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The infinite time-evolving block decimation algorithm (iTEBD) provides an efficient way to determine the ground
state and dynamics of the quantum lattice systems in the thermodynamic limit. In this paper we suggest an optimized way
to take the iTEBD calculation, which takes advantage of additional reduced decompositions to speed up the calculation.
The numerical calculations show that for a comparable computation time our method provides more accurate results than
the traditional iTEBD, especially for lattice systems with large on-site degrees of freedom.
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1. Introduction

The success of density matrix renormalization group
(DMRG) method has enormously enriched our understand-
ing of fundamental properties of quantum matter in the last
decades.[!"?! Tt was not until recently that the underlying rea-
son behind its success was fully understood. Basically, it is
due to the limited entanglement the system can reach.®! In
this case, the DMRG can be better understood as a variational
matrix product state (MPS) ansatz.!*l Based on the MPS for-
mula, various numerical methods are proposed, for example,
the time-evolving block decimation (TEBD),>-! the projected
entangled-pair states (PEPS),!”! and the time evolution with
MPS (tMPS) algorithms.®° These methods show clearer in-
sights into the quantum states and more efficiency in the cal-
culations.

Even though the above numerical algorithms have largely
reduced the Hilbert space by choosing suitable basis and trun-
cated bond dimensions, we can only deal with finite system
Typi-
cally, we have to interpolate the results to infinite size. More

size and are still far from the thermodynamic limit.

recently, Vidal proposed an MPS algorithm for infinite one-
dimensional chain, the infinite time-evolving block decimation
algorithm iTEBD).[!1%!1] The ideal is to take into account the
translational invariance of the MPS formula, and the update
of the whole MPS is replaced by the iteration of only several
sites. This leads to a dramatic speedup of the calculation time,
which is independent of system size.

The above MPS formulas provide ideal tools for the
study of non-trivial systems with limited entanglement, espe-
cially for symmetry-protected topological (SPT) states. Re-
cent researches on SPT states show interest in systems in-
volving more on-site degrees of freedom, for example, the
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SU(N) valence bond states with different high-dimensional

[12-18] 1n this case, even the iTEBD calcula-

representations.
tion becomes very heavy. In this paper, we propose an opti-
mized algorithm based on the iTEBD, by carrying out reduced
decompositions in the system and including as much informa-
tion as possible to achieve a more efficient algorithm.

This paper is organized as follows. First, we give an in-
troduction of the original iTEBD and show the procedure for
each step. Next, we introduce our optimized method and ex-
plain why this should be valid. Then we carry out actual cal-
culations and compare with the traditional iTEBD. Lastly, we
give our summaries and mention possible following directions.

2. The basics of iTEBD and our optimized algo-
rithm

It has been shown that the ground state of a correlated
system can be written as an MPS form, given that the entan-
glement of the system is limited. If the ground state has trans-
lational invariance, this MPS can be written as

ly) = Z...AFSFIAFSIAFSHIA...|...Si715i5i+1...>,
{si}
where A is an m x m diagonal matrix with entries of the
Schmidt eigenvalues. Thus, we have Tr[A%] = 1. The bond
dimension m characterizes the degree of freedom in the virtual
index, and indicates how many states are entangled for two
sub-systems. The physical index s; at site i is connected to the
m x m matrix I'%, and has dimension d. The normalization of
the MPS gives the canonical condition
Y (r)TA’ TS =Y. IA* ()T = 1. (1)
N N
For systems with only nearest neighbor interaction in
iTEBD, one first writes the Hamiltonian as H = h, + h., where
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ho (he) includes only the odd (even) bonds, and the evolution
operator for each time step At can then be written using Trotter
decomposition as

U(At) ~ efihoAtefiheAl. (2)

Figure 1 illustrates the typical procedure for a single time
step acting on the even bond in iTEBD. Translational invari-
ance ensures that the MPS has the “I"'—A” structure, and is
described only by two sets of values “I:—A.” and “I3—Ag” as
shown in Fig. 1.['% After the gate U, = exp(—iheAt) is acting
on the MPS, a singular value decomposition (SVD) is carried
out, resulting in the updated Schmidt eigenvalues A., i.e.,

Myijp = Zl Uaiy (Ae) ., (V') 15 - 3)
Y=

To keep the basis orthonormal with nearby sites, the diagonal
matrix A, is inserted into the left and right sides of the above

matrix, as shown in Fig. 1, and the two I matrices are updated
as

—~
ok
~

aiy = (Ao ') o Uair: )
=Yyt (A
(Fo) 8 = Vyjp (Ao ) g ®)

This finishes the evolution on the even bond, which results in
the updated A, I3, and I. A similar update on the odd bond
is then followed, according to the Trotter decomposition in
Eq. (2), which leads to updated Ao, I3, and IZ. Iteratively up-
dating the MPS will give the ground-state (for imaginary time)
or dynamical properties of the system. Here we can find that
in iTEBD the calculations are independent of the number of
lattice sites. This is due to the translational invariance of the
system, and in fact we are updating different sites in parallel.
This makes the iTEBD more efficient to reach the thermody-
namic limit.

D

Fig. 1. A typical evolution of the MPS on the even bond in iTEBD. After the gate U is applied on the MPS, a singular value decomposition is
carried out to get updated Ae. A matrix inversion is then followed to get the updated I = Ay U and Iy = ViA;!. The matrix M is defined as
the orange shaded region on the left and is decomposed according to Eq. (3), with &, 3, y the virtual indices, and i, j the physical indices.
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Fig. 2. An optimized decomposition scheme for the procedure circled in
red in Fig. 1. We propose to speed up the final decomposition by adding
two more singular value decompositions with reduced bond dimensions
(dashed lines). The matrix M is decomposed according to Eq. (6), with
a, o', B, B, y the virtual indices, and i, j the physical indices.

The most time-consuming part of the above algorithm
comes from the SVD process as circled by the red dashed line
in Fig. 1, and the time complexity is about O(d*m?). Thus,

this algorithm will become very heavy for systems with a suf-

ficiently large physical dimension d. One way to optimize this
is to implement a reduced decomposition procedure, while try-
ing to still keep sufficient accuracy. We summarize our pro-
posal in Fig. 2.

Instead of the red circled procedure in Fig. 1, we add two
additional reduced SVDs with bond dimension m’ < m, as il-
lustrated by the dashed line in Fig. 2. To fulfill this we first
carry out a reduced SVD on the left virtual index as

ml

Maijp = Y. (U0 aqr (S)wrer (V/)

L)
a/:1 a/l]ﬁ

Q)

followed by a second SVD on the right virtual index as

(Vg)a,im = §1 (UR) aijpr (SR) 1 (Vg)ﬁ,ﬁ : (M

ﬁ/

The time complexity of the above two decompositions are
O(d*>m?) and O(min(d*m'm?,d*m"m)).
duced the original matrix dimension from dm x dm to dm’ x

Now we have re-

dm’ and a final SVD is carried out as

m

— A T
(UR)(X’ijﬁ’ - ygl (UO)(X’i}’ (Ae)}’}’ (VO )yjﬁ’ (8)
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with time complexity O(d>m'3). Finally, we arrive at the up-
dated Schmidt eigenvalues A, with

!

Dty =Y, EL) ger Uo) gy )
o'=1
_ d +

(V) = 5; (Vo)yjﬁ, (ZR)pg - (10)

where (ZL)OCOC/ = r(;l/zl (UL)OCOC,(SL)O!'O!’ and (ZR)ﬁ/ﬁ =

2%11/:1 (SR)ﬁ/ﬁ/ (V}I)ﬁ’ﬁ .

The last decomposition provides a lower bound for m’ >
m/d, which leads to the total time complexity O(d*m> +
d2m/m2 + d3m’3).

physical dimension d the lowest allowed value m' = m/d

If we consider a system with a large

approaches zero and the total time complexity goes to
O(d*m3(1+1/d +1/d?)) ~ O(d’m?). In this case, our al-
gorithm can be of orders of magnitude faster than the original
iTEBD with the time complexity O(d>m?). For systems with
a small physical dimension, e.g., for d =2 and m’ = m/2, we
have time complexity O(7m>) which is still slightly smaller
than the original algorithm with time complexity O(8m?).
However, we have sacrificed accuracy for efficiency, as reduc-
ing the bond dimension increases the truncation error. In the
following, we will check specific systems to confirm that our
algorithm can lead to significant speedup with controllable ac-
curacy, especially for a system with large physical dimensions.

3. Applications to SU(n) Heisenberg models

To check to what extent the above algorithm is optimized
compared with the original one, we need to resort to actual
calculations. In the following, we calculate the ground state
energy of two SPT phases in SU(2) and SU(4) antiferromag-
netic Heisenberg models (AFHM), respectively.

We first consider the Haldane phase in spin-1 AFHM,

Hy=JY Si-Sit1 (11)
:

with J > 0, and §; = (Sf .87 ,Sf-) is the spin-1 operator at site
i. It is the first example of SPT phases, with an excitation gap
and degenerate entanglement spectrum protected by time re-
versal, inversion, or Dy symmetries.m‘zz] This state is found
to adiabatically connect to the Affleck—Kennedy—Lieb—Tasaki
(AKLT) state.l?>>*1 We show a cartoon in Fig. 3 as the struc-
ture of the AKLT state, where each spin-1 site (labeled by the
dashed circle) is decomposed into two spin-1/2 particles. Two
spin-1/2 particles from nearest neighboring sites form a spin-
singlet state as indicated by the solid line.

Figure 3 shows the ground state energy of H; as a func-
tion of iterations n for two different step sizes AT = 0.1 and
0.01. For At = 0.1 our algorithm with bond dimension m = 32

and reduced one m’ = 16 (orange solid line) shows better re-
sults than the original iTEBD with m = 16 (green dashed line)
while with comparable time cost. However, this improvement
becomes weaker when the step size is decreased to AT = 0.01,
as shown in the inset of Fig. 3. This indicates that the trunca-
tion error of our algorithm changes with the step size and even-
tually reduces the iTEBD with bond dimension m = m’. Nev-
ertheless, our algorithm provides better results with compara-
ble time cost at the beginning of a typical ground-state search
with a relatively large step size. To check whether our algo-
rithm works in a gapless system, we consider Eq. (11) with
a further exchange term and goes to a gapless XY phase with
H)=JY,; (S'Sy, +57SY, ;). We find the results similar to the
gapped SPT phase in Fig. 3 as shown in Fig. 4. Thus we expect
that our algorithm should still work for gapless systems.
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Fig. 3. The ground state energy of the spin-1 antiferromagnetic Heisen-
berg model H, as a function of iterations n for step size AT = 0.1. Our
algorithm (orange solid line) shows a better result compared with the
original iTEBD (green dashed line), while costs comparable time. The
inset shows the ground state energy for AT = 0.01, where the accuracy
of our algorithm is decreased.
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Fig. 4. The ground state energy for a spin-1 gapless XY phase with
Hy =JY,; (S}S%,, +S]S!,,) as a function of iterations n for step size
At = 0.1. Our algorithm (orange solid line) still shows a better result
compared with the original iTEBD (green dashed line), and costs com-
parable time. The inset shows the ground state energy for AT = 0.01,

where the accuracy of our algorithm is decreased.

We further carry out the above calculations to a system
with a larger on-site physical dimension, the 20-dimensional
self-conjugate representation of the SU(4) AFHM described
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by

Hy=JY T; T (12)
i

Here, similar to the spin model (11), the “spin” operator T; =
(', T2,77,...,T;"%) is connected to the generators of SU (4)
with representation [20] = (0,2,0).123-26] Recent studies have

(271 The ground state

shown that this system has a Haldane gap.
of this system falls into the class-2 topological phases, >8] and
is connected to the cartoon illustrated in Fig. 5. The dashed
circle labels each site with the 20-dimensional representation
of SU(4), and the solid line connecting nearest neighbor sites

indicates an SU (4) singlet state.
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Fig. 5. The ground state energy of the SU (4) antiferromagnetic Heisen-
berg model Hy with self-conjugate representation [20] = (0,2,0) as a
function of iterations n for step size AT = 0.1. Our algorithm (orange
solid line) shows the results very close to the original iTEBD (blue solid
line), while costs time approximately an order of magnitude smaller and
comparable to the reduced iTEBD (green dashed line). The inset shows
the ground state energy for AT = 0.01.
Similarly to Fig. 3, we present the ground state energy as
a function of iterations n for two step sizes AT = 0.1 and 0.01
in Fig. 5. For bond dimension m = 256, the results show that
our algorithm with reduced bond dimension m’ = 128 (orange
solid line) has the accuracy very close to the original iTEBD
with bond dimension m = 256 (blue solid line), yet costs time
approximately an order of magnitude smaller and close to the
iTEBD with m = 128 (green dashed line). This confirms that
our algorithm becomes more powerful for systems with large

single-site Hilbert space.

4. Conclusions

In summary, we have considered an optimized algorithm
based on the traditional iTEBD, by introducing two additional
reduced SVDs in the decomposition process. Our calcula-
tions show more accurate results for the ground state energy,
compared with the traditional one for a comparable simula-

tion time, especially for systems with large on-site degrees

of freedom. This makes our method suitable for studying the
SPT phases of SU(N) AFHMs, and maybe even more broad
systems with large on-site degrees of freedom. Finally, we
mention two following directions based on our optimized al-
gorithm. First, we can try to utilize more advanced trunca-
tion methods in the decomposition process, for example, by
implementing a sampling approach.?”! Second, we can gen-
eralize this algorithm to other numerical methods, such as
the infinite projected entangled-pair states in two-dimensional
systems. 1301
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