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Solving nonlinear partial differential equations have attracted intensive attention in the past few decades. In this pa-
per, the Darboux transformation method is used to derive several positon and hybrid solutions for the (2+1)-dimensional
complex modified Korteweg—de Vries equations. Based on the zero seed solution, the positon solution and the hybrid
solutions of positon and soliton are constructed. The composition of positons is studied, showing that multi-positons of
(2+1)-dimensional equations are decomposed into multi-solitons as well as the (1+1)-dimensions. Moreover, the interac-
tions between positon and soliton are analyzed. In addition, the hybrid solutions of b-positon and breather are obtained
using the plane wave seed solution, and their evolutions with time are discussed.
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1. Introduction

Nonlinear evolution equations (NLEEs) and their exact
solutions play a substantial role in describing many nonlin-
ear phenomena arising in physical applications.!'=>! The so-
called positon is a fundamental solution of NLEEs on zero
background, which was first proposed in the KdV equation. 6]
Further, it was extended to other equations such as the Sine—
Gordon equation,!”8! the modified KdV equation,®!0 the
NLS-MB equations. '] Positon can be viewed as a long-range
analog of multi-soliton and slowly decay,!'?! which are de-
rived from the multi-soliton by the limits A>;_; — A; and
X2j — Ay (4; is the eigenvalue of Lax pair).!!! If part of
Ayj—1 tents to A;, the hybrid solution of positon and soliton
can be obtained.!'3-131 Similarly, if make part of breathers de-
generate, the hybrid solutions of b-positon and breather on
the nonzero background can be obtained based on plane wave
seed solutions. These solutions have been studied extensively
in (1+1)-dimensions but rarely studied in (2+1)-dimensions.
In this paper, the positon solution, the hybrid solution of
positon and soliton, and the hybrid solution of b-positon and
breather for a (2+1)-dimensional NLEE are extracted with the
aid of the degenerate Darboux transformation (DT) method.
After applying the method, rational solutions, positon solu-
tions, b-positon solutions, and hybrid solutions of them are
determined.!!®-1%

Whenever there are dispersion and nonlinear terms in
NLEEs, the existence of multi-solutions of the interaction
form such as the interaction between solitons and breathers,
rogue waves and breathers, rogue waves and lumps will be

20-24

probable. ! | These interactions occur in some practical ap-
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plications such as phase transition, amplitude superposition,
elastic and inelastic collision, and change of propagation di-
rection. Therefore, the interaction analysis of multi-solutions
is of great significance to understand the properties of NLEEs.

Recently, a (2+1)-dimensional complex modified
Korteweg—de Vries (cmKdV) equation has been proposed
by Yesmakhanova,!>! which appears in the description of
some problems in applied magnetism and nanophysics. These

(2+1)-D cmKdV equations can be formulated as
qr + Gxxy + (qw)x + iC]V =0,

Ve +2i(qnq" —qqy,) =0, (1)
we —2(|g*)y = 0.

Also, their corresponding Lax pair is derived as

¥, =AY, ¥ =4A"%, +BY, )
where
A=AJ+Ay, B=AB;+By,
_ Wl(a’axvyat) _ -0
lI,_|:lll2(}1’axay7t) ’ J_ 0 1 ’
_[0g¢
Ao = | —r 0] ’
[ —=iv/2 —Gxy —Wgq
Bo = | ry+wriv/2 ’
| 2iry —iw

Here r = g*, A € C, A is the eigenvalue of Eq. (2), and
* denotes the complex conjugation operator. Equation (1)
can be modified to g; + quxy + 2x [(|g]?)ydx + 2¢(|g|*)y —
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2iq [(gxyq" — q4’,)dx = 0, so we confine our study in this ar-
ticle exclusively on g.

The (2+1)-D cmKdV equations have been studied in sev-
eral articles by the DT method. Starting with the zero seed,
the soliton and deform soliton solutions have been obtained
in Refs. [26,27]. On the other hand, the periodic solutions
are studied in Refs. [28,29] based on a plane wave seed. In
Ref. [30] Zhu studied the nonlocal reductions. In Ref. [29]
Yuan studied the degenerate breather solution by the first de-
generation (i.e., the limit Ay;_; — A;) and discussed the de-
generation progress in detail. The rational solutions of these
(2+1)-D cmKdV equations, including the rogue wave solu-
tions and the lump solutions, have been studied in Ref. [31].
In this paper, we aim to study the multi-positon solutions and
some hybrid solutions, and analyze their properties such as
composition, the influence of parameters, and dynamical prop-
erties through the degenerate DT transformation.

2. Composition of positon solutions

The order-n solution of Eq. (1) generated by Darboux
transformation from a seed solution q[o], w[o], MUSTS given as

follows: [27-29]
D
[ _ 0] ;20 3
q q 1Wzn’ 3)
where
Vit Y Ay Ay
Vo Y Ay Ay,
Wan = : : : : ’
Voul VYon2 Aty Ay
Vil v 11"_11//11 Al
Vo Y A7y My
D2n = : : : : ) (4)
Yon1 WYon2 Ay, A yaa

and [y;j1, yj]" is a set of eigenfunctions corresponding to
A=A
|

2 = 64B2((Ea+4Bi&1 +1)e 5 + (& —4Pi&1 +1)e*® —8BF(E7 — 64&71) +2)

(0]

Starting from the seed solution ¢ = 0, the eigenfunc-

tions associated with A; can be derived as the following form:
=iy xry (HAAE )+
Wy 1 = e M 1o 1 (y+4A5_ 1) C17
Vi = e*ilzzxfﬂzl(y+47ﬁgzﬂ)*§7

iy x—y (yHAAE ) —
Wy 1= e Upp—1 (y+4235_ 1) C[7

Vo = _eilzzx+uzt(y+41221f)+§/. 5)

Here Ay—1 = A}, -1 = 135, & (I=1,...,n) is real. Sub-
stituting Eq. (5) and q[O] = 0 into Eq. (3), the n-soliton so-
lution can be obtained. For (1+1)-dimensional NLEEs, the
n-positon solutions have been obtained through the limits
Aoi—1 — A1.3231 By the same method, the n-positon solutions
for the (2+1)-D cmKdV equations can be constructed.

Theorem 1 The n-positon solution for the (2+1)-D
cmKdV equations is

qgl] = _ZiATz’ (6)
where
An= (221 (Do (A
— . . e
1 (88"/‘ 8:0( 2) (A5 + ))2nxzn’
Ar= (22 W) ua
12 (88"1' £=0( Zn)]k( ]+ ))ZnXZn’
Mi1=M, I=1,....n,
j—1
nj= []2], j=1,...,2n.
Here [ ] means taking the integer part, Dy, and Wa, are given

in Eq. (4) and yj; are given in Eq. (5).

2.1. Composition of 2-positon solutions

Substituting n = 2, M =0 —‘rﬁli, =0y —ﬁli, H =
a1 +b1i, Uy = a; —byi into Eq. (6), the 2-positon solution can
be simplified to

2
@

where & = x — 8a;fit —8aubit, & = ajou — b1y, & =
BE: +a(y+d(0} + B2)) + 1. & = 4BR(ER +64E37). Tt
is easy to verify |q% (x,y,1)| = |¢® (—x, =y — (281 /a1), 1)l
so we just consider the evolution with ¢ > 0.

Figure 1 depicts the density figures of Eq. (7) with differ-
ent moments. On the moment ¢ = 0, the interaction of the two
units of the positon solution is most strongly (see Fig. 1(a)),
and the positon reaches the maximum amplitude 4f; at the

point (0, —2&;/a;) on (x,y)-plane. As ¢ increases, both two

(46 + e~48 1 4&, 4+ 2)2

; (N

units of the positon gradually separate and their interactions
weaken (see Figs. 1(b) and 1(c)). After that, the two units are
completely separated at t — oo and the positon is represented
as two identical bound solitons (see Fig. 1(d)). Further, {; does
not affect the velocity and shape of the positon, and it just af-
fects the location of the maximum amplitude (see Fig. 2).

As we know, for the (1+1)-dimensional NLLEs, the n-
positon solution can be viewed as the superposition of n-

solitons as |t| > 0. Next, we discuss the decomposition of
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the 2-positon Eq. (7) with {;
soliton solution of Eq. (1) can be expressed as

=0 in a similar way. The order-1

4B 2%

4] =
14 e4s”

qs

®)

The 2-positon Eq. (7) can be decomposed asymptotically as

2] |2

P~ g &+ e+l (G- bl —ee O

where c; is the “phase shift” which can be fixed later. Substi-
tuting ¢ = 0 into Eq. (9) and considering the approximation of
=0, we can find that
c| = —% ln(16a%y2 + 1). The precise approximate trajectories

this equation in the neighborhood of &3

are two curves defined by &; +¢; = 0, which are shown in
Fig. 3. For any given parameter and ¢, one can decompose it in

the same way. Figure 4 demonstrates the approximate trajec-

tories with different moments, and the phase shifts are given
as

(a) ¢1 =~ 41—‘1n (72y2 +5676y+ 230711
+6y\/144y2 22704y + 1356338) ,
(b) ¢ ~ %m <72y2 + 11352y + 460075
+12y4/36y2 + 11352y + 1354991> ,
(c) e1 ~ %m (72y2 +28380y + 2746223

+6yy/144y2 + 113520y + 33865346

]

(10)

10 15 20
T x

Fig. 1. The density figures of |¢2 | with a; = 1, by =2/3, 8 =0, a1 = 1, By = 1: () 1 =0, (b) 1 = 0.5, () t =1, (d) 1 = 5.
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Fig. 2. The density figures of \q[pz]\ witha; =1/2,b1=2/3, 00 =3, =1,1=0: (a) §;
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Fig. 3. The density figures of \q[p2]| witht =0: (@) a; =—1/2,b1=2/3, 00 =1,01=1,§=0,(b) a; =4/5, b1 = 1/5, a1 = 1/2,

B1 =4/5, {1 = 0. The blue curves are the trajectories &3 £c; = 0.

Fig. 4. The density figures of |¢? | with ay = 2/3,b; = 1/4, o
curves are the trajectories &3 4= ¢; = 0 with Eq. (10).
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2.2. Composition of 3-positon solutions

Substituting n =3, Ay = o + Bii, A = oy — By, Yy =
a; +b1i, W = a; — byi into Eq. (6), the 3-positon solution can
be obtained. The 3-positon can be decomposed asymptotically
as

a5 P~ 16 (& +e2) P+ g P+ g (& - )
[y] = oo, an

20

10

> 0
—10

—20

—-20 =10 O 10 20
T

—20 —-10

where c; is the “phase shift” which can be fixed later. Because
of the complexity of the formula and the huge amount of cal-
culation, only the decomposition of order-3 positon solutions
at¢ = 0 will be discussed here. Substituting = 0 into Eq. (11),
and considering the approximation of this equation in the
neighborhood of & = 0, it reads ¢y ~ —(1/4)In(64a}y* + 1).
The precise approximate trajectories are three curves defined
by &3 +¢, =0 and &; = 0, as shown in Fig. 5.

0 10 20 -10 -5 0 5 10
T T

Fig. 5. The density figures of |g5 | with 1 = 0: (@) aj =1, by =1, & =1, By =1, { =0, (b) ay = —2/3, by = 1/4, ay = 1, By = 5/6,
6=0,(c)a; =1/4,b;=1,04 =1, fi =2, § = 0. The blue curves are the approximate trajectories &3 +cp = 0 and the green curve is the

approximate trajectory &3 = 0.

Through the above analysis, we obtain that the n-positon
solution of the (2+1)-dimensional equations can also be de-
composed into n identical solitons which are parallel to each
other. Different from the (1+1)-dimension, the 2-dimensional
positon has the strongest interaction at t = 0, showing two
crossing solitons. As t — oo, the interaction disappears and
it behaves as n parallel solitons.

3. Hybrid solutions on zero background

In this section, two kinds of interaction are introduced:
the interaction between positon and soliton, and the interac-
tion between positons.

3.1. Interaction between positon and soliton solutions

The hybrid solution consisting of positon and soliton
will be derived through the limits A;;_1 — 41 = —oy + B
(j=1,....m,m<n—1)in Eq. (3), and the interaction be-

15

10
10 5
> > 0
-5
-5 —10
—10 15
—20 —10 0 10 —10

xT

15 \

tween positon and soliton will be obtained.
Theorem 2 The order-n hybrid solution consisting of m-
positon and /-soliton for the (2+1)-D cmKdV equations is

m 4.4
mP—lS__Zle’ (12)
with
A= (22| (Do) l2
_ — . . £
2 (88"-/ 6:0( ) k(A + ))2nx2n’
A= (2] (W)
- (e
2 (8£nj £=0( Zn)jk( ]+ ))2n><2n’
Ai—1=M (lgm), n=m-+I,
J— 1} .
—, < 2m,
0, j>2m,
where [ | means taking the integer part. Do, and W, are

given in Eq. (4), and y; are given in Eq. (5).

15
10
5
> 0
-5
—10
—15
0 10 0 10 20
T T

Fig. 6. The density figures of order-3 hybrid solution withr =0, ) =43 =2/5+1,As =1/34+3i/4, iy =3 =2/3+1i/4, us =1/2+1/2:

@&6=-26=50108=08=0,)=-284=-T

Choosing n =3, m = 2 in Eq. (12), the order-3 hybrid so-
lution consisting of 2-positon and 1-soliton is obtained. Fig-
ure 6 shows the density figures of order-3 hybrid solutions with

the same parameters except ;. Figure 7 shows the interaction

between positon and soliton at different times. On the mo-
ment ¢ = 0, the positon and soliton interact most strongly, and
the maximum amplitude 4f; 4+ 25 is reached in the central

region (see Fig. 7(a)). As time increases, the positon and soli-
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ton move at a different speed. The interaction between the two
units of the positon and the interaction between the positon
and the soliton gradually diminishes (see Figs. 7(b) and 7(c)).

A

30

20

10

> 0
—10
—20
—30

—-10 0 10

—10 0
T T

When 7 > 0, the interaction between positon and soliton is al-
most negligible, and the hybrid solution is represented by a
2-soliton and a 1-soliton (see Fig. 7(d)).

1

~10 0
o\
L \ —20
> >
—20
—4
~30 0
N o NN
~60
10 0 0 20 30 30 40 50
xr X

Fig. 7. The density figures of order-3 hybrid solution with §; =0, &, =0, 41 = A3 =4/5+1,As = 1/245i/3, iy =3 =1/2+1/10, us =5/6+1/5:

(@t=0,0)t=1(c)t=3,d)t=6.

3.2. Interaction between positon solutions

A hybrid positon solution will be provided by the follow-
ing theorem to discuss the interaction between positons asso-
ciated with different eigenvalues.

Theorem 3 The order-n hybrid solution for the (2+1)-D
cmKdV equations consisting of m-positon and /-politon is

W piAs
Gp-ip =215 (13)
with
A= (221 (Do) iR
3= (88"/‘ s:O( ) ’+£))2nx2n’
A= (221 (Wan) (A
= (= w(Aj+e€
32 (&s”i 8=0( Zn)]k( ]+ ))2n><2n’
)“17 l < m,
n=m+l, Ay 1=
)L'Zm+17 [ > m,
j— 1
PR
I’lj = .
[Q] —m, j>2m
2 b ] b)
where [ ] means taking the integer part and A # Az+1. D2y

and Wy, are given in Eq. (4), and yj; are given in Eq. (5).

20 20 pu
10 10
> 0 > 0
—10 —10
—20 ‘ —20
—10 0 10 20 —10 0 10 20
xT T

[4]

Fig. 8. The density figures of g;, ;.

Choosingn =4, m =2, A; # Aam+1 in Eq. (13), the order-
4 hybrid positon solution consisting of two 2-positons can be
obtained, as shown in Fig. 8.

O When §; = §, =0 and B /a; = B3/as, the result de-
scribed in Fig. 8(a) can be generated. This kind of hybrid posi-
ton has the strongest interaction at = 0 in the whole (x,y)-
plane and the centers of the two positons coincide with each
other, which are circled in black in Fig. 8(a).

O When &) # & and By /a; = B3/as, the result described
in Fig. 8(b) can be generated. This kind of hybrid positon
looks like two separate positon at r = 0, and the interaction is
weak in the whole (x,y)-plane. The centers of the two positons
have no superposition, which are circled in black in Fig. 8(b).

O When §; = § =0 and Bi/a; # B3/as, the result de-
scribed in Fig. 8(c) can be generated. This kind of hybrid posi-
ton looks like two intersecting positon at t = 0, and the centers
of the two positons are overlapped, which are circled in black
in Fig. 8(c).

O When &) # & and By /a; # B3/ a3, the result described
in Fig. 8(d) can be generated. This kind of hybrid positon
looks like two intersecting positon at ¢ = 0, and the centers of
the two positons do not overlap, which are circled in black in
Fig. 8(d).

—10 O
T T

10 20

and the centers of positons marked with black circles, for parametersr =0, A} = 1/5+1, A5 =2/3+2i/3,

Mi=w=1/2+i/5 @8 =0,6=0,us=p7=1/34+i/4b0) {1 =-2, =2, us=u;=1/3+i/4,() {1 =0, =0, us =y =

—1/3+i/4 D6 =2.0=8us=u=—-1/3+i/4
4. Hybrid solutions on nonzero background

Starting with the plane wave seed solution ¢l¥) = ce'?,
wlol = 0, Vol =0 p = ax~|—by+a2bt, a, b, ¢ are real con-

stants), n sets of eigenfunctions for Eq. (2) corresponding with

eigenvalues Ayj_1 = —a/2+ B;i=43; (B; €R, j=1,...,n)

have been given in Refs. [28,29] as follows:

040201-5



Chin. Phys. B 32, 040201 (2023)

V2j-11= et (Ceiezf“ —i—i(g +A2j-1 +s2j—1) Ci92j—1)’
Voiz=e (ce‘“’zfl +i <g +22j-1 +s2j—1> e192j1>’
o ip i6y; [ a —igy;
Vaji=—e>|ce™ —1 E"’AQ]""SZ]‘ e 1% ),
Yojo = e_Tlp (CeiOZj _j <% _‘_12]. +st> ei621'>,
where 6; = s;(x + dA;(y + 4A71) + bla — 24))t), s5; =

¢+ (a/2+ A;)?. To ensure that s; is real, we set ¢ > 8; >0

in this section. The breather solution and b-positon solution

(14)

have been studied in Ref. [29]. In this section, two kinds of in-
teraction are introduced, including the interaction between b-
positon and breather, and the interaction between b-positons.

4.1. Interaction between b-positon and breather solutions

The hybrid solution of b-positon and breather can be
derived through the limits Ay, — Ay = —a/2+ Bii(j =
1,...,m, m < n—1) based on the n-breather solution which
has been given in Ref. [29]. Now, let us have the following
theorem.

—30

-5 0 10 ~10

0 5 10 0

Theorem 4 The order-n hybrid solution for the (2+1)-
D cmKdV equations consisting of m-b-positon and /-breather
can be written as

Ay

qgg)p—lb =ce'” _ZiZ’ (15)
with
A= (2] (Do) ala
4 (88”1’ s:o( ) (A + ))2nx2n’
A= (221 W) a(h
= w(Ai+e€
42 (8€"j 8:0( 2ﬂ)jk( ]+ >)2n><2n7
M1 =M (I <m), n=m+lI,
Jj—1 .
- A | < 2 )
I B b A
0, J>2m,
where | | means taking the integer part. D, and W, are

given in Eq. (4), and v are given in Eq. (14).

Substitutingn=3,m=2, A4 = —a/2+pi, \s =—a/2+
B2i(B; € R) into Eq. (15), the order-3 hybrid solution consist-
ing of positon and breather can be obtained. Figure 9 shows
the evolution of |q[232p_1 »| With time.

100
90
80

8 70
60
50 e
40 S

10 20 30
Y Yy

Fig. 9. The density figures of |g5,, | witha=b=c=d=1,B; =1/2, B, =9/10: @)1 =0, (b) 1 =2, (¢) 1 = 12.
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Y

Fig. 10. The density figures of |q[2‘;]p72bp| witha=b=c=d=1,0,=1/2,,=9/10: (@)t =0, (b)t =2, (c)t = 12.

4.2. Interaction between b-positon solutions

The hybrid b-positon solution are derived through the
limits },21;1 — M (j < m), 121;1 — Aom+1(j > m) using the
order-n breather solution.

Theorem 5 The order-n hybrid b-positon solution for the
(2+1)-D cmKdV equations consisting of m-b-positon and /-b-
politon is obtained as

b el 2i %L

qmbp—lbp 2 (16)

with
A= (22 (Do) ala
3= (88"1' e:O( ) ik ( j+8))2nx2n’
A= (221 (W) a(h
2= (88”1’ s:o( ) j+8))znx2n’
2'17 / < m,
A1 =
12m+1) 1> m,
n=m++I,
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=l j<om,

2

5] -m

nj=
Jj>2m,
where [ ] means taking the integer part and A # Azp11. D2y
and Wy, are given in Eq. (4), and yj; are given in Eq. (14).

Substitutingn=4,m=2, Ay = —a/2+ Pi, 3= —a/2+
Boi (B; € R) into Eq. (16), the order-4 hybrid b-positon solu-
tion containing two 2-b-positons can be obtained. Figure 10
shows the evolution of |q[;g »—2pp| With time.

5. Conclusions

Taking the degenerate DT method into account, we have
derived the positon solutions, hybrid solutions of positon and
soliton, hybrid positon solutions, hybrid solutions of b-positon
and breather, and hybrid b-positon solutions to the (2+1)-D
cmKdV equation. The explicit form of n-positon solution is
also given by Theorem 1. Then, the influences of different
parameters are shown in Figs. 1 and 2. The composition of 2-
positon and 3-positon solutions have been derived in Eqs. (9)
and (11). Moreover, their numerical simulations are shown
in Figs. 3-5. It is apparent that positon of (2+1)-dimensional
NLLESs can be decomposed into multi-solitons just like (1+1)-
dimensions. Further, the hybrid solution of positon and soliton
is constructed in Theorem 2. The density figures of order-3
hybrid positon and soliton solutions with the same parameters
except &; are shown in Fig. 6. Also, the interaction between
2-positon and 1-soliton is discussed graphically in Fig. 7. Af-
ter that, the order-n hybrid solution of m-positon and /-positon
corresponding to different eigenvalues is constructed in Theo-
rem 3. Several types of order-4 hybrid positon solutions with
different parameters are proposed in Fig. 8. Lastly, the hybrid
solutions on nonzero background, namely, the hybrid solution
of b-positon, breather, and the hybrid b-positon solution are
characterized by Theorems 4 and 5, respectively. The interac-
tion between 2-b-positon and 1-breather is discussed graphi-
cally in Fig. 9. Moreover, the involution of order-4 hybrid b-
positon solution with time is discussed graphically in Fig. 10.
Bearing in mind the wide application of NLEEs, we hope the
new results in this paper may provide a better understanding
of physical applications associated with the (2+1)-D cmKdV
equations.
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