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SU(1,1) interferometers play an important role in quantum metrology. Previous studies focus on various inputs and
detection strategies with symmetric gain. In this paper, we analyze a modified SU(1,1) interferometer using asymmetric
gain. Two vacuum states are used as the input and on–off detection is performed at the output. In a lossless scenario,
symmetric gain is the optimal selection and the corresponding phase sensitivity can achieve the Heisenberg limit as well as
the quantum Cramer–Rao bound. In addition, we analyze the phase sensitivity with symmetric gain in the lossy scenario.
The phase sensitivity is sensitive to internal losses but extremely robust against external losses. We address the optimal
asymmetric gain and the results suggest that this method can improve the tolerance to internal losses. Our work may
contribute to the practical development of quantum metrology.
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1. Introduction
In practical applications, the measurement of many phys-

ical quantities, such as temperature, concentration and mag-
netic field, can be transformed into phase estimation.[1–5] In
view of this, optical interferometers are an important tool to
realize precision measurements. A classical scheme deploys
a linear interferometer fed by a single-mode coherent state; in
turn, its phase sensitivity is bounded by the shot-noise limit
1/
√

N with N being the average photon number inside the in-
terferometer. By employing exotic input states, the phase sen-
sitivities of quantum schemes can break through the shot-noise
limit and even reach the Heisenberg limit 1/N. On the other
hand, nonlinear interferometers, also known as SU(1,1) inter-
ferometers, have also received a lot of attention. This kind of
interferometer, making use of two nonlinear elements in lieu
of two beam splitters in Mach–Zehnder interferometers, was
first proposed by Yurke et al.[6] and experimentally realized
by Jing et al.[7] Due to the squeezing and entanglement intro-
duced by nonlinear elements, SU(1,1) interferometers gener-
ally have advantages over linear interferometers in phase sen-
sitivity.

In recent years, many schemes based on SU(1,1) inter-
ferometers were proposed. With coherent states as inputs,
Plick et al. proved that the phase sensitivity of intensity detec-
tion can surpass the shot-noise limit in a lossless scenario.[8]

Related to this, Marino and Xin et al. studied the phase sensi-
tivities of intensity detection and parity detection in the pres-
ence of photon losses respectively.[9,10] With respect to co-
herent and squeezed vacuum states, Ou discussed the effects
of photon losses on the phase sensitivity of balanced homo-
dyne detection.[11] Further, Li et al. showed that the Heisen-
berg limit can be achieved by using balanced homodyne de-

tection and parity detection without photon losses.[12,13] The
schemes using other quantum states[14–17] and related experi-
mental demonstrations[18–21] have also been studied.

In addition, many studies are committed to the modified
SU(1,1) interferometers. Szigeti et al. showed a pumped-up
SU(1,1) interferometer assisted by the pump beam.[22] Ander-
son et al. proposed a truncated SU(1,1) interferometer, which
directly measure the state after the estimated phase with bal-
anced homodyne detection.[23,24] Subsequently, Gupta et al.
optimized this scheme and designed a tunable balanced homo-
dyne detection.[25] A degenerate SU(1,1) interferometer and
an SU(1,1) interferometer based on entanglement-assisted in-
puts have also been analyzed.[26,27] Kong et al. reported a hy-
brid SU(1,1) interferometer, in which a beam splitter replaces
the second nonlinear element[28] and recently we generalized
this configuration.[29,30] More recently, Du et al. designed
an SU(2)-in-SU(1,1) nested interferometer in experiment.[31]

These schemes can efficiently improve the phase sensitivity
or loss tolerance with respect to some specific inputs. The
sensitivity limit given by quantum Fisher information can be
also saturated. The detailed and comprehensive review can be
found in Ref. [32].

For practical purposes, many of the above schemes ana-
lyzed the phase sensitivity in the presence of photon losses.
However, almost no method is proposed to resist photon
losses. In this paper, we report a modified SU(1,1) interferom-
eter based on asymmetric gain. Two vacuum states are injected
into the interferometer and on–off detection is performed at the
output. The effects of internal and external losses on the phase
sensitivity are analyzed. The asymmetric gain can improve the
loss tolerance, which shows a feasible method to downplay the
effects of photon losses.
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2. Estimation scheme and optimal phase sensi-
tivity
In Fig. 1, we show the schematic of the modified SU(1,1)

interferometer using asymmetric gain. Two vacuum states are
used as the inputs and injected into the first optical parametric
amplifier (OPA). After the OPA1, the two-mode squeezed vac-
uum states are prepared and pass through the estimated phase
θ . Subsequently, the states are recombined by the OPA2. Fi-
nally, we perform on–off detection at the two output ports. In
our scheme, the phase and gain parameter of OPA1 (OPA2)
are 0 (π) and g1 (g2), respectively.

The transformation relationship of OPA to the mode op-
erators is given by

Ŝ†
OPAâŜOPA = âcoshg− b̂† e iϕ sinhg, (1)

Ŝ†
OPAb̂ŜOPA = b̂coshg− â† e iϕ sinhg, (2)

with g ∈ {g1,g2} and ϕ ∈ {0,π}. Further, the average photon
number inside the interferometer is found to be

N = ⟨0| ⟨0| Ŝ†
OPA1(â

†â+ b̂†b̂)ŜOPA1 |0⟩ |0⟩= 2sinh2 g1, (3)

irrespective of the gain parameter of OPA2. This is because
all devices after the estimated phase including OPA2 are con-
sidered as the detection. In addition, refer to Ref. [33], the
quantum Cramer–Rao bound for our scheme turns out to be

∆θQCRB =
1√

N (N +2)
, (4)

which is superior to the Heisenberg limit.

OPA1 OPA2 +

|0>B

|0>A

|0><

D1

D2

Pump
π

θ

Fig. 1. Schematic of estimation scheme based on a modified SU(1,1) inter-
ferometer. OPA, optical parametric amplifier; D, detector.

Here we calculate the phase sensitivity through the
method of symplectic geometry.[34] Since the inputs are Gaus-
sian states and all operations are Gaussian operations, we can
write them as symplectic matrices in the phase space. The in-
puts, two vacuum states, are zero-mean and, as a result, all
calculations can be completed by the covariance matrices.

For our scheme, the covariance matrix of the inputs is
found to be

Σin =

[
1 0
0 1

]
⊕
[

1 0
0 1

]
= I4, (5)

where I4 is the identity matrix.

The evolution matrix of the phase shift can be written as

ΛPS =


cosθ sinθ 0 0
−sinθ cosθ 0 0

0 0 1 0
0 0 0 1

 , (6)

and those of OPA1 and OPA2 are

ΛOPA1 =


coshg1 0 sinhg1 0

0 coshg1 0 −sinhg1
sinhg1 0 coshg1 0

0 −sinhg1 0 coshg1

 , (7)

ΛOPA2 =


coshg2 0 −sinhg2 0

0 coshg2 0 sinhg2
−sinhg2 0 coshg2 0

0 sinhg2 0 coshg2

 . (8)

Using Eqs. (5)–(8), one can obtain the covariance matrix
of the outputs through the following relationship:

Σout = ΛΣinΛ
T, (9)

where Λ = ΛOPA2ΛPSΛOPA1 is the whole evolution matrix.
On–off detection is a simple photon-number detection,

which records only zero-photon events. Accordingly, the ex-
pectation value of the detection operator equals the probability
of zero-photon events. This can be calculated as[35]

⟨Z⟩= 4√
det(Σout + I4)

=
4
z

(10)

with

z = 2+ cosh [2(g1 −g2)]+ cosh [2(g1 +g2)]

−2sinh(2g1)sinh(2g2)cosθ . (11)

In particular, the expectation value sits at 1 when the estimated
phase is 0. This is because, for θ = 0, the whole interferometer
is equivalent to identity operation and the outputs are always
two vacuum states.

Using operator property ⟨Z2⟩= ⟨Z⟩ and error propagation
formula, we get the phase sensitivity

∆θ =

√
⟨Z2⟩−⟨Z⟩2∣∣∣∣∂ ⟨Z⟩

∂θ

∣∣∣∣ =
z
√

z−4
4sinh(2g1)sinh(2g2)sinθ

. (12)

For a lossless scenario, we consider symmetric gain g1 =

g2 = g. Based on Taylor expansions of cosine and sine func-
tions approaching 0, cosθ ≃ 1−θ 2/2 and sinθ ≃ θ −θ 3/6,
we can obtain the optimal phase sensitivity

∆θmin ≃
[
4+ sinh2 (2g)θ 2

]
sinh(2g)θ

4sinh2 (2g)(θ −θ 3/6)

≃ 1
sinh(2g)

=
1√

N (N +2)
. (13)
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It can be found that the optimal phase sensitivity is equal
to the quantum Cramer–Rao bound. This result suggests that
symmetrical gain and on–off detection are the optimal detec-
tion strategy. For a small average photon number, the optimal
phase sensitivity is superior to the Heisenberg limit. With the
increase of the average photon number, the optimal phase sen-
sitivity approximately equals the Heisenberg limit.

3. Phase sensitivity in the presence of photon
losses
In a realistic scenario, photon losses are inevitable due to

the collision between photons and air molecules or optical ele-
ments. According to the theory of quantum open systems, for
the conservation of photon number, all the lost photons are as-
sumed to enter the surrounding environment. Physically, this
process can be modeled by placing two virtual beam splitters
in the interferometer. Mathematically, the photon losses can
be calculated through the use of Kraus operator. Upon leaving
a lossy channel, the covariance matrix Σ of a quantum state
becomes

Σ
′ = (1−L)Σ +LI, (14)

where L is the lossy rate and I is the identity matrix.
Because OPAs in the SU(1,1) interferometer are nonlin-

ear elements, the photon losses at different stages have differ-
ent effects on the phase sensitivity. In what follows, we ana-
lyze the effects of internal and external losses, respectively.

3.1. The effects of internal losses

Internal losses refer to the photons that lost inside the
SU(1,1) interferometer. Without loss of generality, we assume
that the losses occur before the estimated phase. At this time,
the covariance matrix of the outputs can be written as

Σ
′
out = ΛOPA2ΛPS

[
(1−L)ΛOPA1ΣinΛ

T
OPA1 +LI4

]
Λ

T
PSΛ

T
OPA2.

(15)

Further, the expectation value of detection operator is
given by

⟨Z⟩IL =
2
z1

(16)

with

z1 = −L− (1−L)2 −Lcosh(2g2)

−(1−L)
{
[L+ cosh(2g2)]cosh(2g1)

+sinh(2g1)sinh(2g2)cosθ
}
. (17)

Using error propagation formula, the phase sensitivity can
be obtained by

∆θIL =
|z1|
√

|z1|−2√
2(1−L)sinh(2g1)sinh(2g2)sinθ

. (18)

In this section, we also analyze the conventional SU(1,1)
interferometer with symmetric gain g1 = g2 = g. Based on
Eq. (18), the optimal phase sensitivity in the presence of inter-
nal losses can be calculated. For practical purposes, we con-
sider the maximally tolerable lossy rate defined as the lossy
rate for the optimal phase sensitivity degenerating to the shot-
noise limit. When the internal lossy rate of the system ex-
ceeds this threshold, the optimal phase sensitivity is inferior to
the shot-noise limit. In order to show the quantum advantage,
the lossy rate of the system needs to be controlled below this
threshold in the realistic detection.

Figure 2 shows the maximal tolerable lossy rate as a func-
tion of the gain parameter. It can be seen from the figure that
the maximally tolerable lossy rate decreases with the increase
of the gain parameter. That is, the low-photon scheme is more
robust than the high-photon scheme. This is because that, for
the same lossy rate, the entanglement between the two modes
in the high-photon scheme is destroyed more seriously. Inter-
estingly, the decrease in the maximally tolerable lossy rate is
approximately linear. Overall, the estimation scheme is sensi-
tive to internal losses. In the realistic detection, low lossy rate
should be guaranteed as far as possible.
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Fig. 2. Maximally tolerable lossy rate Lmax against gain parameter g in
the presence of internal losses.

3.2. The effects of external losses

External losses can be divided into preparation losses and
detection losses. For our scheme, the inputs are vacuum states
and, as a result, the preparation losses have no effect on the
phase sensitivity. In the following, we merely consider the de-
tection losses originating from imperfect detection efficiency.
In the presence of external losses, the covariance matrix of the
outputs can be written as

Σ
′′
out = (1−L)ΛOPA2ΛPSΛOPA1ΣinΛ

T
OPA1Λ

T
PSΛ

T
OPA2 +LI4. (19)

Further, the expectation value of the detection operator is
given by

⟨Z⟩EL =
2
z2

(20)
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with

z2 = 1+L2 +
(
1−L2)[cosh(2g1)cosh(2g2)

−sinh(2g1)sinh(2g2)cosθ
]
. (21)

Through the use of error propagation formula, the phase
sensitivity is found to be

∆θEL =
|z2|
√
|z2|−2√

2(1−L2)sinh(2g1)sinh(2g2)sinθ
. (22)

Now we turn our attention to the effects of external losses
on the optimal phase sensitivity. In Fig. 3, we give the depen-
dence of the maximally tolerable lossy rate on the gain param-
eter. The results suggest that our scheme is very robust against
external losses in that the loss tolerance can exceed 90%. In
addition, the loss tolerance increases with the increase of the
gain parameter. That is, the high-photon scheme is more ro-
bust than the low-photon scheme, which is contrary to the case
of internal losses.

1.0 1.5 2.0 2.5 3.0
0.88

0.90

0.92

0.94

0.96

0.98

1.00

L
m
a
x

g

Fig. 3. Maximally tolerable lossy rate Lmax against gain parameter g in
the presence of external losses.

In fact, this phenomenon is not difficult to understand.
Due to external losses, the component state |m,n⟩ in the out-
puts ∑cmn |m,n⟩ turns into |m′,n′⟩. As long as the sum of m′

and n′ is not equal to 0, the expectation value of detection oper-
ator will not be affected. With the increase of the average pho-
ton number, the probability of m′+ n′ = 0 decreases. There-
fore, the high-photon scheme has strong tolerance, which orig-
inates from the property of on–off detection. In addition, the
above results show different loss tolerance behaviors of inter-
nal losses and external losses. This is because the fact that
external losses are linear whereas internal losses are nonlinear
due to the amplification of OPA2.

4. Optimal asymmetric gain and enhancement
of loss tolerance
In the previous sections, we analyzed the phase sensitivity

of the conventional SU(1,1) interferometer without and with
photon losses. Here we discuss the phase sensitivity of the
modified SU(1,1) interferometer with asymmetric gain. In the

lossless scenario, the SU(1,1) interferometer using symmet-
ric gain has been proved to realize the quantum Cramer–Rao
bound. On the other hand, our scheme is of strong tolerance
with respect to external losses. Hence, we focus on the phase
sensitivity with asymmetric gain in the presence of internal
losses.

For given gain parameter g1 and lossy rate L, one can
determine the optimal gain parameter g2 by minimizing the
phase sensitivity. Figure 4 shows the optimal asymmetric gain
difference g2−g1 as a function of the gain parameter g1. Since
the tolerance of our scheme to internal losses is within 10%,
we analyze the lossy rate in the same range. The results indi-
cate that, for a small lossy rate, the optimal asymmetric gain
difference increases at first and then decreases with increasing
the gain parameter g1. When the lossy rate increases, the opti-
mal asymmetric gain difference decreases with the increase of
the gain parameter g1. In addition, for the gain parameter less
than 1.5, the optimal asymmetric gain differences with differ-
ent lossy rates are close. When the gain parameter is greater
than 2, there is a distinct contrast among the optimal asymmet-
ric gain differences with different lossy rates.
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Fig. 4. The optimal asymmetric gain differences g2 − g1 against the
gain parameter g1 with different lossy rates.

Here three points deserve mention. The first point is the
reason why asymmetric gain is superior to symmetric gain in a
lossy scenario. According to the theory of quantum parameter
estimation, at the optimal working point, the phase sensitiv-
ity can generally reach the quantum Cramer–Rao bound if the
operations before and after the estimated phase are reversed.
For a lossless scenario, OPA2 completely undoes the opera-
tion on the inputs imposed by OPA1. However, in a lossy
scenario, OPA2 no longer has such capability in the presence
of symmetric gain. To obtain improved phase sensitivity, one
can deploy asymmetric gain to restore the outputs to the in-
puts as much as possible. The second point is the reason why
g2 is greater than g1, as shown in Fig. 4. A quantitative cal-
culation is quite complicated and we show a qualitative analy-
sis from a physical perspective. Indeed, OPA1 is a two-mode
squeezer and the state inside the interferometer is a two-mode
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squeezed vacuum. Upon leaving a lossy channel, the resul-
tant state can be expressed as an infinite mixture of two-mode
squeezed Fock states |m,n⟩.[36] For a low lossy rate, it is feasi-
ble that the gain of the anti-squeezer, OPA2, is slightly greater
than that of the squeezer, OPA1. The action of OPA2 is divided
into two parts; one part is used to offset the squeezing effect of
OPA1 and the other part is used to partially convert the Fock
state to vacuum. The third point is the reason why there are
some jumping points in Fig. 4. As mentioned above, the re-
sultant state becomes a definite mixed state with an equivalent
mixed squeezing factor r < g1. For a given lossy rate, with the
increase of gain g1, the squeezing factor r is not a monotonic
function since it consists of infinite weights.[36] That is, there
is no simple positive correlation between g1 and r. Overall, the
optimal asymmetric gain is a trade-off between the degrees of
squeezing and mixing, resulting in some jumping points.

In order to quantify the enhanced tolerance arising from
asymmetric gain, we define the enhancement factor as follows:

𝒯 =
Ls

max

Lo
max

−1, (23)

where Ls
max and Lo

max are the maximally tolerable lossy rate
with symmetric gain and that with the optimal asymmetric
gain, respectively.
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Fig. 5. (a) The maximally tolerable lossy rates with the optimal asymmetric
gain (red squares) and symmetric gain (blue circles) against the gain param-
eter g1. (b) Enhancement factor 𝒯 against the gain parameter g1.

In Fig. 5, we show the maximally tolerable lossy rates
and enhancement factor against the gain parameter g1, respec-
tively. One can find that the maximally tolerable lossy rate
with the optimal asymmetric gain is superior to that with sym-
metric gain. The corresponding enhancement factor varies
roughly from 1% to 12% and decreases with the increase of
the gain parameter, as shown in Fig. 5(b). This result veri-
fies that asymmetric gain is a feasible method to resist photon
loss. Although this improvement is not remarkable, our results
provide an instructive idea for other estimation schemes using
SU(1,1) interferometers. In addition, it is not difficult to un-
derstand that the enhancement factor is small for a high gain.
After a lossy channel, there are infinitely incoherent two-mode
squeezed Fock states |m,n⟩.[36] Only when n = m is it possible
for OPA2 to convert the state to two vacuum states. For a high
gain, the probability of large values of n and m increases and

that of n = m decreases. At this point, the function of OPA2
becomes so weak that it can hardly provide the enhancement
of loss tolerance.

5. Conclusion
In summary, we proposed an estimation scheme using a

modified SU(1,1) interferometer. The inputs are two vacuum
states and on–off detection is implemented at the output. In a
lossless scenario, the optimal phase sensitivity with symmetric
gain can surpass the Heisenberg limit and reach the quantum
Cramer–Rao bound. For practical purposes, we analyzed the
effects of internal and external losses on the phase sensitiv-
ity. The results suggest that our scheme is sensitive to internal
losses but extremely robust against external losses. The use of
asymmetric gain generally improves the loss tolerance and the
physical interpretation is given. Our method provides a fea-
sible idea for resisting photon losses, which may take a step
towards practical quantum metrology.
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