ,σ
2
3 } in Theorem 2 is satisfied, which is

µ = 0.2,σ1 = σ3 = 0.1, 2µ = 0.4 > max{σ2
1 ,σ

2
3 } = 0.01.

And from Theorem 2, we conclude that system (6) has a
unique positive T -periodic solution (S∗(t),R∗(t)), which is
globally exponentially stable, that is lim

t→+∞
|S(t,S0)−S∗(t)| =

0 with S0 > 0 and lim
t→+∞

|R(t,R0)−R∗(t)| = 0 with R0 >

0. From Fig. 1(a), we can see the trajectories of
S(t,0.7),R(t,0.3) and S(t,0.5),R(t,0.5). Meanwhile, we can
get that lim

t→+∞
|S(t,0.7)−S∗(t)| = lim

t→+∞
|S(t,0.5)−S∗(t)| =

0 and lim
t→+∞

|R(t,0.3)−R∗(t)| = lim
t→+∞

|R(t,0.5)−R∗(t)| = 0

(see Fig. 1(b)), which supports the Theorem 2.
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Fig. 2. The periodic solution(S∗(t),R∗(t)) of system (6) with ω1 =
ω2 = 0.05 and ω1 = ω2 = 0.95.

Besides, to explore the extinction of rumors, we take
initial value S0 = 0.7, I0 = 0.2, R0 = 0.1 with parameters
as follows p = 0.25, b = 0.2, µ = 0.2, β = 0.7, α = 0.1,
η = 0.1, τ = 3, and σ1 = σ2 = σ3 = 0.1. In this situation,
we set ω1 = ω2 = 0.95 and from Fig. 2(a), the conditions
2µ > max

{
σ2

1 ,σ
2
3
}

, R1 = e−µτ βS∗(t)r

µ+0.5σ2
2

< 1 in Theorem 1 are

met, which are µ = 0.2, σ1 = σ3 = 0.1, S∗(t)r = 0.49, and

R1 =
e−µτ βS∗(t)r

µ +0.5σ2
2

=
e−0.6×0.7×0.50
0.2+0.5×0.01

=
0.1921
0.205

< 1.
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According to Theorem 1, the susceptible individuals and sti-
flers will persist and the spreaders will go to extinction. As
is clearly illustrated in Fig. 3(a), the susceptible and spreaders
decrease and the stiflers increase during initial period, then the
susceptible and stiflers are in a globally asymptotically stable
state and spreaders go to extinction, which supports this ana-
lytical result.

Furthermore, other conditions being the same, we adopt
different pulse proportion ω1 = ω2 = 0.05 to explore the per-
sistence of the spreaders of system (2). As clearly shown in
the Fig. 2, we satisfy the condition

R2 =
e−µτ βS∗(t)l

µ +0.5σ2
2 +ηR∗(t)r

=
e−0.6×0.7×0.657

0.2+0.5×0.01+0.0332
=

0.2524
0.2382

> 1,

2µ > max
{

σ2
1 ,σ

2
3
}

in Theorem 4, where S∗(t)l =

0.615,R∗(t)r = 0.308, and µ = 0.2,σ1 = σ3 = 0.1. Accord-
ing to Theorem 4, the spreaders will be persistent under the
given conditions. From Fig. 4(a), the number of the spreaders
decreases gradually in the beginning and is weakly persistent
until the end, that is to say, the rumor always exists.

Then comparing Figs. 3(a) and 4(a) yields that strength-
ening scientific knowledge propagation and intensifying ru-
mor refutation are both effective mechanisms to control the
rumor, which can reduce the number of the susceptible and
spreaders, and even can suppress spreading of the rumor. Tak-
ing an example during COVID-19, there is a rumor that set-
ting off firecrackers can prevent the novel coronavirus going

around, which comes from old people who claim that ‘when
firecrackers sound, sulfur spews out, it’s disinfection’. It is
obvious that the rumor exploited a loophole of ignorance. If
individuals knew the scientific knowledge that the smoke pro-
duced by firecrackers is mainly composed of sulfur dioxide,
which forms a dilute sulfuric acid gas solvent with water in
the air, they would realize it is not only unable to cure dis-
eases, but also causes diseases, so they would not believe and
spread the rumor. And if the official platforms refute this ru-
mor timely and repeatedly, those spreaders would learn the
truth and stopped spreading. Therefore, on the one side, we
need to strengthen education learning by various approaches
in order to widen the scope of the scientific knowledge, so that
we do not easily believe and spread rumors; on the other side,
the official platforms should make the truth public to dispel the
rumor timely, which may suppress rumor spreading.

In the second part, we aim to illustrate the optimal im-
pulse control by numerical method which is applicable to the
discover of Theorem 5. By algorithm 1 in Ref. [35], we take
four numerical calculation steps to address the optimal im-
pulse control problem.

Firstly, we take the initial value S0 = 0.7, I0 = 0.2, and
R0 = 0.1 with following parameters p = 0.3, b = 0.1, µ =

0.08, β = 0.7, α = 0.1, η = 0.1, τ = 3, σ1 = σ2 = σ3 = 0.1,
A = 0.1, B1 = 1, and B2 = 1. In this case, we get the Figs. 5
and 6, which depicts the dynamical paths with and without
optimal control and the recommended pulses.
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Fig. 3. The rumor will be extinct. (a) Dynamics of solutions of system (2). (b) Phase portrait of (S(t), I(t),R(t)). (c) Phase portrait of (S(t), I(t)).
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Fig. 5. Paths simulations of (S(t), I(t),R(t)) with and without optimal
control (ω∗1 (t),ω

∗
2 (t)).
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Fig. 6. Values of the optimal controls (ω∗1 (t),ω
∗
2 (t)) at every period.

From Fig. 5(a), we can observe that if without control,
the proportion of susceptible individuals fluctuate around 0.25
after the first control period; if not, the susceptible propor-
tion does a slight jump again and again, and there is a tempo-
rary reduction after each control cycle. As is obviously shown
in Fig. 5(b), the proportion of spreaders with optimal control
dropped sharply after each pulse control period and is always
less than the one without control. Once control is stopped,
it continues the previous trend. Simultaneously, with optimal
impulse control, the proportion of stiflers in Fig. 5(c) oscillates
periodically and is always larger than the one without control.
Just as in real life, when rumors appear and start to spread, if
we can regularly promote science to improve the quality of the
population and hold regular press conferences to dispel them,

each time we took the control measure, the rumor mill was
suppressed to a certain extent and the strength of the impact of
the rumor spreading will be greatly reduced in the end.

Then from Fig. 6, we can get the optimal pulse values
ω∗1 of education mechanism take the values between 0.05 and
0.3 in all periods; meanwhile the optimal pulse values ω∗2 of
refutation mechanism take values between 0.05 to 0.4 in var-
ious periods. Moreover, combined with Fig. 5, we can find
that the optimal control values are related to the proportion of
susceptible individuals and spreaders, in other words, as the
proportion of susceptible individuals and spreaders varies, the
optimal control values are adjusted accordingly.

Above all, the main result we can summarize from Figs. 5
and 6 is when there exist control strategies, all the proportion
of susceptible individuals, spreaders and stiflers oscillate in all
times of pulsed controls, and once the control is stopped, they
will continue the previous trend. Meanwhile, the optimal pulse
values are connected with the proportion of individuals in the
population. Moreover, by optimal control strategies, the num-
ber of spreaders will reduced greatly and the rumor will get
suppressed.

Besides what’s mentioned above, we explore under dif-
ferent transmission rates β , what control strategies should be
taken. Therefore, all other conditions being the same, we use
different transmission rates β = 0.3, 0.5, and 0.7. From Fig. 7,
we can clearly see how ω∗1 education mechanism and ω∗2 refu-
tation mechanism should be set up at different transmission
rates. By comparing the data in the figure on the left, we
can find that when the transmission rate decreases, the focus
should be on the education mechanism. Similarly, comparing
the data in the right figure, we find that when the transmis-
sion rate increases, the strength of the refutation mechanism
should be strengthened. Hence, we infer that the higher the
transmission rate, the less the strength of education mecha-
nism and the more the strength of refutation mechanism are
required to introduce, which is in accordance with the fact.
For example, there was a rumor recently that said vaccination
with the COVID-19 vaccine can alter the genetic information
of humans and make them infertile. When the transmission
rate of this rumor increased, that is, more susceptible indi-
viduals turn into spreaders, so more efforts should be put on
refutation mechanism, i.e clarifying the truth and refuting the
rumor. Otherwise, we should pay more attention to education
mechanism.

The validity of our theoretical results is then demon-
strated by way of a practical example and the actual data is
provided by Yu et al. in Ref. [38]. In Fig. 8, we take the ini-
tial value S0 = 0.9, I0 = 0.05, and R0 = 0.05 with following
parameters p = 0.1, b = 0.01, µ = 0.015, β = 0.4, α = 0.001,
η = 0.25, τ = 3, and σ1 = σ2 = σ3 = 0.1. In terms of this, we
study the fits of the simulation data and actual data in Fig. 8(a)
and compare the different control strategies in Fig. 8(b). In real
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situation, the official platform refuted this rumor at t = 23, so
we set the impulsive control strategy at t = 23. From Fig. 8(a),
it is clearly that the trajectory closely corresponds to the actual
data. T means control period as in Table 1, and it compares
the effect of periodic impulse control strategies (T = 5) with
the actual control strategy (t = 23) in Fig. 8(b), which shows
the periodic impulse control strategies can suppress the spread
of rumor faster and reduce the negative impact of rumor. In
this way, we believe that the impulse control strategy has its
validity.
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Fig. 7. Values of the optimal controls (ω∗1 (t),ω
∗
2 (t)) for different values of β .
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Fig. 8. Model comparison chart and control comparison chart. (a) The
comparison of model simulation and actual data. (b) The dynamics of
I(t) in different control contexts.

7. Conclusions
To conclude, this paper is principally respecting with

the dynamic behaviors and the optimal impulse controls of

a stochastic rumor spreading model. Firstly, we introduced
stochastic disturbance and two pulse control strategies simul-
taneously to a novel rumor spreading model, where stochas-
tic disturbance considers complex and changing environment
and two pulse control strategies denote education mechanism
and refutation mechanism, respectively. Besides, we stud-
ied the spreading mechanisms of stochastic rumors and got
the existence of global positive solutions and the global ex-
ponential stability of the unique positive periodic rumor-free
solution. Moreover, we explored the extinction and persis-
tence by means of two threshold parameters R1 and R2. When
R1 < 1, the susceptible individuals and stiflers will persist and
the spreaders will go to extinction, in other words, the rumor
will be controlled. And when R2 > 1, the spreaders will per-
sist, that is, the rumor will be likewise persistent. In addition,
we explored optimal impulse controls by Pontryagin’s mini-
mum principle, which minimizes the population density and
control cost of the spreader, and then minimizes the negative
social impact. Finally, by several graphical representation of
the numerical simulation, the correctness of the theoretical re-
sults was confirmed. We proved the effectiveness of education
and refutation mechanisms, and simultaneously, we find out
in different transmission scenarios, different control strategies
should be emphasized.
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