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A probability theory for filtered ghost imaging
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Based on probability density functions, we present a theoretical model to explain filtered ghost imaging (FGI) we
first proposed and experimentally demonstrated in 2017 [Opt. Lett. 42 5290 (2017)]. An analytic expression for the joint
intensity probability density functions of filtered random speckle fields is derived according to their probability distribu-
tions. Moreover, the normalized second-order intensity correlation functions are calculated for the three cases of low-pass,
bandpass and high-pass filterings to study the resolution and visibility in the FGI system. Numerical simulations show that
the resolution and visibility predicted by our model agree well with the experimental results, which also explains why FGI
can achieve a super-resolution image and better visibility than traditional ghost imaging.
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1. Introduction
Ghost imaging (GI),[1] a novel imaging technique based

on higher-order intensity correlation of optical fields, has been
well studied theoretically and experimentally with both quan-
tum and classical light sources in systems with and with-
out focusing lenses.[1–8] Especially, GI for thermal light has
shown great promise for development and has been realized
by not only pseudo-thermal light[3,6] but also true thermal
light[7,8] including sunlight.[9] During the rapid development
of more than twenty years, the light sources have been ex-
panded throughout the whole electromagnetic spectrum from
visible light at the beginning to infrared[10] and x-rays,[11–13]

while GI with particles such as atoms,[14] electrons[15] and
even neutrons[16] has been realized due to its characteristic of
lens-free imaging. In addition, many schemes have been pro-
posed to overcome the drawbacks of low visibility and signal-
to-noise ratio of the original setups, and to enhance resolu-
tion through methods including higher-order GI,[17] differen-
tial GI,[18] computational GI,[19] compressive GI,[20–22] cor-
respondence imaging,[23] filtered GI (FGI),[24–27] GI via deep
learning,[28–30] and their corresponding variations.

Theoretical investigations on GI began with both quan-
tum and classical theories which came to the same main con-
clusion, and also led to some warm debate on whether the
basic phenomenon is quantum or classical. Now, most re-
searchers in the community believe that a classical expla-
nation of GI is acceptable. Recently, the joint probability
density function (PDF) of two optical intensities in GI has
been employed to explain some newly observed experimen-
tal phenomena.[31–34] As an alternative theoretical method,
this has some advantages in handling certain problems com-
pared with previous methods. Cao et al. first derived the
joint probability density function between the bucket and ref-

erence signals to explain the correspondence imaging exper-
iment by probability theory and further discussed some new
phenomena in thermal GI by the fractional-order moments of
intensity.[31,32] Later, Yu et al. gave a theoretical discussion
of the formation mechanism of correspondence imaging with
thermal light via probability theory in statistical optics,[33] and
Hu et al. investigated a Fourier-transform version by the joint
probability density theory.[34]

Recently, a new approach for reconstructing super-
resolution ghost images of targets in the FGI setup was ex-
perimentally demonstrated,[24–27] where the spatial resolution
can exceed the Rayleigh diffraction limit by more than a factor
of 10.[26] This newly proposed scheme of FGI offers an alter-
native potential method to improve the resolution, visibility
and signal-to-noise ratio at the same time. However, the rea-
son why these enhancements can be realized is unclear, and
the theoretical explanation is left untouched, so this requires
further consideration. Inspired by the papers[24–27,31–34] men-
tioned above, we present here a theoretical investigation based
on probability theory, where an analytical expression for the
joint probability density function in the FGI scheme is pro-
vided. On this basis, analytical expressions for the normal-
ized second-order intensity correlation functions for the three
cases of low-pass, bandpass and high-pass filterings of the op-
tical intensities of thermal light are also obtained. By numer-
ical simulation, it is shown that the predicted characteristics
of the resolution and visibility are in good agreement with ex-
perimental results, which can be used to explain why FGI can
exceed the diffraction limit and why it has better visibility.

The rest of this paper is organized as follows. In Sec-
tion 2, according to the PDF of Rayleigh speckles, we in-
troduce the PDF of the filtered intensity underlying the FGI
schemes in Subsection 2.1, and then derive the joint PDFs for
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different filtering methods in Subsection 2.2. Based on this,
in Subsection 3.1, we derive the normalized second-order in-
tensity correlation functions to investigate the resolution in the
FGI system, perform simulations in Subsection 3.2 to verify
our theoretical results by comparison with the experimental
results obtained before, and then in Subsection 3.3 give some
theoretical derivations under certain limiting circumstances to
explore the reason why the resolution and visibility are im-
proved. In Subsection 4.1, we discuss the difference and rela-
tionship between a point object and a complex one in the FGI
framework, and then in Subsection 4.2 discuss why FGI can
overcome the diffraction limit to achieve a super-resolution
image. In Section 5, we summarize the main results of the
present work.

2. Joint probability density function of filtered
intensities

2.1. The basic setup of FGI

A schematic diagram of FGI is shown in Fig. 1, which is
essentially the same as that of the original FGI proposal.[24] As
in most GI experiments, the pseudothermal source is generated
by a laser beam incident on a rotating ground glass plate. The
scattered light is divided into two beams by a beamsplitter. An
object in the test beam is illuminated by the transmitted beam
at a distance of z1 from the source plane. After passing through
the object the light signal is recorded by a spatially resolving
detector such as a charge coupled device (CCD), which is fol-
lowed by a spatial filter TF1 to filter the data pixel by pixel ac-
cording to the preset thresholds.[24] Here, we consider CCD1
and TF1 as a detector system and they play the usual role of a
GI bucket detector, from which the filtered signal is finally fed
into the coincidence circuit after summed. Similarly, the re-
flected beam travels a distance z2 from the source plane to the
reference detector CCD2 to be directly recorded. After spa-
tial intensity filtering by the filter TF2, the resulting reference
signal is also fed into the coincidence circuit.

Laser

Beam splitter

Object
CCD1

CCD2

TF1

TF2

C.C.

Rotating

ground glass
z

z

Fig. 1. Schematic diagram of FGI. CCD1 and CCD2, spatially resolv-
ing cameras; TF1 and TF2, spatial filters; z1 and z2, distances from the
thermal source to the object plane and CCD2 plane, respectively.

It is well-known that the visibility and resolution in both
GI and FGI systems are determined by the normalized second-
order intensity correlation function, which has been widely
studied after the historic Hanbury Brown and Twiss (HBT) ex-
periment, and plays a similar role to the point spread function
in conventional Fourier optics. Therefore, for the purpose of
discussing why FGI can image an object with super-resolution
and why its visibility can also be enhanced, we need to focus
on the filtered HBT-like setup. The distances z1 and z2 be-
tween the source plane and the two detectors are equal. The
instantaneous intensities Ii (i = 1,2) are the intensity distri-
butions, Ii (i = 1,2) are their corresponding ensemble aver-
ages, and I′i (i = 1,2) are the filtered intensity distributions in
their respective detector planes. Here, indeed all the intensities
are functions of spacetime, i.e., Ii(ri, ti) and I′i (ri, ti) (i = 1,2).
However, the variables ri and ti (i = 1,2) are ignored in most
of the following derivations for brevity. TF1 and TF2 are also
set identically for illustrating basic principles of FGI.

To provide a theoretical explanation of the previous ex-
perimental results,[24–26] we concentrate on three common
types of filterings, i.e., bandpass, low-pass and high-pass filter-
ings. Mathematically, the three cases are expressed as follows.

Case 1 Bandpass.
The filtered intensity is

I′i = Iirect
(

2Ii−β2−β1

2(β2−β1)

)
, (1a)

where rect is the rectangle function and βk (k = 1,2) are the
upper and lower thresholds, respectively. It is obvious that
β1 < β2 is needed. Equation (1a) shows that, when β1 ≤ I ≤
β2, the intensity of Ii at a certain spacetime point keeps its
value and this value is given to be I′i , i.e., I′i = I, otherwise
I′i = 0. Therefore, Eq. (1a) defines the bandpass filtering math-
ematically by virtue of the rectangle function.

Case 2 Low-pass.
Accordingly, when β1 = 0 in Eq. (1a), the expression for

the low-pass filtered intensity becomes

I′i = Iirect
(

2Ii−β2

2β2

)
. (1b)

Case 3 High-pass.
Intuitively, from Eq. (1a) the expression for high-pass

filtering should be obtained under the condition of β2 → ∞.
However, rect(∗) is not convergent at this time. Thus, the
Heaviside step function of H(∗) is instead used to express the
high-pass filtered intensity as

I′i = IiH(Ii−β1) , (1c)

where β1 is the threshold. Clearly, I′i = Ii if Ii ≥ β1, otherwise
I′i = 0, which represents the specific operation of high-pass fil-
tering.
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2.2. Expressions for the Joint PDF in FGI

The statistical behavior of a thermal field is usually re-
ferred to as Rayleigh statistics with a negative-exponential in-
tensity PDF, which can be written explicitly as

p(Ii) =
1
Ii

exp
(
− Ii

Ii

)
. (2)

For FGI, the role of the filtering is to keep the optical intensi-
ties unchanged within the range limited by the thresholds, but
those beyond the range are set to be zero, which makes the
possibility of zero intensities increase. For the sake of keeping
the filtered PDF of I′ normalized, the added possibility of zero
intensities due to filtering should also be considered. Thus, ac-
cording to Eq. (1), the filtered PDFs (see Appendix for details)
in the above three bandwidth cases read

pb
(
I′i
)
= p

(
I′i
)

rect
(

2I′i −β2−β1

2(β2−β1)

)
+δ

(
I′i
)(∫ ∞

β2

dIi p(Ii)+
∫

β1

0
dIi p(Ii)

)
, (3a)

pl
(
I′i
)
= p

(
I′i
)

rect
(

2I′i −β2

2β2

)
+δ

(
I′i
)∫ ∞

β2

dIi p(Ii), (3b)

ph
(
I′i
)
= p

(
I′i
)

H
(
I′i −β1

)
+δ

(
I′i
)∫ β1

0
dIi p(Ii), (3c)

where p j ( j = b, l,h) are the PDFs of cases 1–3, respectively.
The Dirac functions in Eq. (3) are used so that the PDFs at
I′ = 0 become infinite but the corresponding probabilities, i.e.,
the integrals of PDFs in the neighbourhood of I′ = 0, are fi-
nite. Here, it is required that p j (I′) satisfies the normalization
condition, i.e.,

∫
∞

0 dI′i p j (I′i ) = 1.
So far we have built the framework for the PDF of the

filtered intensities. Next, the joint PDF is necessary to ob-
tain the second-order correlation function in FGI. For thermal
light, the joint PDF has been well studied,[34,35] and has the
following expression for the intensities of I1, I2 at two space-
time points,

p(I1, I2) =
1

Ī1 Ī2 (1−µ2)
exp
{
− I1I2 + I2I1

Ī1 Ī2 (1−µ2)

}
×J0

[
2µ
√

I1I2√
Ī1 Ī2 (1−µ2)

]
, (4)

where J0(∗) is the zeroth-order modified Bessel function of
the first kind, I1 and I2 are the average intensities at two posi-
tions; µ is the modulus of the normalized first-order correla-
tion function of the optical fields E1 and E2 at two points and

is expressed as µ = |g(1)12 |=
∣∣∣ 〈E1E∗2〉√
〈|E1|2〉〈|E2|2〉

∣∣∣. As we know, the

joint PDF is the key for the study of the second-order corre-
lation of thermal light,[31,32,34] so it is also the key element
for our filtered light fields. Basically, the joint PDF of the fil-
tered intensities has the same form as Eq. (4) when I′1 = I1

and I′2 = I2 are satisfied within the threshold conditions. This
means that p j (I′1, I

′
2) = p(I1, I2). Therefore, the joint PDFs

(see Appendix for details) of p j (I′1, I
′
2) can be written as

pb
(
I′1, I

′
2
)

= p
(
I′1, I

′
2
)

rect
(

2I′1−β2−β1

2(β2−β1)

)
rect

(
2I′2−β2−β1

2(β2−β1)

)
+δ

(
I′1
)∫ ∞

0
dI′1 p

(
I′1, I

′
2
)[

1− rect
(

2I′1−β2−β1

2(β2−β1)

)]
+δ

(
I′2
)∫ ∞

0
dI′2 p

(
I′1, I

′
2
)[

1− rect
(

2I′2−β2−β1

2(β2−β1)

)]
+δ

(
I′1
)

δ
(
I′1
)∫ ∞

0

∫
∞

0
dI′1 dI′2 p

(
I′1, I

′
2
)

×
[

1− rect
(

2I′1−β2−β1

2(β2−β1)

)]
×
[

1− rect
(

2I′2−β2−β1

2(β2−β1)

)]
, (5)

pl
(
I′1, I

′
2
)

= p
(
I′1, I

′
2
)

rect
(

2I′1−β2

2β2

)
rect

(
2I′2−β2

2β2

)
+δ

(
I′1
)∫ ∞

0
dI′1 p

(
I′1, I

′
2
)[

1− rect
(

2I′1−β2

2β2

)]
+δ

(
I′2
)∫ ∞

0
dI′2 p

(
I′1, I

′
2
)[

1− rect
(

2I′2−β2

2β2

)]
+δ

(
I′1
)

δ
(
I′1
)∫ ∞

0

∫
∞

0
dI′1 dI′2 p

(
I′1, I

′
2
)

×
[

1− rect
(

2I′1−β2

2β2

)][
1− rect

(
2I′2−β2

2β2

)]
, (6)

ph
(
I′1, I

′
2
)

= p
(
I′1, I

′
2
)

H
(
I′1−β1

)
H
(
I′2−β1

)
+δ

(
I′1
)∫ ∞

0
dI′1 p

(
I′1, I

′
2
)[

1−H
(
I′1−β1

)]
+δ

(
I′2
)∫ ∞

0
dI′2 p

(
I′1, I

′
2
)[

1−H
(
I′2−β1

)]
+δ

(
I′1
)

δ
(
I′1
)∫ ∞

0

∫
∞

0
dI′1 dI′2 p

(
I′1, I

′
2
)

×
[
1−H

(
I′1−β1

)][
1−H

(
I′2−β1

)]
. (7)

3. Analytical expressions for the filtered HBT
functions
In the framework of a GI (FGI) system, both the resolu-

tion and visibility are evaluated according to the normalized
second-order correlation function g(2)12 (𝑟1,𝑟2), which also cor-
responds to an HBT-like measurement. In this section we will
first derive analytical expressions for the filtered HBT mea-
surements based on the joint PDF theory, then we will per-
form numerical HBT simulations for the three filter bands. In
addition, we will give some theoretical derivations under var-
ious approximations. Finally, we will give a detailed analysis
of the enhancement of resolution and visibility based on the
simulation results.
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3.1. The second-order correlation via the joint PDF

For the filtered HBT case, we have the following expres-
sion for the second-order correlation:

g(2)12 (𝑟1,𝑟2) =

∫ β2
β1

∫ β2
β1

dI1
′dI2

′ I1
′I2
′p(I1

′, I2
′)∫ β2

β1
dI1
′ I1
′p(I1

′)
∫ β2

β1
dI2
′ I2
′p(I2

′)
. (8)

Based on the PDFs and joint PDFs obtained above, the second-
order correlations for the three cases of bandpass (B), low-pass
(L) and high-pass(H) can be expressed as follows:

B : g(2)12 =

∫
∞

0
∫

∞

0 dI1
′dI2

′ I1
′I2
′pb (I1

′, I2
′)∫

∞

0 dI1
′ I1
′pb (I1

′)
∫

∞

0 dI2
′ I2
′pb (I2

′)

=

∫ β2
β1

∫ β2
β1

dI1
′dI2

′ I1
′I2
′p(I1

′, I2
′)∫ β2

β1
dI1
′ I1
′p(I1

′)
∫ β2

β1
dI2
′ I2
′p(I2

′)

=
∫

β2

β1

∫
β2

β1

dI1
′dI2

′ I1
′I2
′p
(
I1
′, I2
′)

×
(

e
− β1

I1 (I1 +β1)− e
− β2

I1 (I1 +β2)

)−1

×
(

e
− β1

I2 (I2 +β1)− e
− β2

I2 (I2 +β2)

)−1

, (9)

L : g(2)12 =

∫ β2
0
∫ β2

0 dI1 dI2 I1I2 p(I1, I2)(
I1− e

− β2
I1 (I1 +β2)

)(
I2− e

− β2
I2 (I2 +β2)

) , (10)

H : g(2)12 =

∫
∞

β1

∫
∞

β1
dI1
′dI2

′I1
′I2
′p(I1

′, I2
′)(

e
− β1

I1 (I1 +β1)

)(
e
− β1

I2 (I2 +β1)

) . (11)

Though these expressions seem rather complex, it is not a
problem when we perform numerical simulations. It should
be noted that µ 6= 1 because there is a singularity for the joint
PDF and g(2) when µ = 1. However, this can be considered
as a special case. When µ = 1, g(2)12 will become the autocor-
relation function of the intensity, namely g(2)11 =

〈
I′21
〉
/〈I′1〉

2,
because the Cauchy–Schwarz inequality only takes the equal
sign when E1 is equal to E2. The equations then become

B : g(2)11 =

∫ β2
β1

dI1
I12

I1
e
− I1

I1(∫ β2
β1

dI1
I1
I1

e
− I1

I1

)2

=
(2I1

2
+2I1β1 +β1

2) e
− β1

I1 − (2I1
2
+2I1β2 +β2

2) e
− β2

I1[
(I1 +β1) e

− β1
I1 − (I1 +β2) e

− β2
I1

]2 ,

L : g(2)11 =
2I1

2−
(

2I1
2
+2I1β2 +β 2

2

)
e
− β2

I1(
I1− (I1 +β2)e

− β2
I1

)2 , (12)

H : g(2)11 =
(2I1

2
+2I1β1 +β1

2) e
β1
I1

(I1 +β1)2
. (13)

The equations from Eqs. (9)–(13) are our main results. They
indicate what role the filtering plays on the correlation by set-
ting of the thresholds for the different cases. A clear physical
picture will be shown in the next subsection by means of nu-
merical simulations.

3.2. Simulations

To quantitatively verify the above theory and compare
with the experimental results, we take the case of low-pass
filtering as an example to perform some numerical simula-
tions. The other two cases are similar and can be construed
straightforwardly. In the simulation, we employ the same pa-
rameters as those in the published paper[24] to facilitate com-
parison with the experiment, where the thermal source has a
diameter of 3 mm with a wavelength of 632.8 nm and the dis-
tance from the source to the detection plane is 240 mm. At the
same time the experimental data of 30000 frames in Ref. [24]
are also used to evaluate the influence of the parameters. As
an example, we take I1 = I2 = 5.1 (gray value). According
to Eqs. (10) and (12), g(2)12 is first plotted for the two different
cases shown in Fig. 2. Figure 2(a) shows how g(2)12 changes
with respect to the threshold value β2 and to the modulus of
the first-order correlation function µ . When β2 is not so small,
for a given β2, g(2)12 increases gradually to about 2 with the
increase of µ just like g(2) in the original thermal light exper-
iment. When µ is far away from 1 (e.g., µ < 0.5), for a given
µ , g(2)12 changes very little with β2. However, when µ is close
to 1 and β2 is small enough, a sudden sharp increase of g(2)12

occurs. In particular, when β2 tends to 0 and µ tends to 1, g(2)12
seems to approach infinity. In general, when β2 is small, the
relation between µ and g(2)12 shows an obvious deviation from
the Gaussian moment theorem.

Figure 2(b) provides a plot of g(2)12 with respect to β2

and the one-dimensional coordinate r of the reference detec-
tor (pixel coordinate). Basically, g(2)12 (g(2)) and µ are func-
tions of the coordinate r because they are both functions of
the optical field at certain spacetime points. We have omit-
ted the co-ordinate variables above for simplicity, but here we
have to consider the spatial coordinate r to study the spatial
distribution of g(2)12 . The modulus µ(r) in Eqs. (10) and (12)
(where we need to substitute the p(I1, I2) into the integrals) is
first obtained according to the complex Gaussian moment the-
orem µ(r) =

√
g(2)(r)−1/

√
g(2)(r)−1

∣∣∣
max

[36] by calculat-

ing g(2)(r) using the experimental data mentioned above. The
values of µ(r) thus obtained are then substituted into Eqs. (10)
and (12) to plot Fig. 2(b). It can be seen that the trend of neg-
ligible dependence on β2 is the same as that in Fig. 2(a), and
g(2)12 also approaches its maximum when β2 → 0 and µ → 1.
This means that the visibility would be much improved when
β2 and µ are properly selected. This agrees well with the ex-
perimental results and can also be seen clearly in Fig. 3(a). To
show more clearly how g(2)12 changes with β2, Fig. 3(a) is plot-
ted by setting µ = 1 according to Eq. (12), which also can be
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regarded as a special case in Figs. 2(a) and 2(b). Actually, the
curve of g(2)12 in Fig. 3(a) shows the maxima of g(2)12 for different
β2. It should be remarked that g(2)12 goes down to its minimum
of about 1.8, which is less than 2, at the point β2 ≈ 2.7I1 be-
fore it turns sharply. When β ≈ 1.4I1, the g(2)12 approaches to 2
as no filtering. This reflects how the visibility of an image in
FGI changes with β2. To improve the visibility of FGI in the
low-pass case, β2 should be set at least lower than 1.4I1.
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Fig. 2. Numerical simulations of g(2)12 for low-pass filtering: (a) g(2)12

versus β2 and µ; (b) g(2)12 versus β2 and r.
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Fig. 3. (a) Behavior of g(2)12 versus β2 at µ = 1; (b) theoretical (blue
dotted line) and experimental (red dots) data of the resolution versus β2
at µ = 1.

Another common important parameter of the resolution in
FGI is determined by the full width at half maximum (FWHM)
of g(2)12 . This is numerically simulated by following the method
of Fig. 2(b). The dependence of the FWHM of g(2)12 , i.e., the
resolution in FGI, with respect to the low-pass threshold of
β2 is shown in Fig. 3(b). The red dots are the experimental
results[24] while the blue dotted line is the theoretical predic-
tion. It can be seen that the theoretical and experimental vary-
ing trends of the resolution are generally in good agreement,
apart from the deviations at the low thresholds. It is found that
the resolution in both the cases increases with the decrease of
β2 and dramatically increases when β2 becomes small enough.

3.3. Further theoretical derivation through some approxi-
mations

In the previous simulation we have seen that, as g(2)12 varies
with respect to β2 and µ , a significant change occurs in a cer-
tain region where β2 is small and µ is close to 1. However,
this seems not so explicit in the present theoretical formu-
lation so some further adjustment is needed. Therefore, in
this subsection, we will further extend our model by adding
some appropriate approximations to investigate why our tech-
nique can achieve super-resolution images together with much
higher visibility.

First, we consider the case of low-pass filtering. The Tay-
lor series expansion of Eqs. (10) and (12) can be applied if
β2 is small enough. After higher order items are ignored and
β2
I1

1
1−µ2 � 1 is satisfied, the equations become

L : g(2)12 ≈
1

1−µ2

(
1+

2β2

3I1
+

2β2

3I2

− 2β2

3I1 (1−µ2)
− 2β2

3I2 (1−µ2)

)
≈ 1

1−µ2 , (14)

and when µ = 1,

L : g(2)11 ≈
4I1

3β2
+

7
9
. (15)

It can be seen from Eqs. (14) and (15) that g(2)12 could be much
larger than 2 if µ is close to 1 or β2 is close to 0 when µ = 1.
Especially, in the latter case, g(2)11 is inversely proportional to
β2, which causes its maximum to become much larger with
the decrease of β2, but its values at other positions do not
change so much. Therefore, the FWHM of the g(2)11 peak will
shrink while the visibility will increase at the same time. This
demonstrates the role that the filtering plays and why a super-
resolution image can be achieved with a visibility as high as
100%. Importantly, g(2)11 > 2 actually embodies a non-Rayleigh
characteristic of the filtered field, which will be discussed in
Subsection 4.2.
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4. Discussion
4.1. Super-resolution imaging by FGI

What we have discussed above is based on the HBT-like
system where no bucket detector is needed, which can be seen
as a special case of imaging a point object. However, a bucket
detector is necessary in an actual GI system, so the difference
between imaging a point object and an actual object should be
further clarified. For example, although some algorithms can
resolve a point object with super-resolution,[37,38] they would
not work when a complicated object is to be imaged or the im-
age is not a simple superposition of many component points.
For simplicity and generality, we take a binary transmission
object as an example. In Fig. 1, if the transmission area of the
object is S, the corresponding ghost image is given by

g(2)S (𝑟2) =

〈∫
S d2𝑟1I1

′ (𝑟1) I2
′(𝑟2)

〉
〈
∫

S d2𝑟1I1
′ (𝑟1)〉〈I2

′(𝑟2)〉
. (16)

It is well-known that for a uniform incoherent source, its av-
erage intensity I0 is uniform under the Fresnel approximation.
Thus, the intensity in both beams can be expressed as

〈I1〉= 〈I2〉=
∫

d2𝑟1I0
1

λ 2z2 . (17)

After filtering, the equation still holds, namely,〈
I′1
〉
=
〈
I′2
〉
= const. (18)

Hence, Eq. (16) becomes

g(2)S (𝑟2) =
1
S

∫
S

d2𝑟1g(2)12 (𝑟1,𝑟2). (19)

It is clear that the super-resolution image g(2)S (𝑟2) in FGI is
simply a linear superposition of point images g(2)12 (𝑟1,𝑟2). The
role that g(2)12 (𝑟1,𝑟2) plays here is somewhat like the point
spread function in classical imaging and traditional GI.[39,40]

This means that the resolution of an FGI system is completely
determined by g(2)12 (𝑟1,𝑟2), just as discussed above. Conse-
quently, FGI can surpass the diffraction limit set by the nu-
merical aperture of the imaging system and achieve a super-
resolution image of a target object if the FWHM of g(2)12 (𝑟1,𝑟2)

can become narrower than that of g(2)12 (𝑟1,𝑟2) of the original
thermal field.

4.2. Further explanation and discussion of super-
resolution

In fact, our strategy to achieve super-resolution is to min-
imize the broadening of the second-order correlation function
caused by the finite aperture of the light source compared with
a completely incoherent source. For a completely incoher-
ent source, µ should be similar in form to a δ function, and
g(2) = 1+ |µ|2 ∝ δ would be satisfied. However, since the
aperture of an actual imaging system can only be finite, µ does

not have the form of δ . For a light source with a diameter of
d, we have µ ∝

∣∣∣δ (r)⊗F
{

circ
(

r
d/2

)}∣∣∣, where⊗ represents
convolution, circ(∗) is the circle function and r is the distance
between two arbitrary points in the detection plane. The finite
aperture causes µ to lose its Dirac δ function form after con-
volution, and correspondingly it also broadens g(2), making it
even less like a δ function. However, the higher order terms of
µ show better resolution and less deviation from Dirac func-
tion.

The shape of µ(r) and the PDF of the light field together
determine the FWHM of g(2). The strategy, FGI, does not af-
fect the propagation of the light but detects the physical sig-
nals in a different way. More inherently, FGI changes the
joint PDF, finally transforming the relation between g(2) and
µ into different formulations. In general, more high-order
items of µ appear in g(2), which will improve the resolu-
tion. Explicitly, for example, Eq. (14) can be rewritten as
g(2) = 1+µ2 +µ4 + · · · . Here, the Gaussian moment theorem
is no longer satisfied. High order items of µ are mixed with the
same weight, thus super-resolution images can be achieved.
From the perspective of the speckles, filtering changes the
original Rayleigh speckle field to the non-Rayleigh, which
greatly changes the topological structure of speckles. This
may also inspire us to change the intensity correlation of an
optical field by a different method besides the intensity filter-
ing to improve the performance of GI systems, especially with
regard to the resolution and visibility.

5. Conclusion
In summary, we have provided a theoretical model based

on the concept of the joint PDF to explain why FGI can
achieve a super-resolution image with a higher visibility. Nu-
merical simulations of low-pass filtering as an example have
shown that the theoretical predictions are in good agreement
with the experimental results. It is interesting that at µ = 1
and as the low-pass threshold β2 decreases, the minimum val-
ues of g(2)12 remain stable but its maximum gradually decreases
from the theoretical value of 2 to about 1.8 and then suddenly
rises sharply to a value that is much larger than 2 when β2

approaches 0. This change not only contributes to the vis-
ibility improvement but also to the resolution enhancement,
especially for the sharp improvement to one pixel[24] when
β2 is small enough. According to our analysis, the relation-
ship between g(2)12 and µ changes under certain conditions (see
Eq. (14)) because of filtering, which is the basic reason for
the resolution and visibility improvement. Actually, inten-
sity filtering changes the probability density function, which
changes the correlation. Though not all types of methods
to change the probability can guarantee that the correlation
would become larger and narrower, our model suggests that
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we could design various optical fields with different probabili-
ties and customized intensity speckles which would be even
better for achieving super-resolution imaging. Although a
post-processing method is necessary in our current experimen-
tal setup, this is just due to the technical limitation to produce
a light field of such PDFs or to directly detect bucket signal
after filtered. In fact, it offers a potentially promising scheme
for applications in all fields of imaging by using customized
speckles, which could be generated, for example, by a spatial
light modulator.

Appendix A
In this appendix we will take the low-pass case as an ex-

ample to show how PDF and joint PDF in the filtered GI sys-
tems are deduced. Those for the high-pass and band-pass cases
will be straightforward. As we know, filtering is based on the
thermal field that its intensity meets a probability of a negative-
exponential intensity PDF shown in Eq. (2). Therefore, for the
low-pass filtering, the PDF is unchanged, i.e., pl(I′i ) = p(Ii)

when 0 < I′i = Ii < β2, while pl(I′i ) = 0 because of filtering
when I′i > β2. However, it should be noted that the probability
of this fraction will contribute to the probability pl(0), which
comes from the filtering. Considering the contribution of both
the filterings, i.e., p(Ii→ I′i = 0) and p(Ii = 0), the probability
after filtering in the neighborhood of I′i = 0 can be expressed
as

pl(0)dI′i = p(0)dI′i +
∫

∞

β2

p(Ii)dIi. (A1)

Mathematically, dI′i is an infinitesimal quantity, which leads
the PDF at I′i = 0 to be infinity. Thus, we can obtain the ex-
pression of PDF as

pl(0) = p(0)+δ (0)
∫

∞

β2

p(Ii)dIi. (A2)

After considering the cases of I′i = 0 (A2) and 0 < I′i < β2 to-
gether, the filtered PDF is expressed as

pl(I′i ) = p
(
I′i
)

rect
(

2I′i −β2

2β2

)
+δ

(
I′i
)∫ ∞

β2

dIi p(Ii), (A3)

where the rectangle function can be explicitly written as

rect(x) =


1, |x|< 1

2 ;
1
2 , |x|=

1
2 ;

0, otherwise.

(A4)

Following the similar process, the PDFs for the bandpass
and high-pass cases can be expressed as

pb
(
I′i
)
= p

(
I′i
)

rect
(

2I′i −β2−β1

2(β2−β1)

)
+ δ

(
I′i
)(∫ ∞

β2

dIi p(Ii)+
∫

β1

0
dIi p(Ii)

)
, (A5)

ph
(
I′i
)
= p

(
I′i
)

H
(
I′i −β1

)
+δ

(
I′i
)∫ β1

0
dIi p(Ii). (A6)

β2

β2
I1




























I
2

Original
Filtered

I II

IIIIV

Fig. A1. Scatter plot for the intensity distributions before (blue plus
signs) and after (red circles) filtering.

Similarly, the joint PDF can be deduced, though it is
slightly more complicated. To illustrate it more comprehen-
sibly, we draw a scatter plot shown in Fig. A1 according to the
Eq. (4), where the sparsity of 100 random points that are de-
noted by blue pluses represents the joint PDF p(I1, I2). It can
be seen that all the points of pluses are distributed in the first
quadrant and on the axes of coordinates because the intensi-
ties must be not negative. Then the filtered PDF pl(I′1, I

′
2) is

represented by the sparsity of red circles when β2 = 2.5. Oth-
erwise, µ = 0.3 and I1 = I2 = 1 have been set in the plot. It is
obvious that by the low-pass threshold of β2 we can divide the
first quadrant into four areas as follows:

I : I1 < β2, I2 > β2;
II : I1 > β2, I2 > β2;
III : I1 > β2, I2 < β2;
IV : 0 < I1 < β2, 0 < I2 < β2.

From Fig. A1, we can know that the blue pluses in area
IV are transformed into red circles after filtering while in I, II
and III, the pluses are removed and transferred onto the axes
of I1, I2 and origin of coordinates, respectively. Therefore, the
filtered joint probabilities can be expressed as



pl(I′1, I
′
2)dI′1 dI′2 = 0, (I′1, I

′
2) ∈ I–III,

pl(I′1, I
′
2)dI′1 dI′2 = p(I′1, I

′
2)dI′1 dI′2, (I′1, I

′
2) ∈ IV,

pl(0, I′2)dI′1 dI′2 = p(0, I′2)dI′1 dI′2 + dI′2
∫

∞

β2
dI′1 p(I′1, I

′
2), (I′1 = 0, I′2 6= 0) ,

pl(I′1,0)dI′1 dI′2 = p(I′1,0)dI′1 dI′2 + dI′1
∫

∞

β2
dI′2 p(I′1, I

′
2), (I′1 6= 0, I′2 = 0) ,

pl(0,0)dI′1 dI′2 = p(0,0)dI′1 dI′2 +
∫

∞

β2

∫
∞

β2
dI′1 dI′2 p(I′1, I′2), (I′1 = 0, I′2 = 0) .

(A7)
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and the corresponding joint PDFs can be written as

pl(I′1, I
′
2) = 0, (I′1, I

′
2) ∈ I–III,

pl(I′1, I
′
2) = p(I′1, I

′
2), (I′1, I′2) ∈ IV,

pl(0, I′2) = p(0, I′2)+δ (I′1)
∫

∞

β2
dI′1 p(I′1, I

′
2), (I′1 = 0, I′2 6= 0) ,

pl(I′1,0) = p(I′1,0)+δ (I′2)
∫

∞

β2
dI′2 p(I′1, I

′
2), (I′1 6= 0, I′2 = 0) ,

pl(0,0) = p(0,0)+δ (I′1)δ (I′2)
∫

∞

β2

∫
∞

β2
dI′1 dI′2 p(I′1, I

′
2), (I′1 = 0, I′2 = 0) .

(A8)

Finally, a more compact expression of the joint PDF for the low-pass case is given by

pl
(
I′1, I

′
2
)
= p

(
I′1, I

′
2
)

rect
(

2I′1−β2

2β2

)
rect

(
2I′2−β2

2β2

)
+δ

(
I′1
)∫ ∞

0
dI′1 p

(
I′1, I

′
2
)[

1− rect
(

2I′1−β2

2β2

)]
+δ

(
I′2
)∫ ∞

0
dI′2 p

(
I′1, I

′
2
)[

1− rect
(

2I′2−β2

2β2

)]
+δ

(
I′1
)

δ
(
I′1
)∫ ∞

0

∫
∞

0
dI′1 dI′2 p

(
I′1, I

′
2
)

×
[

1− rect
(

2I′1−β2

2β2

)][
1− rect

(
2I′2−β2

2β2

)]
. (A9)

The similar procedures can be taken for the bandpass and high-pass cases. The joint PDFs can be written as

pb
(
I′1, I

′
2
)
= p

(
I′1, I

′
2
)

rect
(

2I′1−β2−β1

2(β2−β1)

)
rect

(
2I′2−β2−β1

2(β2−β1)

)
+δ

(
I′1
)∫ ∞

0
dI′1 p

(
I′1, I

′
2
)[

1− rect
(

2I′1−β2−β1

2(β2−β1)

)]
+δ

(
I′2
)∫ ∞

0
dI′2 p

(
I′1, I

′
2
)[

1− rect
(

2I′2−β2−β1

2(β2−β1)

)]
+δ

(
I′1
)

δ
(
I′1
)∫ ∞

0

∫
∞

0
dI′1 dI′2 p

(
I′1, I

′
2
)

×
[

1− rect
(

2I′1−β2−β1

2(β2−β1)

)][
1− rect

(
2I′2−β2−β1

2(β2−β1)

)]
, (A10)

ph
(
I′1, I

′
2
)
= p

(
I′1, I

′
2
)

H
(
I′1−β1

)
H
(
I′2−β1

)
+δ

(
I′1
)∫ ∞

0
dI′1 p

(
I′1, I

′
2
)[

1−H
(
I′1−β1

)]
+δ

(
I′2
)∫ ∞

0
dI′2 p

(
I′1, I

′
2
)[

1−H
(
I′2−β1

)]
+δ

(
I′1
)

δ
(
I′1
)∫ ∞

0

∫
∞

0
dI′1 dI′2 p

(
I′1, I

′
2
)

×
[
1−H

(
I′1−β1

)][
1−H

(
I′2−β1

)]
. (A11)
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