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We study the physical properties of the XXX spin-1/2 chain with arbitrary non-diagonal boundary fields. By using a
combination of numerical analysis and analytical method, we obtain the surface energy and elementary excitations of the
model. It shows that the contributions of the two boundary fields to the surface energy are additive. We also find that there
exists a kind of excitations related to the boundary string.
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1. Introduction
Exact solvable models are an important class of models in

physics, which not only explain the mechanisms of many im-
portant physical phenomena,[1,2] but also are closely related to
many fields in physics, such as quantum optics,[3] statistical
physics[4] and the AdS/CFT correspondence.[5] The quantum-
mechanical model of magnetism proposed by Heisenberg[6]

was certainly the most important integrable system. Eigen-
vectors and the corresponding eigenvalues of the completely
isotropic spin-1/2 Heisenberg model in one-dimension with
periodic boundary condition were found in the pioneering
work[7] by Bethe in 1931. After that, there have been many
important advances in the study of the model,[8–11] one of
which is impressive that the spin chain with arbitrary boundary
fields was proven to be integrable.[12] Due to the existence of
non-parallel boundary fields, the U(1) symmetry of the model
is broken, so the conventional Bethe ansatz methods cannot be
used to solve it.[13–15] In 2013, by using the off-diagonal Bethe
ansatz method (ODBA),[16,17] the spectrum of this model was
given by an inhomogeneous T –Q relation.[18,19] However, due
to the existence of inhomogeneous terms in the Bethe ansatz
equations (BAEs), the physical properties of the model cannot
be obtained directly by using the thermodynamic Bethe ansatz
method (TBA).[20,21]

In response to this problem, a series of important progress
has been made recently. Firstly, Jiang et al.[22] showed that for
the isotropic spin-1/2 chain with arbitrary boundary fields, the

two boundaries are decoupled from each other completely in
the thermodynamic limit. In addition, Nepomechie et al.[23]

derived an expression for the leading correction to the bound-
ary energy in terms of the boundary parameters. Wen et al.[24]

showed that the inhomogeneous term in the T –Q relation can
be ignored in the thermodynamic limit and derived the bound-
ary energy by using the TBA method within a certain bound-
ary parameter region. For the XXZ spin chain with arbitrary
non-diagonal boundary fields, Qiao et al.[25] gave the surface
energy and elementary excitations by using the zero roots of
the transfer matrix. For the antiperiodic XXZ spin chain, Le
et al.[26] proposed an analytic method to derive the patterns
of the zero roots of the transfer matrix in the thermodynamic
limit. These methods made it possible to study the surface
energy and elementary excitations of the quantum integrable
systems without U(1) symmetry.

In this paper, we shall investigate some physical prop-
erties of the XXX spin-1/2 chain with arbitrary non-diagonal
boundary fields. We find that with the analysis of the
BAEs (32), we can get the general zero root patterns of the
transfer matrix. Then, according to the numerical analysis of
the exact diagonalization of the model, we give the specific
distribution of the zero roots corresponding to the ground state
of the model under different boundary field conditions in Ta-
ble 1. Based on these, as well as a set of auxiliary inhomogene-
ity parameters and the relations (23) satisfied by the eigenvalue
of the transfer matrix, we obtain the surface energy and ele-
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mentary excitations of the model. This paper is organized as
follows. We briefly give some reviews about the integrabil-
ity of the isotropic spin-1/2 chain with arbitrary non-diagonal
boundary fields in Section 2. In Section 3, we consider the
case of diagonal boundary fields and analyze the root patterns
of the eigenvalue of the transfer matrix. Then, we calculate
the corresponding ground state energy. In Section 4 we con-
sider the case of arbitrary boundary fields and solve the sur-
face energy and elementary excitations of the model. Finally,
we summarize our work in Section 5.

2. Integrability
Throughout, 𝑉 denotes a two-dimensional linear space

and let {|m⟩,m = 0,1} be an orthogonal basis of it. We shall
adopt the standard notations: for any matrix A∈End(𝑉 ), A j is
an embedding operator in the tensor space 𝑉 ⊗𝑉 ⊗·· · , which
acts as A on the j-th space and as identity on the other factor
spaces. For B ∈ End(𝑉 ⊗𝑉 ), Bi j is an embedding operator
of B in the tensor space, which acts as identity on the factor
spaces except for the i-th and j-th ones.

Let us introduce the R-matrix R0, j(u) ∈ End(𝑉0 ⊗𝑉 j)

R0, j(u) =


u+η 0 0 0

0 u η 0
0 η u 0
0 0 0 u+η

 , (1)

where u is the spectral parameter. The R-matrix (1) satisfies
the following relations:

Initial condition : R0, j(0) = ηP0, j,

Unitary relation : R0, j(u)R j,0(−u) = φ(u)× id,

Crossing relation : R0, j(u) =−σ
y
0 Rt0

0, j(−u−η)σ y
0 ,

PT-symmetry : R0, j(u) = R j,0(u) = R
t0 t j
0, j (u),

Z2-symmetry :

σ
α
0 σ

α
j R0, j(u) = R0, j(u)σα

0 σ
α
j , for α = x,y,z,

Fusion condition :

R0, j(±η) = η(±1+P0, j) =±2ηP(±)
0, j , (2)

where φ(u) = η2 − u2, t0 (or t j) denotes the transposition in
the space 𝑉0 (or 𝑉 j) and P0, j is the permutation operator pos-
sessing the property

R j,k(u) = P0, jR0,k(u)P0, j. (3)

The R-matrix (1) satisfies the quantum Yang–Baxter equation
(QYBE)

R1,2(u1 −u2)R1,3(u1 −u3)R2,3(u2 −u3)

= R2,3(u2 −u3)R1,3(u1 −u3)R1,2(u1 −u2). (4)

We define the monodromy matrices as

T0(u) = R0,N(u−θN)R0,N−1(u−θN−1) · · ·

×R0,1(u−θ1),

T̂0(u) = R0,1(u+θ1)R0,2(u+θ2) · · ·

×R0,N(u+θN), (5)

where 𝑉0 is the auxiliary space, 𝑉1 ⊗𝑉2 ⊗ ·· · ⊗𝑉N is the
physical or quantum space, N is the number of sites and
{θ j| j = 1, · · · ,N} are the inhomogeneity parameters.

The reflection matrices K±(u) read

K−(u) =

(
p+u 0
0 p−u

)
, (6)

K+(u) =

(
q+u+η ξ (u+η)
ξ (u+η) q−u−η

)
, (7)

where η is the crossing parameter, and p, q, ξ are the bound-
ary parameters associated with the boundary fields. The K-
matrices K±(u) satisfy the reflection equation (RE)

R1,2(λ −u)K−
1 (λ )R2,1(λ +u)K−

2 (u)

= K−
2 (u)R1,2(λ +u)K−

1 (λ )R2,1(λ −u), (8)

and the dual reflection equation (dual RE)

R1,2(−λ +u)K+
1 (λ )R2,1(−λ −u−2η)K+

2 (u)

= K+
2 (u)R1,2(−λ −u−2η)K+

1 (λ )R2,1(−λ +u). (9)

The reflection matrices have the following crossing relations:

−2uσ
y
1 K−

1 (−u−η)σ y
1

= tr2{P1,2R1,2(−2u−2η)[K−
2 (u)]t2},

2(u+η)σ y
1 K+

1 (−u−η)σ y
1

= tr2{P1,2R1,2(2u)[K+
2 (u)]t2}. (10)

Now we introduce the double-row monodromy matrix
U0(u)

U0(u) = T0(u)K−
0 (u)T̂0(u). (11)

It can be demonstrated that U0(u) also satisfies the RE

R1,2(λ −u)U1(λ )R2,1(λ +u)U2(u)

= U2(u)R1,2(λ +u)U1(λ )R2,1(λ −u). (12)

The corresponding transfer matrix is given by

t(u) = tr0{K+
0 (u)U0(u)}. (13)

Using the crossing symmetry (2), (10) of the R-matrix and the
reflection matrices, we can get

t(u) = t(−u−η). (14)

The QYBE and REs lead to that the transfer matrices
with different spectral parameters commute mutually, i.e.,
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[t(u), t(v)] = 0, which ensures the integrability of model (15).
Therefore, the transfer matrix t(u) is the generating function
of all the conserved quantities of the system.

The Hamiltonian of the quantum XXX spin-1/2 chain (or
Heisenberg chain) with arbitrary boundary fields is given by

H =
N−1

∑
n=1

(σ x
n σ

x
n+1 +σ

y
n σ

y
n+1 + σ

z
nσ

z
n+1)

+
η

p
σ

z
1 +

η

q
(σ z

N +ξ σ
x
N). (15)

Combining Eqs. (13) and (15), the above Hamiltonian can be
expressed by

H = η
∂ ln t(u)

∂u

∣∣∣∣
u=0,{θ j=0}

−N. (16)

For imaginary η , to ensure a Hermitian Hamiltonian (15),
the boundary parameters should be taken as follows:

q* =−q, p* =−p, ξ
* = ξ , when η

* =−η . (17)

For subsequent convenience, we define

q̃ = Im(q), p̃ = Im(p) and η̃ = Im(η). (18)

Using the properties of the R-matrix (2), we can obtain the
following operator identities:

t(θ j)t(θ j −η) = a(θ j)d(θ j −η), j = 1, . . .N, (19)

where

a(u) =
2u+2η

2u+η
(u+ p)[(1+ξ

2)
1
2 u+q]

×
2N

∏
j=1

(u+θ j +η)(u−θ j +η),

d(u) = a(−u−η). (20)

From the definition (13)), we know that the transfer ma-
trix t(u) is a polynomial operator of u with degree 2N + 2.
Denote the eigenvalue of the transfer matrix t(u) as Λ(u).

Combining Eqs. (13), (14) and (18), the eigenvalue Λ(u)
satisfies

Λ(u) = Λ(−u−η), Λ(0) = a(0), (21)

Λ(u) = 2u2N+2 + · · · , u →±∞, (22)

Λ(θ j)Λ(θ j −η) = a(θ j)d(θ j −η),

j = 1,2, . . . ,N. (23)

Therefore, for a given set of inhomogeneity parameters,
Eqs. (21)–(23) can determine the roots {z j| j = 1, . . . ,N + 1}
completely. Now we can parameterize the eigenvalue Λ(u) by
its roots z j as

Λ(u) = 2
N+1

∏
j=1

(
u− z j +

η

2

)(
u+ z j +

η

2

)
. (24)

In the homogeneous limit {θ j = 0| j = 1, . . . ,N}, Eq. (23) can
be replaced by[17]

[Λ(u)Λ(u−η)](n)|u=0 = [a(u)a(−u)](n)|u=0,

where the superscript (n) indicates the n-th order derivative
and n = 0,1, . . . ,N −1.

The eigenvalue of Hamiltonian (15) now can be expressed
in terms of zero roots {z j| j = 1, . . . ,N +1} as follows:

E =
N+1

∑
j=1

η2

η2

4 − z2
j

−N. (25)

3. Diagonal boundary case
For the diagonal boundary case (ξ = 0), the constrained

equations (21) and (23) become

N+1

∏
l=1

(
θ j ± zl ±

η

2

)
=

(θ j ±η)(θ j ± p)(θ j ±q)
2θ j ±η

N

∏
l=1

(θ j ±θl ±η),

j = 1, . . . ,N, (26)
N+1

∏
l=1

(
η

2
± zl

)
= pq

N

∏
l=1

(η ±θl). (27)

The above N + 1 equations determine N + 1 zeros totally. To
give the patterns of zero roots, it is necessary to analyse the
distribution of the Bethe roots.

3.1. Patterns of zero roots

Relations (1) and (7) imply that

(R(u))† =−R(−u*), (K(±)(u))† =−K(±)(−u*). (28)

Combining the imaginary {θ j| j = 1, . . . ,N}, we can get a her-
mitian transfer matrix

(t(u))† = t(−u*), Λ
*(u) = Λ(−u*). (29)

Combining Eqs. (24) and (29), we know that if z j is a root of
Λ(u), then z*j must be the root.

Firstly, we consider the parallel boundary case (ξ = 0).
We try to give all possible patterns of the zero roots with the
help of the Bethe roots. It is known that the eigenvalue of
transfer matrix (13) can be expressed by[18]

Λ(u) = a(u)
Q(u−η)

Q(u)
+d(u)

Q(u+η)

Q(u)

=
u+ p
u+ η

2
(u+q)(u+η)2N+1

×
M

∏
j=1

(u+u j − η

2 )(u−u j − η

2 )

(u+u j +
η

2 )(u−u j +
η

2 )
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+
u− p+η

u+ η

2
(u−q+η)u2N+1

×
M

∏
j=1

(u+u j +
3η

2 )(u−u j +
3η

2 )

(u+u j +
η

2 )(u−u j +
η

2 )
, (30)

where

Q(u)≡
M

∏
j=1

(
u+u j +

η

2

)(
u−u j +

η

2

)
.

The corresponding Bethe ansatz equation can be written as(
u j − η

2

u j +
η

2

)2N

=
(u j +q− η

2 )(u j + p− η

2 )

(u j −q+ η

2 )(u j − p+ η

2 )

×
M

∏
l ̸= j

(u j −ul −η)(u j +ul −η)

(u j −ul +η)(u j +ul +η)
,

j = 1, . . . ,M. (31)

In the thermodynamic, the Bethe roots are real or form string
structures {Im(ul) = ηn/2|n = 0,±1,±2 . . .}.[21] If u j is a
Bethe root, then u*j must also be a Bethe root. Combining
Eqs. (24) and (30) at u = z j −η/2, we can also find that the
zero roots satisfy the Bethe-ansatz-like equations(

z j − η

2

z j +
η

2

)2N

=
(z j +q− η

2 )(z j + p− η

2 )

(z j −q+ η

2 )(z j − p+ η

2 )

×
M

∏
l ̸= j

(z j −ul −η)(z j +ul −η)

(z j −ul +η)(z j +ul +η)
,

j = 1, . . . ,N +1. (32)

The above equation shows that the zero roots are constrained
by the Bethe roots.

3.1.1. Bulk string

Equation (32) shows that for Im(z j) > 0, if ul is one
of the Bethe roots, then ±ul + η is the corresponding zero
roots. Considering {Im(ul) = ηn/2|n = 0,±1,±2 . . .}, the
imaginary parts of the zero roots can be written as {Im(zl) =

ηn/2|n = 0,±1,±2,±3 . . .}.
However, for n = 1 (u j = α − η/2), the corresponding

zero root is zp = α +η/2. This configuration is actually im-
possible, because u*j = α +η/2 is also a Bethe root, and the
zero roots cannot be equal to the Bethe roots, which means
zp ̸= u j.[17] This is because if we define

F(u)≡ Λ(u)Q(u) = a(u)Q(u−η)+d(u)Q(u+η) (33)

for zp = u j, F(u) is the 2-degree zero point at u j, it requires
an additional derivative equation of the BAEs. In this case,
the BAEs are overdetermined, so we cannot give general so-
lutions. For u j = α − η/2, by considering the singularity
of Eq. (32), we can give the correct zero roots. Supposing

Im(z j) < 0, together with a similar analysis, we can obtain
that the corresponding zero root is zp = α −3η/2.

With the above analysis, we conclude that the imagi-
nary parts of the zero roots for the bulk string are {Im(zl) =

ηn/2|n = 0,±2,±3 . . .}.

3.1.2. Boundary string

Similar to the Bethe roots, there are also boundary string
structures. If the zero root is given by −p+ η

2 +ON or −q+
η

2 +ON , Eq. (32) is also satisfied. Using the same analysis,
it is also possible that the Bethe roots contain −p+ η

2 +ON ,
−q+ η

2 +ON and their opposite p− η

2 +ON , q− η

2 +ON . Con-
sidering the relationship between the zero roots and the Bethe
roots above, it can be obtained that the boundary string struc-
ture of the zero roots may also be given by −p+ 3η

2 +ON ,
−q+ 3η

2 +ON , p+ η

2 +ON or q+ η

2 +ON .

3.1.3. Additional roots

Besides these regular zero roots, we should note that there
are additional roots, which means that a conjugate pair with
imaginary parts neither around ±ηn/2 (n ≥ 2) nor having a
simple relation with boundary parameters. These roots are
closely related with Eq. (21) and distributed at the boundary
of the bulk string. They appear in two cases: (i) they appear
symmetrically as pure real roots on the left and right sides of
the bulk string and they tend to infinity in the thermodynamic
limit; (ii) they appear symmetrically as pure imaginary roots
on the upper and lower sides of the bulk string and they have
no simple relation with the boundary parameters. Since the
energy-related conclusions obtained afterwards are not related
to them, we name them here as additional roots for conve-
nience.

In summary, the possible structures of the zero roots are
the combination of the bulk string, boundary string and the ad-
ditional roots. Once we fix the structure of the bulk string and
boundary string, the additional roots can be fixed by Eqs. (26)
and (27) easily. In the next section, we will show that by solv-
ing Eq. (26) we can obtain the relation between the density of
zero roots for the bulk string and the additional roots related to
z̃x. Then jointly with Eq. (27) we can obtain another condition
that constrains the additional roots to determine the relation
between the additional roots and the boundary field parame-
ters. In Fig. 1, we give some numerical results of the distri-
butions of the Bethe roots and zero roots for large system size
(N = 100) at different parameter regions in the ground state.
Moreover we can show that the possible structures of zero
roots are exactly the same as that we have discussed above.
Next we will study the structures of zero roots meticulously
for the ground state.
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Fig. 1. Some numerical results of the distributions of the Bethe roots and zero roots on the complex plane for large system size (N = 100) in
the ground state. (a) and (c) The Bethe roots of the ground state corresponding to the select boundary parameters, respectively. (b) and (d) The
zero roots of the ground state, respectively.

3.2. Ground state energy

A plausible fact is that by choosing a tunable set of non-
zero inhomogeneity parameters, we can find that the zero
root distributions show stable patterns. For imaginary η , we
choose all {θ j} ≡ {iθ̄ j} to be imaginary. As shown in Fig. 2,
we adjust the distribution of the inhomogeneity parameters
{θ j} from the all-zero case to the non-zero case while the
boundary field parameters p,q,ξ are fixed. And we find that
the zero roots for the bulk string keep a stable 2-strings struc-
ture with the introduce of this set of non-zero inhomogeneity
parameters, while the real parts of these roots change slightly.
By using the Fourier transformation of the auxiliary function
σ(θ̄), a density of the given inhomogeneity, the distribution

of the zero roots of this inhomogeneous system along the 2-
strings allows us to derive the density of the zero roots for the
bulk string of the corresponding homogeneous system. The
density of zero roots for the bulk string of the corresponding
homogeneous system can then be obtained by taking the ho-
mogeneous limit σ(θ̄) → δ (θ̄). And the corresponding ho-
mogeneous system is exactly the model we consider.

In summary, in Fig. 3 and Table 1 we give the phase dia-
gram of the configuration of the zero roots for the ground state
in different boundary parameter. We should note that there is
always a pair of special additional zero roots constrained by
Eq. (21). In the following parts, we will show that the un-
known pair roots related to z̃x will not appear in the final result
of energy.
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Fig. 2. Exact numerical diagonalization results of the zero root distributions in the ground state for N = 8. (a) The red asterisks indicate
z̄-roots for {θ̄ j = 0| j = 1, . . . ,N} and the blue circles specify the zero roots with the inhomogeneity parameters {θ̄ j = 0.05 j| j = 1, . . . ,N}.
(b) The red asterisks indicate the zero roots for {θ̄ j = 0| j = 1, . . . ,N} and the blue circles specify z̄-roots with the inhomogeneity parameters
{θ̄ j = 0.1 j| j = 1, . . . ,N}.
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Fig. 3. The phase diagram of the configuration of the zero roots for the
ground state in the different regions of boundary parameters p̃ and q̃
with η̃ = 1.

Table 1. The patterns of zero roots for the ground state in different regions,
where the roots related to z̃0 or z̃x are the additional roots, the roots related
to z̃ j are the the bulk string, z̃0 is a real number greater than the maximum
value in {z̃ j} and z̃x is a real number greater than η̃/2, and {z̃ j} are all real.

Region {z j}

A
z̃ j + η̃ i| j = 1, . . . ,N −2

z̃0,
(
|p̃|+ η̃

2

)
i,
(
|q̃|+ η̃

2

)
i

B
z̃ j + η̃ i| j = 1, . . . ,N −2

z̃0,
(

min(|p̃|, |q̃|)+ η̃

2

)
i,
(

z̃x +
η̃

2

)
i

C z̃0, z̃ j + η̃ i| j = 1, . . . ,N

D
z̃ j + η̃ i| j = 1, . . . ,N −2(

z̃x +
η̃

2

)
i,
(
|p̃|+ η̃

2

)
i,
(
|q̃|+ η̃

2

)
i

E
z̃ j + η̃ i| j = 1, . . . ,N(
min(|p̃|, |q̃|)+ η̃

2

)
i

F
(

z̃x +
η̃

2

)
i, z̃ j + η̃ i| j = 1, . . . ,N

In region C (p̃ > η̃

2 and q̃ > η̃

2 ,or p̃ <− η̃

2 and q̃ <− η̃

2 ),
all zero roots are composed of the 2-strings and two additional
real roots. In the thermodynamic limit, the distribution of z̃-
roots related to the 2-strings for the bulk string can be de-
scribed by a density per site ρ(z̃) and the additional real root
z̃0 tends to infinity. Furthermore, we assume that the inho-
mogeneity parameters also have a continuum density per site
σ(θ̄ j)∼1/N(θ̄ j − θ̄ j−1). Substituting the pattern of zero roots
of region C in Table 1 into Eq. (26), taking its logarithm, and
making the difference of the equations for θ j and θ j−1, by
omitting the O(N−1) terms we readily have[25]

N
∫

∞

−∞

d z̃ρ(z̃) [b1(u− z̃)+b3(u− z̃)]

+b1(u− z̃0)+b1(u+ z̃0)

= N
∫

∞

−∞

dθ̄σ(θ̄)[b2(u+ θ̄)+b2(u− θ̄)]

+b2(u)−b1(u)+b 2p̃
η̃

(u)+b 2q̃
η̃

(u), (34)

where bn(u) = 1
2π

2u
u2+(nη̃/2)2 and b1(u− z̃0)+ b1(u+ z̃0) = 0.

The above equation becomes a convolution one and allows us

to make the Fourier transformation

ρ̃(w) =
2Nb̃2(w)σ̃(w)+ b̃2(w)− b̃1(w)+ b̃ 2p̃

η̃

(w)+ b̃ 2q̃
η̃

(w)

N
[
b̃1(w)+ b̃3(w)

] ,

(35)

where b̃n(w) =
∫

∞

−∞
bn(u)e−iwu du = isign(w)e−|aη̃w|. In the

homogeneous limit, we take σ(θ̄) = δ (θ̄). The ground state
energy of the Hamiltonian (15) can thus be expressed by

Eg = πη̃N
∫

∞

−∞

d z̃ρ(z̃) [a3(z̃)−a1(z̃)]

+
η̃

η̃2/4+ z̃2
0
−N

=
η̃N
2

∫
∞

−∞

dwρ̃(w) [ã3(w)− ã1(w)]

+
η̃

η̃2/4+ z̃2
0
−N

= N −4N ln2−1+π −2ln2+
η̃

|p̃|
+

η̃

|q̃|

−2η̃

∫
∞

0
dw

e−|p̃|w + e−|q̃|w

1+ e−η̃w , (36)

where an(u) = 1
2π

nη̃

u2+(nη̃/2)2 with ãn(w) = e−|nη̃w|. In the
same way, we can obtain the density of the 2-strings and the
ground state energy in the other regions of boundary parame-
ters. Here we take region F (p̃ <− η̃

2 and q̃ > η̃

2 , or p̃ > η̃

2 and
q̃ < − η̃

2 ) as an example. By the same process as above, we
can get the corresponding density of the 2-strings

ρ̃(w) = δρ +
2b̃2(w)σ̃(w)[

b̃1(w)+ b̃3(w)
]

+
b̃2(w)− b̃1(w)+ b̃ 2 p̃

η̃

(w)+ b̃ 2q̃
η̃

(w)

N
[
b̃1(w)+ b̃3(w)

] , (37)

where

δρ =−
b̃ 2z̃x

η̃

(w)+ b̃ 2z̃x
η̃

+2(w)

N
[
b̃1(w)+ b̃3(w)

] .

So the ground state energy in region F can be written as

Eg = πη̃N
∫

∞

−∞

d z̃ρ(z̃) [a3(z̃)−a1(z̃)]−
η̃2

η̃ z̃x + z̃2
x
−N

=
η̃N
2

∫
∞

−∞

dwρ̃(w) [ã3(w)− ã1(w)]−
η̃2

η̃ z̃x + z̃2
x
−N

= N −4N ln2−1+π −2ln2+
η̃

|p̃|
+

η̃

|q̃|

−2η̃

∫
∞

0
dw

e−|p̃|w + e−|q̃|w

1+ e−η̃w . (38)

We find that the appearance of the pure imaginary addi-
tional roots changes the 2-strings density by δρ , but the energy
change caused by δρ and the contribution of the additional
roots itself cancel each other out exactly. Thus, the ground
state energy of region F is equal to that given by Eq. (36).
Combining Eq. (37), the specific value of the pair of additional
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roots related to z̃x can be constrained by Eq. (27) in the ther-
modynamic limit as

N
∫

∞

−∞

d z̃ρ(z̃) ln[(z̃2 +9η̃
2/4)(z̃2 + η̃

2/4)]

= 2ln
[
−p̃q̃η̃2N

z̃x(z̃x + η̃)

]
. (39)

Through numerical analysis, we find that this pair of additional
roots related to z̃x does not change with the number of sites N.
As for other parameter regions, the calculation is exactly the
same. Finally, we conclude that the ground state energy for all
parameter regions has the same expression as Eq. (36). The
result shows that the contributions of the two boundary fields
to the surface energy are additive.

4. Off-diagonal boundary case

Next we consider the unparalleled boundary case (ξ ̸= 0).
If we set q̄= q√

1+ξ 2
with q̂= Im(q̄)= q̃/

√
1+ξ 2, we can find

that Eq. (23) in the ξ ̸= 0 case is similar with the equations for
ξ = 0 case.

The constrained equations (21) and (23) become

N+1

∏
l=1

(
θ j ± zl ±

η

2

)

= (1+ξ
2)
(θ j ±η)(θ j ± p)(θ j ± q̄)

2θ j ±η

×
N

∏
l=1

(θ j ±θl ±η), j = 1, . . . ,N, (40)

N+1

∏
l=1

(
η

2
± zl

)
=
√

1+ξ 2 pq̄
N

∏
l=1

(η ±θl). (41)

The only difference between the constrain equations (40), (41)
and (26), (27) is a constant coefficient.

4.1. Surface energy

Through the previous discussion, we can find that in this
case the boundary parameter q̄ = q/

√
1+ξ 2 plays the same

role with q in the diagonal boundary case. We can guess that
this similarity also existed in the distributions of zero roots for
the ground state. The numerical results for the distributions in
this case coincide with this guess. In Fig. 4, we give some nu-
merical result of the distribution form for N = 10 at different
parameter regions for the ground state.

Through the same numerical method and derivation pro-
cess in the ξ ̸= 0 case, we can get the patterns of zero roots
corresponding to the ground state with different boundary pa-
rameter regions as shown in Fig. 3 and Table 1 which take p̃ as
the horizontal axis and q̂ as the vertical axis in this case, and
the ground state energy takes

N/↪ η/0+1i
p/0+0.65i↪ q/0+0.27i, ξ/. N/↪ η/0+1i

p/0-0.73i↪ q/0+2.7i, ξ/.

N/↪ η/0+1i
p/0+0.14i↪ q/0-2.7i, ξ/.

N/↪ η/0+1i
p/0-0.35i↪ q/0-0.45i, ξ/.
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0
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1.5
(b)
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-2.0
-2.0

-1.5

-1.0

-0.5

0

0.5

1.0

1.5

2.0
(d)

X. 

Y . ↩.

X. 
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x (Real)

y
 (
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a
g
)

x (Real)

y
 (

Im
a
g
)
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y
 (

Im
a
g
)

x (Real)

y
 (

Im
a
g
)

Fig. 4. Exact numerical diagonalization results of the zero root distributions in the ground state with different parameters in the ξ ̸= 0 case:
(a) N = 10, η̃ = 1, p̃ = 0.65, q̃ = 0.27, ξ = 1.1 and q̂ = 0.18, corresponding to region B in Fig. 3; (b) N = 10, η̃ = 1, p̃ = −0.73, q̃ = 2.7,
ξ = 2.3 and q̂ = 1.1, corresponding to region F; (c) N = 10, η̃ = 1, p̃ =−0.35, q̃ =−0.45, ξ = 2.3 and q̂ =−0.18, corresponding to region C;
(d) N = 10, η̃ = 1, p̃ = 0.14, q̃ =−2.7, ξ = 6.1 and q̂ =−0.44, corresponding to region D, where the labeled roots are some boundary strings
that are related to the boundary field parameters according to Table 1 for the ξ ̸= 0 case in which q̂ replaces q̃.
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Eg = N −4N ln2−1+π −2ln2+
η̃

|p̃|
+

η̃

|q̂|

−2η̃

∫
∞

0
dw

e−|p̃|w + e−|q̂|w

1+ e−η̃w , (42)

where q̂ = q̃√
1+ξ 2

. The surface energy reads

Eb = −1+π −2ln2+
η̃

|p̃|
+

η̃

|q̂|

−2η̃

∫
∞

0
dw

e−|p̃|w + e−|q̂|w

1+ e−η̃w , (43)

which is defined by Eb = Eg−Ep, where Eg is the ground state
energy of the present system and Ep is the ground state energy
of the corresponding periodic chain.[14] This result indicates
that the contributions of the two boundaries to the surface en-
ergy are also additive in this case. The DMRG results and our
analytic results are shown in Figs. 5 and 6. The present result
also coincides exactly with that derived in Ref [24].

4

2

0

-2

-2

-2

-4

-4
-4

0

0

2

4

Eb

p~

q~

Fig. 5. Our analytic results of the surface energy for η = 1i, ξ = 0.

E
b

E
b

-2-4 0 2 4

ξ

-2-4 0 2 4
q~

0.6

0.4

0.2

0

-0.2

-0.4

1

0

-1

-2

-3

-4

-5

(a)

(b)

Fig. 6. Comparison of the DMRG results and our analytic results of the
surface energy. (a) The DMRG results for N = 200 expressed by the
red points and our analytic results expressed by the curve for η = 1i,
p = −4i, ξ = 0. (b) The DMRG results for N = 200 expressed by the
red points and our analytic results expressed by the curve for η = 1i,
p = 1i, q =−0.75i.

Through the previous analysis of the structure of zero
roots, it can be found that the distribution of zero roots on
the complex plane can be divided into several categories. By
performing different kinds of fine-tuning on the zero roots dis-
tribution of the eigenvalue of the transfer matrix corresponding
to the ground state, the zero roots distribution of the eigenvalue
of the transfer matrix corresponding to the low-energy excited
state can be found, and then several possible excitations can be
calculated. At the same time, we also verified the existence of
the guessed low-energy excited state through numerical anal-
ysis. Here we summarize some kinds of excitations.

4.1.1. Elementary excitation 1

Comparing with the zero roots distribution of the eigen-
value of the transfer matrix corresponding to the ground state,
the two pairs of conjugate pairs {z̃0

1 ± η̃ i, −z̃0
1 ± η̃ i} will dis-

appear in the zero roots distribution of the eigenvalue of the
transfer matrix corresponding to the first kind of low-energy
excited state shown in Fig. 7, and two pairs of real numbers
{±z̃1,±z̃2} will appear. For real numbers, the resulting change
in the density of the 2-strings is

δ ρ̃(w) = −2 [cos(z̃1w)+ cos(z̃2w)] b̃1(w)
N
[
b̃1(w)+ b̃3(w)

] . (44)

The energy of the corresponding excitation is

δe =
η̃N
2

∫
∞

−∞

dwδ ρ̃(w) [ã3(w)− ã1(w)]

+
η̃2

η̃2

4 + z̃2
1

+
η̃2

η̃2

4 + z̃2
2

= 2πsech
(

π z̃1

η̃

)
+2πsech

(
π z̃2

η̃

)
. (45)

-3 -2 -1

-1.0

-1.5

-0.5

0

0.5

1.0

1.5

N/↪ η/⇁i
p/⇁.i, q/⇁.i, ξ=1.1

0 1 2 3

x (Real)

y
 (

Im
a
g
)

Fig. 7. The distribution of zero roots at a low-lying excited state of type
1 corresponding to the ground state in Fig. 4(a).

4.1.2. Elementary excitation 2

Interestingly, we also find a kind of excitations associated
with a change in the boundary string. Compared with the zero
roots distribution of the eigenvalue of the transfer matrix cor-
responding to the ground state, the boundary string changes
from

(
|q̂|+ η̃

2

)
i to

(
η̃

2 −|q̂|
)

i in the zero roots distribution
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of the eigenvalue of the transfer matrix corresponding to this
kind of excited state shown in Fig. 8. The resulting change in
the density of the 2-strings is

δ ρ̃(w) =
b̃2q̂/η̃+2(w)− b̃2−2q̂/η̃(w)

N
[
b̃1(w)+ b̃3(w)

] . (46)

The energy of the corresponding excitation is

δe =
η̃N
2

∫
∞

−∞

dwδ ρ̃(w) [ã3(w)− ã1(w)]

+
η̃2

η̃2

4 −
(

η̃

2 −|q̂|
)2 − η̃2

η̃2

4 −
(
|q̂|+ η̃

2

)2

= 2π csc
(
|q̂|π
η̃

)
. (47)

In the same way, the excitations caused by the change of the
boundary string related to p can be obtained.

N/↪ η/⇁i
p/⇁.i, q=0-3i, ξ=9.95

N/↪ η/⇁i
p/0+1i, q/0-3i, ξ=9.95
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Fig. 8. (a) The distributions of zero roots for the ground state with the
parameters N = 8, η̃ = 1, p̃ = 1, q̃ =−3, ξ = 9.95 and q̂ = 0.3. (b) The
distributions of zero roots for the corresponding low-lying excited state
of type 2.

In addition, compared with the zero roots distribution
of the eigenvalue of the transfer matrix corresponding to the
ground state and the zero roots distribution of the eigenvalue
of the transfer matrix corresponding to other low-energy ex-
cited states, two pairs of conjugate pairs {z̃0

1 ± η̃ i, −z̃0
1 ± η̃ i}

may transition to the higher 2-strings and become {z̃1 ± n
2 η̃ i,

−z̃1 ± n
2 η̃ i}, where n is an integer greater than 2, or transi-

tion on the imaginary axis and become {±(z̃1 +
η̃

2 )i, ±(z̃2 +
η̃

2 )i|z̃1, z̃2 > 0}. When the number of sites in the model is lim-
ited, we find the energy of these kinds of excitations is not zero

through numerical analysis. But in the thermodynamic limit,
the energy of excitations of these types is zero.

5. Conclusion
We obtain the surface energy and elementary excitations

of the XXX spin-1/2 chain with arbitrary non-diagonal bound-
ary fields through a combination of numerical analysis and
analytical derivation. Firstly, through the analysis of the
BAEs (32), the general patterns of zero roots of eigenvalue of
the transfer matrix are obtained in Section 3. Then by using the
numerical analysis, the zero roots structure of the ground state
and various low-energy excited states are determined. Finally,
the zero roots density is determined by the relations (23) satis-
fied by the eigenvalue of the transfer matrix, while the surface
energy and elementary excitations of the model are solved in
the thermodynamic limit. The method used here can be gen-
eralized to other integrable models solved via the off-diagonal
Bethe ansatz.[17,27–30]
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