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The use of flocculants to collect/extract microorganisms is of great practical significance for the development of
the application of microorganisms. In this paper, a high-dimensional nonlinear stochastic differential equation model is
constructed to describe the continuous culture of microorganisms with multiple nutrients and the flocculation process of
microorganisms. The study of the dynamics of this model can provide feasible control strategies for the collection/extraction
of microorganisms. The main theoretical results are sufficient conditions for the permanence and extinction of the stochastic
differential equation model, which are also extensions of some results in the existing literatures. In addition, through
numerical simulations, we vividly demonstrate the statistical characteristics of the stochastic differential equation model.
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1. Introduction

As one of the future directions of the development of
eco-friendly energy, it is extremely important to extract in-
dustrial products such as biodiesel from some important mi-
croorganisms. However, during the continuous culture of mi-
croorganisms, in order to obtain more biomass, the main prob-
lem to be solved include the selection of appropriate nutri-
ents. And, how to extract/collect microorganisms from the
culture medium is also one of the problems to be solved.
These are also important factors restricting the wide appli-
cation of microorganism products.I!! The use of flocculation
to extract/collect microorganisms is one of the main meth-
ods used at present. Though, the development of efficient,
eco-friendly and low-cost flocculants remains one of the main
research topics in the field of biotechnology.!>3! In addition,
in the process of continuous culture of microorganisms, var-
ious chemical regulators are disturbed by noise in regulating
the growth of microorganisms.!*! Therefore, how to realize
the continuous culture of microorganisms and efficient extrac-
tion/collection of microorganisms by flocculation method is an
important issue to be studied.

This paper attempts to make a preliminary study of this
issue by using the methods of stochastic differential equations
and gives some feasible control strategies. Recently, there are
some relevant studies on the use of mathematical models to de-
scribe the continuous culture of microorganisms and the floc-
culation process of microorganisms.>="1 Zhang et al.’! inves-
tigated a stochastic microorganism flocculation model and ob-
tained the existence of a stationary distribution when the noise
intensities are small. In Ref. [9], Guo et al. obtained complete
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conclusions on the permanence of a time-delayed microorgan-
ism flocculation model with general monotonic response func-
tions.

Permanence is an important and well-established con-
cept for population models, because the permanence of a
model guarantees that all interacting species in the model can
coexist.['% In the microorganism flocculation model, perma-
nence means that the microorganism populations will survive
permanently. There have been numerous results on the per-
manence of stochastic models, see, e.g., Refs. [11-21] and the
references therein. Typically, sufficient conditions for persis-
tence in the mean can be obtained by constructing suitable
auxiliary functions. However, a more meticulous theoreti-
cal analysis is needed for the stochastic permanence of high-
dimensional nonlinear stochastic differential equation models.

Here, we propose the following stochastic microorganism
flocculation model:

dCi(r) = [D(CY — Ci(1)) — gﬁ<c,»<r>>x<r>1dr
+0'iC,-(t)dBi(t)7 i=1,...,n,

dx(r) = irif,-(C,-(t))X(t) DX (1) ~mX(0P() | dr
i=1

+ 01X (1)dB,11(2),
dP(t) = [D(P° — P(t)) — moX (t)P(t)] dr
+Gn+2p(t)dBn+2([)a

where C;(t), X (¢) and P(¢) represent the concentrations of the
i-th nutrient, microorganisms and flocculants at time ¢, respec-
tively. C? and P° represent the input concentrations of the
i-th nutrient and flocculants, respectively. D > 0 is the dilu-
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tion rate. The nonlinear term %’l fi(Ci(2))X (¢) is the amount of
the i-th nutrient that is consumed by microorganisms per unit
time, where §; > O represents yield coefficient, i € {1,...,n}.
The term Y, rifi(Ci(¢))X(¢) is the amount of microorgan-
isms growth per unit of time. Throughout this paper, we make
the following assumptions on each nutrient uptake function:
fi : Ry — R, is monotone increasing and locally Lipschitz
with f;(0) = 0; there exists {; > 0, such that f;(C;) < §C;
for C; € [0,00), i € {1,...,n}. The term m;X (t)P(¢) is the
amount of microorganisms extracted by flocculants. The term
myX (¢)P(t) is the amount of flocculants for consumed. r;, m;
and my are all positive constants.

Let (2,F,{F:},~¢,P) be a complete probability space
with a filtration {.7-',7}90 satisfying the usual conditions.
Bi(1), ..., Byy2(t) are n;utually independent standard Brow-
nian motions defined on (Q,F,{F},~9,P). ©? denotes
o+ 2}, Let Z(r) =
be the solution of model (1)
Ga(0),X(0), P(0))T €

the intensity of white noise, i € {1,...,
(C1(t),...Calt), X (1), P(r))"
with the initial value Z(0) = (C;(0), ...
Rf‘jz, where

R"+2 X)) ER™2 x>0, i=1,...

{x=(x1,.. ,n+2}.

Define |Z(1)| = /C}(¢) + ..+ C2(t) + X2(1) + P2(1).

By using the standard method as that in Refs. [7,8,22,23],
it can be easily obtained that the well-posedness of model (1).
We summarise this as the following theorem.

Theorem 1 For any given initial value Z(0) € R there
is a unique solution Z(¢) of model (1) on ¢ > 0 and the solution
will remain in R with probability 1.

2. Stochastically ultimate boundedness

Definition 1!'21 The solution Z(¢) of model (1) is said
to be stochastically ultimately bounded, if for any € € (0, 1),
there is a positive constant H = H(€) such that for any ini-
tial value Z(0) € R":"2, the solution Z(t) of model (1) has the

property

limsupP{|Z(¢)| > H} < €.
f—yo0

Theorem 2 The solution Z(z) of model (1) is stochasti-
cally ultimately bounded.
Proof Define

+ Z 0:Ci(t) for t >0.

i=1

V(Z(t)) =X(1)+P(t)
Then, we have

dv(z(r)) = Lv(Z( dt+25c,, )dB;(r)

i=1
+ Gp 1 X (1) dBoy1 (1) + Gs2P(1)dBpia (1)

Y D&C)+DP°—DV (Z(t))| dt

i=1

+Z5G, ;

+Gn+2P( )dBia(1).

) + GnJrlx( )dBn+l (t)

By It&’s formula, we have

d[e”V(Z(1))]
= eP'DV(Z(1))dr + dV (Z(1))]

n n
< el (Z D5,'C? —|—DP0> dr+ e? Z 0;0;C;(t)dB;(t)
i=1 i=1

+ e 6,.1X(t)dByy1 (1) + e” 6,12 P(1)dB, 12 ().

Further, we have

eP'EV(Z(1)) <V(Z(0)) + (Zn: 5:¢? +P0>
i=1

which implies that
n
limsupEV (Z(1)) < Y §; c+ PO

[—eo i=1
Obviously, it follows from the above inequality that
Yr, 86C) 4+ PO
RPN
For any € > 0, let us define H(€) = 20 /¢. By Chebyshev’s
inequality,

=0.

lliris:PE[|Z( )< min{Jj, ..

E||Z(t
limsupP{|Z(¢)| > H(g)} < limsupM <E.
t—yoo e H(E)
Therefore, the solution Z(#) of model (1) is stochastically ulti-

mately bounded.

3. Stochastic permanence and extinction

Now, we give the definition of stochastic permanence
with respect to model (1).

Definition 2!''l Model (1) is said to be stochastically
permanent, if for any € € (0,1), there exist positive con-
stants H = H(g), a = a(€) such that for any initial value
Z(0) € R, the solution Z(t) of model (1) has the proper-
ties

liminfP{X () <H} > 1 —¢,
t—o0
liminfP{X(t) > a} > 1—¢.
[—ro0
Define the following equations:

{d@<f>=[D<C? —C(0))di+ GG (1) dBi(1), i=1,....n
dP(t)=[D(P° — P(t))]dt + 012 P(t) dByia (1)

For each i € {1,...,n}, let Ci(1) be the solution of the i-
th equation in Eq. (2) with any positive initial value C;(0).

'(2)

ﬁ(t) denotes the solution of the last equation in Eq. (2) with

any positive initial value P(0). Then, based on Lemma 4.1
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in Ref. [24], there exists a positive solution C;(¢) which is
globally attractive for the i-th equation. From Lemma 3.3 in
Ref. [25], we can easily obtain that C~’,(t) converges weakly
to a unique ergodic stationary distribution 7;(-) for each i €
{1,...,n}, P(t) converges weakly to a unique ergodic sta-
tionary distribution v(-) and [;°Pv(dP) = P°. By using a
thorough analytical method (see Ref. [16]), we obtain the
sharp condition which guarantees the stochastic permanence
of model (1).
Theorem 3 Suppose that

n oo 62
A= (Zr,-/o f,-(C;‘)m(dC;‘)fo”TH—m]PO >0
i=1

holds, then model (1) is stochastically permanent.
Proof By virtue of the ergodic property, we have

62

R R _p_ G _m 5 _
h%(;t/()ﬁ(q(s))ds D-= t/OP(s)ds>_7L.

Hence, there is a pair of positive constants y and T such that
for any continuous function y;(¢) satisfying

lyi(t) —C;(t)| < v, fort >T, i€ {l,...,n},
we have
. i 1 Gr%+l my ('~
11trgglf<i§i o /O fii(s)ds—p— 2L /0 P(s)ds
>0 a.s. 3)

It follows from Theorem 2 that, for any € € (0,1) and

each i € {1,...,n}, there exits a positive constant H(€) such
that
. €
htrgglf]P’{Ci(t) <H(e)}>1- 3
&€
imi < >1—=
htrgglfP{X(t) <H(e)}>1 >
€
imi < >1——.
llgng{P(t) <H(e)} >1 5 4)

Define

M ={weQ:C(t,0) <H(g),...,Cy(t,w) < H(e),
X(t,0) <H(e),P(t,m) <H(e)},
ME:={weQ :litrgglfIP’{Mf} >1—¢}.

According to Eq. (4), we have P{MZE} > 1 — €. Thus, for any
g € (0,1 — ¢g), there exits some 77 > T satisfying P(MF) >
1 —&—¢g fort > T. Thus, for any @ € ME, we have

0<Ci(t,w) <H(e), ..., 0<Cy(t,m) < H(g),
0<X(t,o)<H(e), 0<P(t,w)<H(e) Q)

fort > T.

In the following, we prove that, for any € € (0, 1), there
always exists a positive constant a(€) € (0,H(¢g)) satisfying

liminfP{X (1) > a(e)} > 1 - e.
—$o0

In order to obtain the result, we first prove the following claim.
Claim For any @ € ME, there is a positive constant
o (€) such that limsup,_,., X (#, @) > a; (€).
For any sufficiently small constant ¢¢; > 0, let us consider
the following equations:

dey (1) = [DCY = (D+ 5L oy ey (1)) de + o161 (1) dB (1),
: (6)
dey (1) = [DCY — (D+ 2 oy )y (1)] di + Gy (1) By ().

By Lemma 4.1 in Ref. [24], for the i-th equation in Eq. (6), it
has a unique positive solution ¢ (¢) which is globally attrac-
tive. Note that, let a; tend to zero, c(t) =2 C¥(t). Hence,
there exits a positive constant ¢ (€) < € A ¥ such that

it)>Ci(t)—ou(e)/2fort >0, ie{l,...,n}, as. (7)

If the claim would not hold, then there exist a solution
Z(@t) == (C(1),...,Ca(t),X(t),P(t))T of model (1) with pos-
itive initial value Z(0) > 0, a nonempty set M; € ME with
P(M,) > 0, and a constant T5 > T; such that X (1, 0) < o (€)
for all @ € M and ¢t > T5. Hence, it has
. né .

1

dCi (1) [D(C) - Ci (1)) — . ca(e)Ci(n)]dr

+61C(1)dB (1),

G

5 a (8)5n(t)]dt

dC,(t) =[D(CY — Cu(t)) —

~

+0,C,(t)dB, (1),

for all @ € M and ¢t > T>. Obviously,

dC (1) < [D(CY —Cy(1))]dt 4 6,Cy (1) dB (1),

dC, (1) < tD(cg —Cp(1))]dt + 6,C, (1) dB, ().

Then, by the stochastic comparison theorem, the global
attractivity of C;(r) and Eq. (7), there exists a positive con-
stant 73 > 75 satisfying

ICi() =G/ ()| < ou(g), i €{1,....,n}, ®)
for all @ € M and ¢t > T3. From model (1), for all ® € M;
and ¢ > T3, then we have
InX(z InX(T: | B ~
o XL Y @)
i=1

t t tJn

2
c ~
—D— "TH mlP(s)} ds

1 t
+- / Onr1dBys1(s).
tJn
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Therefore, combining Egs. (3) and (8) yields

. TR LEPN
> Y LS
llggf InX(r) > htrgglf(il . /0 fi(Ci(s

2
O, t .
D"Hml/p(s)ds> >0
2 t Jo

a.s. in M which contradicts to Theorem 2. Hence, the claim
is proved.

Next, we will show that there exists a constant a(g) €
(0, &t (€)] such that

11trggle(t, ) > a(e),

for any @ € MEZ. Assume, by contradiction, there exist
a sequence {Z;} C R™2, a nonempty set My C M¢ with
P(M3) > 0, and a positive constant 7y > T; such that

oy (€)
k+1

inf X(¢,Z
Jnf (t,Z) <

for all ® € Ma, where (Ci(t,Z), ... Co(t,Z), X(1,Z),
P(t,7;)) is a solution of model (1) with initial value Z.

According to the claim, there exist a nonempty set M3 C
M with P(M3) > 0, and positive constants T5, Tg (Tg > Ts >
T,) satisfying

o ()

X\(T57Zk)2al(£)a k+1

X(T6,Zk) <

for all @ € M3. Then, for ® € M3, there exist 1, € (T5,Tg)
satisfying X (7, Z) = o0 (€)/(k+1) and 7 € [T3, 1) satisfying
X(7,Z) = o (€). Moreover, when ¢ € (T, ),

o (e)/(k+1) < X(1,Z;) < oy (€). 9)
By Eq. (5), we have

dE[InX (1,Z;) ;)
dr

2

= (an rifi(Ci(1) =D~ % —m,ﬁ(r)) P(M3)
i=1

2
O,
_p_ ntl
( 2

Then, integrating the above inequality from 7 to 7,

v

—miH(&))P(Ms).

(D+ an;] +I’I’L]H(8)) (T —1)

> —InX (7, Z) +1nX(7,7) = In(k+1).

Obviously, we obtain that Ty — T — oo as k — oo.

By limy o0 1 [§ 0411dBy11(s) = 0 as. and Eq. (3), there
exist positive constants €|, ¢ and Ty such that for any 7 > 0 and
t—1 > Tp, we have

1 t
‘l/f On+1dB,11(s)

<& as., (10)

L'y Opi1 5
?/f (lzi’"ifi(yi(s)) —D— N —n’l1P(s)> ds
—€& >cgas. (1)

For any 7 € [1, 7] and @ € M3, it has

dCi(1,2¢) > [D(C) — Ci (1, %)) — gilal( )Ci(t,Zi)] dt
+061Ci(t,Z)dB (1),

dC,(t,24) > [D(C° — C(t,24)) — r’(’f" 01 (€)Co(1,Z4)] dt
+6,C,(1,Z;)dBy (1),

dCi(1,2) < [D(CY —C (t,Z))]dt + 61Cy (1, Z) dB (1),

dC,(t,7) < .[D(CS —Co(t,24))]dt + 0,Co (£, Z1) A By (1).

Similar to the argument in the proof of claim, we can show
that, there exists T, > Tp such that

ICi(t) —CH(1)| < au(e), i€ {1,...,n},

fort > TO' and w € M3. And, there exists some K > 0 such
that 7, > 27} + 7 for all k > K. Thus, for all ¢t € [T;j+ 7, 7] and
[ORS ./\/l3,

ICi(t) —Ci(1)| < au(e), ie{l,...,n}. (12)
Further, we have
—~ ~ Tk " ~
S (52) = mX(@+ e 20+ [ (L AGo)
Ty+t \ =

o? -
—D— "TH —mlP(s)) ds

7,
- ’/ On+1dBi1(s)]-
Tj+t
By Eq. (9), we have
o (€) al(e) / L
>
k1 = k1 P S ;r’f’

fo"—HfmlP >ds

J

Hence, according to Egs. (10) and (11), we have

o (€)
k+17

Tie
/T Op+1dBy11(s)

O+‘L’

o (€) > ocl(e)e
k+1 k+1

p{sTo} >

which is a contradiction. Thus, there exists a constant a(g) €
(0,1 (€)] such that liminf;_,.. X (¢, ®) > a(€) for any w €
ME. Finally, from the claim and Fatou’s Lemma, we can ob-

tain

liminfP{a(e) <X (1) < H(e)} > 1 —e.
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Remark 1 Theorem 3 shows that model (1) is stochas-
tically permanent only under the condition A > 0. From a bi-
ological point of view, the existence of the ergodic stationary
distribution of a stochastic model implies that the stochastic
model is persistent. We can similarly obtain sufficient con-
ditions for the existence of the ergodic stationary distribution
of model (1) by using a similar approach to that in Ref. [26].
However, for technical reasons in the proof process, obtaining
sufficient conditions for the existence of the ergodic stationary
distribution of model (1) requires extra constraints on the form
of each nutrient uptake function f;.

Theorem 4 If

~ n 0o 62
i = (zri / ﬁ(CZ‘)m(dCE‘)—D—”T“> <o,
i=1 70
R, the solution Z(t) of

for any given initial value Z(0) €
model (1) has the property

1 ~
limsup—InX () <A <Oa.s.
t—ro0 t

By a method similar to that used in Ref. [8], the extinction
of microorganisms of model (1) can be obtained, so the proof
of the above theorem is omitted here.

Define

_ Y r,~f,~(C?) N Y rifi(c?>

Dtmpo 0 D

Remark 2 If 6, =0, i € {l,...,n+2}, then A =
p r,-fi(C?) — D —mP° > 0 implies that Ry > 1 and the cor-
responding deterministic model is uniformly persistent. In
addition, A = Y7, rifi(C%) — D < 0 implies that Ry < 1 and
the boundary equilibrium of the corresponding deterministic
model is at least locally asymptotically stable. Hence, Theo-
rem 3 and Theorem 4 cover and improve the relevant results
in Refs. [6-8].

Example Consider the following stochastic differential
equation model with two nutrients and Monod-type functional

reactions:

aci(n) = [ p(ct - i) - %] &
+01Ci(1)dB (1),

dCy(r) = |D(CY ~ Co(1) — %] &
+62C2( )dB (1), &)

- rlCl() (t) _ —m

ax(r) = §<K+C()) P ‘XU)PU)] !
+03X (1)dBs (1),

dP(1) = [D(P* ~P(t)) ~maX (1)P(1)] dr
+04P(t)dBy(t).

We fix some of the parameters as follows:

D=1, V=5 =2, P=1, §=8=2,

Kl = 1.5, Kz =0.057 mp = 1, mp = 2.5.
Let

=25, =03, o,=0.1,
03 =0.2, o4=0.15.

6, = 0.05,

‘We can obtain

2 “ C* * 632 0
A=(Yr kG -(dCl-)—D—T—mlP

i=1 v0
~ 0.194 > 0.

It follows from Theorem 3 that the model (A) is stochastically
permanent. In Fig. 1, for any given initial value Z(0) € R*,
the sample paths fall above the blue line with 80% probability
and below the red line with 80% probability. In Fig. 2, for any

given initial value Z(0) € R*, the sample paths fall above the
dark blue line with 99% probability and below the dark red
line with 99% probability.

Soooocoo0o00
HNWROIO N 0O

0.16
0.14
0.12
g, 0.10
0.08
0.06
0.04
0.02

6 81012141618

Fig. 1. Feasible domain diagram of the sample paths for model (A),
where 61 =0.1, 6, =0.05, 63 = 0.2, 04 = 0.15. A = 0.194 > 0.

L4 0.9
1.2 0.8
1.0 0.7
S os 05
0.6 0.4
0.3
0-4 0.2
0.2 0.1
0.20.406081.01.21.4 6 8 10 12 14 16 18 0
(& X
Fig. 2. Feasible domain diagram of the sample paths for model (A),
where 61 =0.1, 0o =0.05, 63 = 0.2, 04 = 0.15. A = 0.194 > 0.
Next, let
rt 22, r2:0.6, o1 20.1, 0'220.05,
o3 =1.5, o4, =0.15.
We can obtain
- 2 e o7
= r'/ i _g(dc)—p—2 ) ~ —0.003 <0.
i:Zl “Jo Ki+CrTh ! 2

Thus, it follows from Theorem 4 that the microorganisms in
chemostat will decay exponentially to zero (see Fig. 3).
Now, let

rn=12, n=03 o=0,=04=0.1, 03=0.03.
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The calculation gives that A = —0.786 < 0 and A ~0.214 > 0,
therefore, the conditions of Theorems 3 and 4 are not satis-
fied. It is important to note that the existence of flocculants
may cause the backward bifurcation of the equilibrium in the
corresponding deterministic model.!>-%#! From a mathematical
and biological point of view, the backward bifurcation implies
that its corresponding deterministic model has complex and
rich dynamical behaviors, and whether microorganism popu-
lations will persist or tend to become extinct will depend on the
value of their initial conditions. For the stochastic model (A),
our theoretical results reveal that the evolutionary patterns of
persistence or extinction of microorganism populations do not
change under moderate noise excitations. However, numerical
simulations also reveal that a shift in the evolutionary patterns
can occur when the intensity of the noise excitation is varied,
which is very interesting.

7 2.5
6
sl y ' \ ! Q’? W U\AA 2.0 /tf"'J""‘/'}w)‘M“,'M»VM“*\{
4 (IFM"‘ MWN L5
Q| . ) — -Stochastic
3 — -Stochastic 1.0 —Deterministic
9 — Deterministic
0.5
1
0 0
0 10 20 30 40 50 0 10 20 30 40 50
t t
12 2.5
10 2.0 — -Stochastic
8 _ _Stochastic — Deterministic
e — Deterministic o 1.5
6 A ) H
1.0 '\\‘ .',\M)\.
1 T AT
2 L 0.5[‘
i
0
00 10 20 30 40 50 0 10 20 30 40 50
t t
Fig. 3. Time evolutions of Cj(t), C»(r), X(t), P(¢) of stochas-

tic model (A) and the solution curves of corresponding determi~nis—
tic model, where o1 = 0.1, 6, = 0.05, 03 = 1.5, 04, = 0.15. A =~
—0.003 < 0. The initial value is taken as (C;(0),C2(0),X(0),P(0)) =
(2.5,2,2.42,2).

InFig. 4, we fix D=1,C)=5,C9=2,P' =1, § =
=2 K =15 K,=005 m =1, m=25r =12,
rp = 0.3, O] = 0 =04 = 0.1 and 03 = 0.03. And, we fix
C>(0) = P(0) = 2. By numerical simulations, we can di-
vide (C1,X) space roughly into 3 regions. If the initial value
(€1(0),2,X(0),2) falls in region I, the abundance of microor-
ganism populations converges to a sustainable level, which
also means that microorganisms can be harvested sustainably.
If the initial value (C;(0),2,X(0),2) falls in critical region II,
the abundance of microorganism populations converges to a
sustainable level with a certain probability. However, If the
initial value (C;(0),2,X(0),2) falls in region III, microorgan-
ism populations will tend to become extinct, which also means
that sustainable harvesting of microorganisms will fail. For in-
stance, in Fig. 5, the initial value (2.5,2,2.42, 2) falls in critical

region II. We can see that for the corresponding deterministic
model, the trajectory starting from (2.5,2,2.42,2) converges
to the boundary equilibrium, but for the stochastic model, the
sample path starting from (2.5,2,2.42,2) converges to the pos-
itive equilibrium.

4.0
3.5
I
S 3.0Rmm——
11
2.5
2.0
2.0 2.5 3.0 3.5 4.0
Cy

Fig. 4. Different regions in (Cy,X) space, where 6; = 0, = 64 = 0.1,
03=0.03. A ~—0.786 <0and A ~0.214 > 0.
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Fig. 5. Time evolutions of C;(¢), C»(r), X(t), P(t) of stochastic
model (A) and the solution curves of the corresponding deterministic
model, where 6] = 0, = 04 = 0.1, 03 = 0.03. A~ —0.786 < 0 and
A ~0.214 > 0. The initial value is taken as (C; (0),C>(0),X(0),P(0)) =
(2.5,2,2.42,2).

Note that in Fig. 6, the initial value (4.4,0.5,4.1,6.5)
is not in regions I-III, we can still observe a similar phe-
nomenon, i.e, for the corresponding deterministic model the
sample path starting from (4.4,0.5,4.1,6.5) converges to the
boundary equilibrium, but for the stochastic model, the sam-
ple path starting from (4.4,0.5,4.1,6.5) converges to the pos-
itive equilibrium. From a biological point of view, stochastic
perturbations can lead to a shift in the population status, that
is, from the state of unsustainable harvest to the state of sus-
tainable harvest. The mechanism behind this phenomenon is
the emergence of noise-induced transitions in a strongly non-
linear model under noise excitation.[>’-331 Nonlinear models
with bifurcation can exhibit rich dynamic behaviors and there
are many technical difficulties in the theoretical analysis of the
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(28301 With the set of parame-

global dynamics of the models.
ters we have chosen, the backward bifurcation can occur in the
corresponding deterministic model. When there is noise exci-
tation, then the sample paths from the attractive basin of one
attractor of the deterministic model can oscillate and switch to
some regions of another attractor of the deterministic model.
The theoretical analysis of the mechanism of this switching

phenomenon is also one of the topics for our further research.
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Fig. 6. Time evolutions of Ci(r), C2(t), X(t), P(t) of stochastic
model (A) and the solution curves of the corresponding deterministic
r~nodel, where 01 = 0o =064 = 0.1, 03 = 0.03. A ~ —0.786 < 0 and
A ~0.214 > 0. The initial value is taken as (C; (0),C»(0),X(0),P(0)) =
(4.4,0.5,4.1,6.5).

4. Conclusion

In this paper, we have investigated a class of high-
dimensional stochastic microorganism flocculation model
with multiple substitutable nutrients and general functional re-
sponse functions. By intensively analyzing the asymptotic be-
havior of solutions of the stochastic model, we obtained suf-
ficient conditions for the stochastic permanence and extinc-
tion of the stochastic model. From a biological point of view,
the stochastic permanence of the stochastic model indicates
the sustainability of the collection of microorganisms. In ad-
dition, according to the numerical simulations, a shift in the
evolutionary patterns of persistence or extinction of microor-
ganism populations can occur when the intensity of the noise
excitation is varied. The mechanism behind this phenomenon

deserves our further consideration.
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