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We make a quantitative study on the soliton interactions in the nonlinear Schrodinger equation (NLSE) and its
variable—coefficient (vc) counterpart. For the regular two-soliton and double-pole solutions of the NLSE, we employ the
asymptotic analysis method to obtain the expressions of asymptotic solitons, and analyze the interaction properties based
on the soliton physical quantities (especially the soliton accelerations and interaction forces); whereas for the bounded
two-soliton solution, we numerically calculate the soliton center positions and accelerations, and discuss the soliton in-
teraction scenarios in three typical bounded cases. Via some variable transformations, we also obtain the inhomogeneous
regular two-soliton and double-pole solutions for the veNLSE with an integrable condition. Based on the expressions of
asymptotic solitons, we quantitatively study the two-soliton interactions with some inhomogeneous dispersion profiles,
particularly discuss the influence of the variable dispersion function f(¢) on the soliton interaction dynamics.
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1. Introduction

As one of the most important and universal physical
model, the nonlinear Schrédinger equation (NLSE) arises in
many fields such as nonlinear optics,?! plasma physics,!
molecular biology,[*! Bose-Einstein condensates,®! deep
water,[®! and even finance.!”! Usually, the NLSE in the dimen-
sionless form can be written as

i+t +20|u?u=0, (o==1), (1)

where u is a complex-valued function, x and ¢ respectively rep-
resent the scaled space and time coordinates in most physi-
cal settings, but ¢ is the normalized distance and x is the re-
tarded time in the context of optical fibers, c =1 and 0 = —1
denote the focusing and defocusing nonlinearity types. It is
known that the focusing NLSE admits the bright soliton so-
lutions on the zero background,!® whereas the defocusing
NLSE possesses the dark soliton solutions over the plane-wave
background.®! Usually, the NLSE governs the propagation of
optical solitons in the picosecond regime with the balance be-
tween group velocity dispersion (GVD) and self-phase modu-
lation (SPM).!'%11 Tn 1973, Hasegawa and Tappert first theo-
retically predicted the soliton propagation in optical fibers with
remarkable stability.[1:?] Tn 1980, Mollenauer et al. confirmed
the experimental observation of optical solitons, which paves
the way of using the optical soliton as the carrier of informa-

tion bits.[12! Since then, the optical soliton has been one of the
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fascinating topics in applied mathematics, optics and material
sciences.

It is a remarkable property for Eq. (1) to admit the the ex-
act multi-soliton solutions (MSSs), which describe the elastic
soliton interactions in the ideal optical Kerr medium. 13! The
‘elasticity’ means that all the solitons can recover their shapes
and velocities upon mutual collisions except for some shifts
of the positions and phases. An multi-soliton solution is regu-
larly associated to multiple different eigenvalues of the linear
spectral problem, thus it can be regarded as the superposition
of several individual solitons asymptotically as t — oo, 131
and the asymptotic solitons separate from each other linearly
with ¢ and exhibit no interaction force.!®) When the eigenval-
ues have the same real parts but different imaginary parts, the
interacting solitons enjoy the same velocities and thus form
the bound state, which confines soliton motions in the sta-

[10.141 Tn such a particular case, the bounded

tionary regions.
solitons keep finite relative distance varying periodically in
time, so they can display the interactions with periodic al-
ternating attraction and repulsion. The bound state solitons
were frequently referred to as soliton molecules as they ex-
hibit molecule-like dynamics,!'>! and the authors in Ref. [16]
presented the velocity resonance method to generate soliton
molecules.

Moreover, if some or all the eigenvalues merge, one can

obtain the multi-pole solutions (MPSs) in the terminology of
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inverse scattering transform.!®!”) In optical fibers, the MPSs
can describe the interactions of multiple chirped pulses with
the same amplitudes and group velocities when they are in-
put with no phase difference.!'®! The authors in Ref. [8] first
reported the double-pole solution when at the occurrence of
two eigenvalues coalescing, and the authors in Ref. [19] de-
rived the formula for an arbitrary-order MPSs and studied the
asymptotic behavior of the second- and third-order cases. It
turns out that all the asymptotic solitons have the equal am-
plitudes and they diverge from each other logarithmically as
|t| — oo. Also, the multi-pole solutions have been found to oc-
cur in the multi-component NLSE systems and exhibit some
intriguing dynamical properties.2%-2!]

On the other hand, the real fiber is not homogeneous
due to the variation in the lattice parameters and fluctuation
of fiber geometry.!*?! Thus, variable-coefficient NLSE (vc-
NLSE) models were proposed when considering various in-
homogeneous factors in the practical optical communication
systems.[?3-26 Over the past two decades, the following vc-
NLSE model 26271

i, + f(1) e+ g(t)|ul*u=0 2)

has been widely used to describe the optical solitons propa-
gation inside a fiber with variable dispersion and phase mod-
ulation, where f(z) and g(¢) are respectively the distributed
GVD and SPM coefficient functions. Equation (2) has a great

1231 and soliton con-

value in the pulse compression technique,
trol and management.!?*-%%! The authors in Ref. [24] provided
a systematic way to find the exact soliton solutions of Eq. (2)
and presented the bright and dark one-soliton solutions. The
authors in Ref. [28] derived a class of self-similar solutions
and discussed their applications in the pulse amplification and
compression. Meanwhile, the authors in Refs. [29,30] con-
structed the one- and two-soliton solutions for some special
cases by the Darboux transformation and bilinear transforma-
tion methods, respectively. More generally, the authors in
Ref. [31] obtained the transformations mapping Eq. (2) into
Eq. (1) with some integrable conditions. As a result, a rich
class of soliton-like solutions were obtained to describe the in-
homogeneous fiber systems with different types of dispersion
profiles. 3233

Since the optical solitons are always packed as tightly
as possible, the soliton interactions have been intensively

(34,35

studied by virtue of numerical simulations, I perturbation

theory,3>3¢! and exact analytical solutions.!'®*”1 The main re-

sults showed that two adjacent solitons with (nearly) equal am-
plitudes have a force that decreases exponentially with their
relative distance, and the force is attractive for two solitons
in phase and repulsive for two solitons out of phase.[!83%37]
Meanwhile, those properties were confirmed by some observa-
tions in optical experiment.[3¥ We notice that the asymptotic
expressions of MSSs provide an important basis for under-
standing the soliton interactions in that the physical quantities
of interacting solitons can be obtained exactly. %1% Specially,
the soliton center trajectories allow us to derive the soliton ac-
celerations, which can be used to characterize the two-soliton
interaction force via Newton’s second law of motion.*”l By
virtue of this idea, this paper will quantitatively study various
soliton interaction scenarios in Egs. (1) and (2) based on their
exact two-soliton and double-pole solutions.

The arrangement of the paper is as follows: In Section 2,
we study the soliton interactions in the NLSE 1 based on its
exact solutions. First, we obtain the asymptotic expressions
of regular two-soliton and double-pole solutions as t — oo,
and then analyze the soliton interaction properties by deriving
the physical quantities such as amplitudes, phase and position
shifts, soliton accelerations, and interaction forces. Second,
for the bounded two-soliton solution, we numerically calculate
the center positions and accelerations of two solitons and dis-
cuss their interaction scenarios in three typical bounded cases.
In Section 3, via some variable transformations we derive the
exact two-soliton and double-pole solutions of the veNLSE (2)
with an integrable condition. Then, based on the asymptotic
expressions, we quantitatively study the two-soliton interac-
tions with some inhomogeneous dispersion profiles. In Sec-
tion 4, we address the conclusions and discussions of this pa-
per.

2. Soliton interactions in the NLSE

In this section, by the asymptotic analysis technique, we
first give the analytical description of soliton interactions in
the regular two-soliton and double-pole solutions, and then
numerically characterize the soliton interactions in the two-

soliton bounded states.

2.1. Regular two-soliton solution

As we know, the exact multi-soliton solutions of Eq. (1)
were derived by many methods, such as the inverse scattering
method, B! and Darboux transformation.?! Here, we present

the regular two-soliton solution as follows:

A1e20 1 A,e20 { A o200 L 4,262

u=

4w v2(e2(§1*91) T e2(92*92)) — B, (ez(é1*92> T e2(92*91)) —B2<e2(é1+é2> + e*2(9|+92)) ’

3
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with 6 = —i(Ax + 2421) — (1/2)&, Ap = 4vs_ i (A —
M) (M —Aag) (k=1,2), By = |A = Ao, Bo = | — o,
where (i =Re(A), v = Im(Ax), A1 2 are the spectral parame-
ters, and & » are arbitrary constants in C. The bar denotes the
complex conjugate.

In the cases when u; # Up, the mutual interaction of
two solitons having different velocities is shown in Fig. 1.
Via the asymptotic analysis,®!3] one can derive the expres-
sions of two interacting solitons as |f| — oo by assuming
Re(0;) = O(1) and Re(6;) = O(1), respectively. Note that
when Re(6;) = O(1) there must be |Re(03_)| = oo as |t| —
oo for k = 1,2. For convenience, we assume that v; > 0,
v, <0, and y; > W, and use the subscripts “R” and “I” to
denote the real and imaginary parts of 6;. From the differ-
ence V201r — ViR = 4V Vo(U) — W)t + O(1), one can see
that if 61 = O(1), then G, — too as t — +oo, and that if
6r = O(1), then Ojr — £oo as t — Foo. Thus, two pairs of
asymptotic expressions are derived as follows:

wi =2v, X0 sech 20,k £1n(/Ba/B1)], (4
uE = 2v, 2100719 sech 26,5 £ 1n(y/B, /Bl)} NG

where (ZJ,:—r = targ(A — Az_g) +arg(A3_; — Ax) (k= 1,2), and
the signs + correspond to t — oo,

N

(V)

t
=

N

I

~30 —15 0 15 30
T

Fig. 1. Density plot of solution (3) with 4; = 1+ i, 2, = —1— i,
=& =1m2+Zi.

The asymptotic expressions (4) and (5) suggest that solu-
tion (3) can describe the elastic two-soliton interaction, that is,
the two interacting solitons retain their shapes, velocities and
amplitudes upon interaction. But each soliton will experience
the phase and position shifts which are respectively as follows:

Ay = 2arg(A — A3—x) +2arg (A3 — M),
Ax()k:—ln(\/Bz/Bl)/uk (k:1,2) (6)

Besides, the soliton center trajectories are along the straight
lines 26;g £1n(+/B2/B1) = 0 (k = 1,2), so the two interacting
solitons diverge from each other linearly as |¢| — oo and there
is no interaction force.

2.2. Double-pole solution

We should mention that solution (3) cannot describe the
interaction of two solitons having the same amplitudes and ve-
locities, which corresponds to that the spectral parameters A;
and A, merge into the same value ). By assuming A} = y + ¢,
A2 = x — &, the limit of solution (3) at € — 0 can yield the
double-pole solution: 0]

L —8ve?®[x (1 —8) 20 4 x(x+0)]
- |X|2€49+4é +2(2|C|2+ |X|2) e20+26 |%|27

with § =2iv (0 —2ix*r — & +s1) and 6 = —ixx—2ixt+&,
where 4 =Re(y), v=Im(y), & and s, are arbitrary constants

@)

in C. In such special case, the center trajectories of two soli-
tons are apparently bent but they tend to be parallel as |¢]| — oo,
as shown in Fig. 2. Next, we also use the asymptotic analy-
sis to reveal the dynamical properties of soliton interactions in
solution (7), and without loss of generality assume v > 0.

50

25

—25

uy

—50

230 -15 0 15 30
X

1

Fig. 2. Density plot of solution (7) with } = %i, &= %ln2+ i, 51 = pi.

Let us use ¢ to stand for the line direction x — ct = O(1)
in the xt plane. By making the difference 6r — v(x —ct) =
V(c+4u)r+ Er, we know that |6r| — o with ¢ # —4u and
6r = O(1) with ¢ = —4pu along ¢ as |t| — . However, the
asymptotic limits of solution (7) along ¢ as |f| — oo always
produce 0, which means that solution (7) has no asymptotic
soliton lying in any straight line. Thus, we have to discuss
the possibility of asymptotic solitons located in certain curves
when 7 and e meet some asymptotic balance.

First, with the substitution of 6; = —£ 6g +2[x|* + @ +
&1, solution (7) can be expressed in terms of Og and 7. Then,
in view of the inequality relations e%® > 6 (6r — +oo)
and e® < Bz (Br — —o0), one should consider the bal-
ance between ¢ and e*% for the formation of an asymptotic
soliton. #0421 A a result, we find that solution (7) has the fol-
lowing two nonzero asymptotic states:

—64iv3te??
o 2MVIET T2k — 01 8
Y sev2 C o), ®)
—64i 3l 260
vire 2R 0. (9)

I 256vA2 %0k
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Specifically, we obtain that there are two pairs of asymptotic ~ According to Newton’s second law of motion, the two-soliton

solitons in solution (7) as follows: interaction force can be measured by
uy = F2ive?¥sech [26r £1n (£ 16v?1)] F maal —myat, >0,
-\ miay —maa,, t <0,

(te®2R = O(1), 1t — +o0), (10)
i = —1024v*e 2 14
1t = F2ive? ¥ sech [260g FIn (£ 16v7)] ° 19
(teT*R = O(1), t — Foo), (11)  where my; = [ |uz|>dx=4v (k = 1,2) are the soliton masses,

n . . . . . and d = In(16v?[t|)/v is the relative distance between two
where u;- represent the bright asymptotic solitons with their . . . .
. . ) ) ] " solitons. Here, F' < 0 says that the interaction force is attrac-

center trajectories located in the logarithmic curves I, : 26r &
(=1)*'In (+16v?1) =0 (k=1,2). Since solution (7) is asso-

ciated to the spectral parameter ), both two pairs of asymptotic

tive and its strength decays exponentially to O as the relative
distance increases (see Fig. 3(b)), which was first obtained in

. . . 4 . Ref. [37].
solitons enjoy the same amplitudes A}, = 2v. For each pair
. . —_— + .. . ;

of asymptotic solitons (u, ,u, ), the phase and position shifts 1.0} (a) | —a, 1.0f (b) 3

can be, respectively, characterized by 05 | — G2 0.5 }

— 1) In(16v2)r - Ji\ S ?

APy =—m, Axor = 1) eV |>7 (12) i 3

v —0.5 3 —0.5 ;

where the position shift shows the logarithmical growth with 10 i 10 3
|t|. The velocities of asymptotic solitons ulf (k=1,2) are 210220 0 20 40 40 —20 0 20 40

t t

given by
1 1 Fig. 3. (a) Soliton accelerations versus t; (b) soliton interaction force versus
V?: =—-4uF Z_Vt’ ng =—4u+ 2_vt (t N :too). (13) t. The parametric choice follows that in Fig. 2.

It can be seen that vff tend to the common limit —4u at the 2.3. Bounded two-soliton solution

rate O(t!) (see Fig. 3(a)), and the values of v, at ¢ > 0 are If uy = u but vi # v,, the two solitons can form the
equal to v, at? <0 (k= 1,2). Hence, the soliton interactions ~ bound state because their velocities are associated to the same
in the double-pole solution (7) are still elastic. parameter ”1,2.[10,14] For simplicity, we assume the two soli-

By taking the derivatives of v,:—L about #, we obtain the  tons have zero velocities by setting tt; » = 0. Then, solution (3)
soliton accelerations ai = +(1/2v¢?) and a; = F(1/2vt?).  can be reduced to the bounded two-soliton solution:

4(vi —v3)[v2cosh(26r) e® 10—y cosh(26R) eel+é2] (15)
u= .
[(Vl + V2)2 cosh(261r —265r) + (Vi — V2)2 cosh(261r +26:r) — 4V vac0s(20) — 2921)] efi+6

Depending on the parameters &; and &, solution (15) can display different two-soliton interaction scenarios (see Figs. 4(a)—4(c)).
In this case, the relationship v,01r — v 6,r = O(1) holds in solution (15), which implies that 6;g and 6;g have always the same
asymptotic order as t — 4oo. As a result, one cannot extract the expressions of interacting solitons in the bound state. Instead, we
numerically determine the center positions of the left soliton () and right soliton (u;), and calculate the soliton accelerations a;
and ay. Also, the masses of two solitons can be numerically obtained by my = [ al;" |u>dx (k = 1,2), where the intervals [ay, b]
are chosen large enough to cover the whole wave packets and require [aj,b;] N [az,by] = &. Next, we discuss the following three
typical cases in solution (15).

20 NEY) I (b) 30 -
10 5 15 - -
w0 « 0 w0 - -
—10 -5 —15 - -
—20 —10 —30" —
-10 -5 0 5 10 15 -4 -2 0 2 4 -10 -5 0 5 10
T xr T

Fig. 4. Density plots for three different bounded two-soliton interaction scenarios in solution (15), where the parameters are selected as follows: (a)
E1=69+40001i, &5 =3m2+Zi,vi=4, =30 & =1+2i,5=1m2+Zi,vi=19,v,=2 (0§ =& =2+ Fi,vi =4 v, =2
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) If |&] > [&
and their relative distance changes very little as the time

, the two solitons are always separated

evolves (see Fig. 4(a)), so that the interaction force is quite
weak. For example, when & = 6.9+ 0.001i and & = £ In2+
%i, the soliton accelerations aj are within the order 10~2
(see Fig. 5(a)) and thus the interaction force is almost 0 (see
Fig. 5(b)).

0.010} (a) —a 0.021 ()
—a,
0.005 0.01
3 0 Ry 0
—0.005 —0.01
—0.010 —0.02

—-20 =10 O 10 20 —20 -10 O 10 20
t t

Fig. 5. (a) Soliton accelerations and (b) two-soliton interaction force for the
case in Fig. 4(a).

(i) If |&1| & |&2], the relative distance between two soli-
tons changes periodically but it will not decrease to 0, which
means that they never collide at one point (see Fig. 4(b)). For
instance, by taking & = 1+ 2i and & = 1In2+ Zi, the ac-
celerations of two solitons show the periodical behavior (see
Fig. 6(a)). As a result, one can observe the periodic alternat-
ing attraction and repulsion between two solitons, which cor-
respond to F < 0 and F > 0, respectively (see Fig. 6(b)).

30

2l (a) o (b)
W2
1 20
3 0 K 10
-2 1

0
-10 -5 O 5 10 -10 -5 O 5 10
t t

Fig. 6. (a) Soliton accelerations and (b) two-soliton interaction force for the
case in Fig. 4(b).

(i) If |€; | = | &, |, the two solitons collide periodically and
form a series of transient waves with large amplitudes at inter-
action points, as shown in Fig. 4(c). In this case, the strength
of soliton interaction becomes stronger since they collide re-

peatedly at some moments. Except near the interaction points,

\/gei(x—j'f(t)dz)(Alezél 44220 4 A e 201 | 4,020

we also use the second-order numerical derivatives of rela-
tive distance to calculate the soliton accelerations. By taking
& =&= % In2+ 71, one can see that the soliton accelerations
also exhibit the periodical variation with ¢ (see Fig. 7(a)), but
the interaction force is of the attractive type in the most of in-

teraction course (see Fig. 7(b)).

0T T—a) TR
Lo —as .

5000 bbb (I P
LA A dd et 11 A L R A A I

@Urk—ﬁjrgw S TIPY I I
il sl
—a b b

—30 —-15 0 15 30 —30 —15 0 15 30

t t

Fig. 7. (a) Soliton accelerations and (b) two-soliton interaction force for the
case in Fig. 4(c).

3. Soliton interactions in the veNLSE

As we know, equation (2) is integrable under the condi-

tion
g(t) =cf(1), (16)

with ¢ as a real constant, and it can be converted into the
standard NLSE iUr + Uxx + 2|U[*U = 0 via the variable

transformations[3!!

u(x,t) = \/Eei(xff(t)dt)U[X(x,t),T(t)],
X(x,t):x—2/f(t)dt, T(t)z/f(t)dt. a7

In this section, we present the exact two-soliton and double-
pole solutions of Eq. (2) with condition (16), and quantita-
tively study the two-soliton interactions with some inhomoge-

neous dispersion profiles.

3.1. Inhomogeneous regular two-soliton solution

Based on solution (3) and transformation (17), we can

obtain the inhomogeneous regular two-soliton solution of
Eq. (2):

C4vivy [ez(@ﬁ@l) + ez(@z*@z)} — B [e2(91*@2> + e2(@2*@1)] -B, [62(@1 +602) 4 ¢—2(6 +@2)] ’

(18)

where @, = —iAg[x+2(A4 — )T] — %ﬁk (k=1,2),and Ay, A;, By, and B; are given in Eq. (3). Like the asymptotic analysis in

Subsection 2.1, one can obtain two pairs of asymptotic bright solitons:

2 . . .

uli _ 2\/:‘/] e21@11+1(x—ff(t)dt)Jrl(I’li % sech [2®]R:|:ln(« /32/31)}, (19)
2 . . .

uzi = 2\/:V2 e21@21+1(x7ff<[)dt)+l¢2i X sech [2@2R + ll‘l(\/ Bz/Bl)}, (20)
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where ¢ki (k= 1,2) is defined in Eq. (5), and the signs “+£”
correspond to 7 — +oo. However, considering that some spe-
cific f(¢) restricts the sign of T, one may just obtain one pair
of asymptotic solitons as 7' — oo or T — —oo (see cases (i) and
(ii) below).

Interestingly, the soliton velocities and accelerations are
dependent on f(¢) in the form

ve = @4 f(0), g =2-4u)f' (1) (k=12), @D
and the two-soliton interaction force can be measured by

+ + +
Fis = m3_paz_, —may

4v3-l(2 —4u3-1),
— Vil (2 —4w)]f(r)

where my = [*_ [u;f|* dx = 4|v,| are the soliton masses. Next,

(k=1,2), (22)

by restricting A; = 1+ %i and A, = —1— %i, we respectively
choose f(z) as a linear function, exponential function and

trigonometric function, and then discuss the soliton interac-
tions with three different types of dispersion profiles.

(1) For the linearly dispersion-decreasing profile, we set
f(t) =1—(¢/8) and have T =t — (¢>/16). In this case, T
goes to —oo as either + — oo or + — —oo, so there are just one
pair of asymptotic solitons (u ,u, ) as t — +oo. Both the two
solitons are localized in the parabolic curves, and they interact
twice because their velocities change the signs at t = 8 (see
Fig. 8(a)). Based on Egs. (21) and (22), the two solitons have
the accelerations a; = 1/4 and a, = —3/4 (see Fig. 9(a)),
and their interaction force is of the repulsive type and given
by szl =2fort <0 andt > 16 (see Fig. 9(b)). Besides, we
notice that 0 < 7' < 4 in the interval 0 < ¢t < 16. Although
T is not large enough, the solution can still be approximated
by asymptotic solitons (1] ,uj ). Thus, the interaction force
is of the attractive type and characterized by Fy, = —2 for
0 < < 16 (see Fig. 9(b)).

—20

—40 :
—160 —80

—-20 —-10 O 10 20 30
T

100

50

t
=)

—50

—100

0 80 160 ~80 —40 0 40 80
xT T

Fig. 8. Density plots of inhomogeneous regular two-soliton solution (18) with (a) f(t) = 1 —1/8, (b) (1) = e /2, (¢) f(r) = 0.28 —0.48sin(0.25¢).

Other parameters follows those in Fig. 1.

2| (a) —a, (b)
1 — Qg 9 }‘?2,1 ‘ F2,1
s 0 & 0
-1 —2
Fyy
) —4
—20 —10 O 10 20 —-10 0 10 20 30

t t
Fig. 9. (a) Soliton accelerations and (b) two-soliton interaction force for the
case in Fig. 8(a).

(ii) For the exponentially dispersion-decreasing profile,
we set f() = e~ (/20" and have T = —20e /29 In such
a case, T tends to 0 and —eo respectively as ¢ — doo, and
also there appear just one pair of asymptotic solitons (u; ,u, )
as t = —oo. The two solitons move along the exponential
curves but do not encounter each other because T is always
smaller than O (see Fig. 8(b)). To be specific, the two soli-
tons have the accelerations a; = (1/10)e~(1/20" and a; =
—(3/10)e~(1/201 (see Fig. 10(a)). Their interaction force is of

the repulsive type and given by F, | = (4/5) e~ (1720 which
displays the exponential decay when ¢ ranges from 0 to —oo
(see Fig. 10(b)).

2f(a) —a, 81 (b)
1 o 6
s 0 K ko4
—40 _20t 0 20 —40 —20 . 0 20

Fig. 10. (a) Soliton accelerations and (b) two-soliton interaction force for the
case in Fig. 8(b).

(iii) For the trigonometric dispersion-decreasing profile,
we set f(t) = 0.28 — 0.48sin(0.25¢) and have T = 0.28¢ +
1.92c0s(0.25¢). In this case, T goes to e and —co respec-
tively as t — oo, so there are two pairs of asymptotic solitons
(uy ,uy ) and (u] ,u5) which appear respectively as r — oo,
The asymptotic solitons propagate along the trigonometric pe-
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riodic curves and experience just one interaction (as shown
in Fig. 8(c)). Here, the soliton accelerations can be ob-
tained by af = 0.24¢0s(0.25¢) and ai = —0.72c0s(0.25¢)
(as shown in Fig. 11(a)), and the interaction force is de-
scribed by expressions F;, = —1.92cos(0.25t) for > 0 and
F, =1.92cos(0.25¢) for t < 0, which show the periodical al-
ternation between the attractive and repulsive types (as shown
in Fig. 11(b)).

2l (a) —a, 4f(b)
o .
! 2 2 A AR
. OW & 0 N /\/\
) _4
—40 =20 0 20 40 —40 —-20 0 20 40
t t

Fig. 11. (a) Soliton accelerations and (b) two-soliton interaction force for the
case in Fig. 8(c).

3.2. Inhomogeneous double-pole solution

Similarly, by using solution (7) and transformation (17),
we obtain the inhomogeneous double-pole solution of Eq. (2)
as follows:

u=

_Sv\/gezmi(x—ff(t)dt) (X (X — @) %20 1 3 (x + )]
X240+ +2 (2] w]? + [x[?) 20420 + [y |2

)

(23)

with @ = 2iv(@ —2ix’T — & +51), © = —igx+2(x —
)T]+ &, u=Re(x), v=Im(x), where v is assumed to be
positive. Following the same procedure in Subsection 2.2, one
can present two pairs of asymptotic solitons for solution (23)
as follows:

uli = :FZiv\/Eei(w’HT) sech [2@R +1In ( + l6v2T)]

(Te*R = 0(1)), (24)

2 .
U0y = ¥21v[ e! @t sech 260 FIn (£ 16vT)]
c
(Te™* =0(1)), (25)
where the signs “+” correspond to T — too (Again, one
should note that some specific f(¢#) may cause just one pair
of asymptotic solitons appear as 7 — oo or T — —o0).
Likewise, all asymptotic solitons in Egs. (24) and (25)

have the same amplitudes Afz = 2v/2v/+/|c|, and the phase
and position shifts can be respectively given by

Ade =7, Axgr=(—1)*"In (16v2‘ /j;f(s)ds’)/v
(k=1,2), 26)

where the latter shows the dependence on f(¢). Moreover, the
soliton velocities and accelerations are respectively obtained
by

1Nk
v,jfz (2_4ui2v(ffl()t)dt)f<t) (k=1,2), 27
) CDF N o (SR
aki— (2_4ui2\/ff(t)dt)f(t)iW
(k=1,2). (28)

Thus, the two-soliton interaction can be measured by
P myay —maj, T >0,
N mia; —ma, , T <0,
2048v*
— [ 1) / f)de—f2(r)[e > (29)

el

where

= 8
mk:[ |u,jf|2dx:—v (k=1,2)

lc]
are the soliton masses, and d = In(16v? [ f(¢)dt) /v is the rela-
tive distance between two solitons. Also, the force strength ex-
hibits the exponential decay with the relative distance, whereas
the force type is related to the sign of f'(z) [ f(t)dt — f2(t).

Next, by fixing ¥ = i/2 and choosing f(¢) respectively
as a linear function and trigonometric function, we discuss
the double-pole soliton interactions with two different types
of dispersion profiles.

(i) For the linearly dispersion-decreasing profile f(f) =
1 — (¢/8), the two solitons interact twice at about # ~ 0 and
t ~ 16 (see Fig. 12(a)). Because T =t — (t>/16) goes to —oo
as both  — oo and t — —oo, the asymptotic solitons (u; ,u; )
approach solution (23) well for the intervals ¢t < 0 and 7 > 16.
On the other hand, T is positive in the interval 0 < ¢t < 16, the
asymptotic solitons (uf, u; ) can also be used to approximate
solution (23) although T is not very large. Thus, the soliton

accelerations (see Fig. 13(a)) can be given by

Y 1t =320 42647 — 1281 4 1024
e 412(t — 16)? ’ 30
_ 1t 320 42487 + 1281 — 1024
2= 4¢2(t — 16)? ’
fort <Oort> 16,
o 1% 3207 2487 + 128 — 1024
b 412(t — 16)2 ’
4 3 2 G
oot — 327 +2641~ — 128 + 1024
2 412(t — 16)? ’

for 0 <t < 16. Meanwhile, the soliton interaction force is
obtained by

16 (1> — 16 4 128)
el (r—16)2 7

(32)

010505-7



Chin. Phys. B 32, 010505 (2023)

which is of the attractive type in the whole propagation pro-

cess, as shown in Fig. 13(b).

80
40
= 0
—40
—80
—-20-10 0 10 20 —-60 =30 0 30 60
T T

Fig. 12. Density plots of solution (18) with (a) f(r) =1—1/8, (b) f(t) =
0.28 — 0.48sin(0.25¢). Other parameters are ¥ = i/2, sy = 1 —(i/2),
&=(1/2)In2+ (n/4)i and c = 1.

| | —a 10l w)
j | —ay

2 0

s 0 . & —10¢

-2 —20}

—4 ! i —301 : !

-10 0 10 20 30 -10 0 10 20 30
t t

Fig. 13. (a) Soliton accelerations and (b) two-soliton interaction force for the
case in Fig. 12(a).

(i1) For the trigonometric dispersion-decreasing profile
f(r) =0.28 —0.48sin(0.25¢), the two solitons move in the pe-
riodic trajectories and interact once at about t ~ 0. In view
that T — =oo corresponds to ¢ — oo, the two pairs of asymp-
totic solitons (1}, u3 ) and (uj ,u, ) can approach solution (23)
respectively as t — oo and t — —oo. Hence, the soliton accel-
erations (see Fig. 14(a)) can be given by

[12sin(z/4) — 7] [14r + 96 cos (1 /4) — 25]

_ (

aj == 257t +48cos (1/4)) ’ 33
. [12sin(t/4)—7)[14r + 96cos (1/4) +25] ")

=" 257t + 48 cos (1/4)] ’

forz >0,

_ [12sin (¢/4) — 7] [14t + 96 cos (1 /4) +25]
e 257t +48cos (1/4)] ’ 2
[12sin (1/4) — 7] [14¢ + 96cos (1/4) —25] P

L 2571 +48cos (1/4) ’

for t < 0, and the soliton interaction force is obtained by

F:_8[21tcos(t/4)—168sin(t/42)+193]’ (35)
lc| [Tt +48cos (1/4)]

which periodically alternates between the attractive and re-
pulsive types during the propagation process, as illustrated in
Fig. 14(b).

0.6 1.
a Ol (b)
0.3 @2 0.5
F21 F1,2
S STN]
-0.3 —-0.5
_ —1.0

.6 i i
—80 —40 O 40 80 —80 —40 O 40 80
t t

Fig. 14. (a) Soliton accelerations and (b) two-soliton interaction force for the
case in Fig. 12(b).

4. Conclusions and discussion

In this paper, we have made a quantitative study on the
soliton interactions in the NLS equation (1) and its variable-
coefficient counterpart (2) based on their exact solutions.

(1) For the regular two-soliton and double-pole solu-
tions (3) and (7) of the NLS equation, we have obtained the
expressions of asymptotic solitons as t — -0 via the asymp-
totic analysis method. Then, we have analyzed the soliton in-
teraction properties by deriving the physical quantities such
as amplitudes, phase and position shifts, soliton accelerations,
and interaction force. It turns out that the asymptotic solitons
in solution (3) exhibit no interaction force, whereas the soliton
interaction in solution (7) is attractive and its strength decays
exponentially to O as the relative distance increases. In addi-
tion, for the bounded two-soliton solution, we have numeri-
cally calculated the soliton center positions and accelerations,
and discussed their interaction scenarios when two solitons are
separated with different distances. It shows that the bounded
two solitons display the periodic alternating attraction and re-
pulsion, and the interaction strength grows as the relative dis-
tance decreases.

(i) For the veNLSE (2) with an integrable condition (18),
we have obtained the inhomogeneous regular two-soliton and
double-pole solutions via the variable transformations (17).
Then, we have also derived the expressions of asymptotic soli-
tons, and have quantitatively studied the two-soliton interac-
tions with some inhomogeneous dispersion profiles. Quite dif-
ferently, we have revealed that the variable dispersion function
f(¢) significantly influences the soliton interaction dynamics.
On one side, some specific f(¢) may cause that only one pair
of asymptotic solitons appear as T — oo or T — —oo (see
Figs. 8(a), 8(b), 12(a)). On the other side, the function f()
plays a major role in determining the soliton interaction types,
for example, the regular two-soliton solution may exhibit the
repulsive interaction (see Fig. 10(b)), while the double-pole
solution may display the periodical alternation between the at-

tractive and repulsive types (see Fig. 14(b)).
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