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The thermoelectric effect of the system is theoretically investigated, by coupling Majorana zero mode to the T-typed
double-quantum-dot-structure in different ways. It is found that when a single Majorana zero mode is coupled to one of the
quantum dots (QDs), the thermoelectric efficiency is suppressed due to the leakage of Majorana zero modes into the QDs.
When the Majorana zero mode is coupled to QD2, the suppression of the thermoelectric efficiency is more serious than that
of QD1. Furthermore, when two Majorana zero modes are introduced simultaneously, suppression of the thermoelectric
effect still takes place. We believe that such results can be candidates for the detection of Majorana bound states and help
us understand the role of Majorana zero mode in thermoelectricity.
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1. Introduction

Recently, interest in thermoelectric phenomena in quan-
tum dot systems has rapidly increased since strong violation
of the Wiedemann—Franz law and small phonon contribution
to thermal conductance, which leads to significant improve-
ment of the thermoelectric effect.['?] More recently, some
research groups have focused on the thermoelectric effect in
multi-QD systems. 38! This is because the more diverse path-
ways and interference effects provided by the multi-QD struc-
ture greatly affect the thermoelectric properties. For example,
in the T-typed double QD system, the thermopower exhibits
maxima for temperatures corresponding to the second stage of
screening.[”! In the nonlinear regime of transport, nontrivial
zeros and negative differential conductances will take place
for parallel-coupled double QD due to the applied thermal
gradient.!”) For triple QD structure, the Dicke effect is domi-
nant, and the thermoelectric efficiency is strongly affected by
the Dicke effect which can be controlled by the level shift,
interdot tunneling coupling, and Coulomb interaction.”! And
finally, when additional magnetic fields are present in the QD
system, we have to consider the influence of spin polariza-
tion on the thermoelectric effect, i.e., spin thermoelectric ef-
fects, which have been investigated in detail by some research
groups. 10-121

Nowadays, both the theoretical and experimental aspects
of the Majorana bound state (MBS) at the end of the topolog-
ical superconductor have attracted considerable interest in the
field of condensed matter physics,'>~1°! because of the im-
portant applied value of its zero modes, i.e., the fault-tolerant

13-15

quantum computation with qubits.| ' As a result, how to

fCorresponding author. E-mail: yklgwxq@ 163.com
© 2023 Chinese Physical Society and IOP Publishing Ltd

DOI: 10.1088/1674-1056/ac92d3

detect the Majorana zero mode (MZM) is very important. Ac-
cording to the relevant reports, various candidates for detect-
ing MZM have been designed. For instance, zero-bias charge
conductance peak is a marked feature of MZM, which is a
simple but effective method for detections of MZM, i.e., when
a lead couples to an isolated Majorana island, the Majorana
fermions induce resonant Andreev reflections will be hap-
pened, which leads to a robust quantized zero-bias differen-
tial conductance of 2¢?/h.12%! The fractional Josephson effect
in topological superconductors (TSs) is also a shred of strong
evidence for the existence of MZM.[2!l Besides, due to the
controllability of QDs, it is also a feasible scheme to detect
Majorana by using QDs. [*?] Recently, a feasible empirical pro-
tocol for detecting MZM utilizing the time-resolved Andreev
tunneling spectroscopy has also been proposed.?*!

It is the development of the MBS and the thermoelectric
effect in their respective fields that has led to the widespread
interest in MBS-driven thermoelectric effect. First, In one
single-QD structure coupled to two TSs nanowires system,
a notable thermoelectric effect takes place when two MZMs
are introduced simultaneously. [24] Next, van Dalum et al.
found that in a non-Fermi liquid and Majorana central charge,
fractionalized Majorana character of the critical point can be
unambiguously detected from the heat conductance.>>! The
other group discussed nonequilibrium thermoelectric quantum
noise. It has been observed that at finite frequency @ MZMs
induce a perfect universal symmetry between photon emis-
sion and absorption spectra and produce universal thermoelec-
tric resonances in their frequency dependence in contrast to
non-Majorana quantum noise which is either asymmetric or

nonuniversal.[20]
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The previous reports have shown that the MBS-driven
thermoelectric effect is indeed important and deserves further
investigation. Following this line of thought, in the present
work we consider the structure of two topological supercon-
ductors coupled to a T-typed double QD and study the ther-
moelectric properties therein. As a typical case, we are mainly
interested in the case of Majorana zero mode. After calcu-
lations, we find that the thermoelectric efficiency is severely
suppressed if a single MZM is coupled to one of the two QDs.
The thermoelectric efficiency is more severely suppressed in
the case of coupling to QD2 than that in the case of coupling
to QD1. We believe that such results can be candidates for the
detection of MBSs and help us understand the role of MZM in
thermoelectricity.

2. Model

The T-typed double QD thermoelectric structure that we
considered is illustrated in Fig. 1. Two topological supercon-
ductors hosting MBSs at its ends are coupled to the QD2 and
the QD1, respectively.

The considered system of Fig. 1 can be described by the

following Hamiltonian:
‘H = Hy +Hv +Hp + Hr, (D

the first term describes the left and the right normal metallic
lead

Hy = Z Zeakcl;kgcaka, 2

a=LR ko

where cfx ko (cars) is an operator to create (annihilate) an
electron with spin o, momentum k and energy £y, of the con-

tinuous state |ako) in the normal metallic lead-o.
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Fig. 1. Sketch of the thermoelectric system induced by the MZM.

The second term of H represents the Hamiltonian for the

MBS. In this work, we would like to present its low-energy

effective form, which can be written as

Hy =i Z EmnMinM2n, (3)
n=U,D
here, Ny, (M2,) is the self-Hermitian operator for the Ist
(2nd) MBS in the nth (n = U,D) topological superconduc-
tor nanowire with 1y, = n]Tn (Mo = n;n). &qn describes de-
gree of the overlap between the wave functions of two Ma-
jorana quasiparticles in nth TS. Once the length of the Majo-
rana wire is much larger than the superconducting coherence
length, there is no overlap between the two Majorana quasipar-
ticles (&, = 0). On the contrary, &, is finite, which results in
a splitting of the energies of the Majorana quasiparticles.!?!
The QD’s Hamiltonian with their couplings Hp reads
Hp = Y Y eodicdl, + Y 1(d]odro +digdis),  (4)

=12 0 o

where dis (d

10
QDs. € models ith QD’s level with spin index ¢ (60 = =+ or

) is creation (annihilation) operator in the ith

T1). t is the hopping matrix element between two QDs.

Finaly, the last term of H models couplings between QD
and MBS, and electron transition between QD and normal
metallic leads. It takes the form

Hy = (}LUdIT — Audip)mu + (lDd; — Apda1)NiD
+Y Vachodio +hee., )
ak

where Ay (Ap) is coupling coefficient between TS-U (TS-D)
and the QD1 (QD2). V|, represents coupling between QD1 and
lead-o.

With respect to such a structure, we would like to present
a comprehensive analysis on its thermoelectric properties in
the linear-response regime. For this purpose, we introduce
temperature gradient 6T to apply symmetrically between lead-
L and lead-R,i.e., T, =T — 8T /2 and Tr = T + 06T /2, while
the TSs are kept at temperature 7. According to thermoelec-
tric theory, the electric and hot current in the linear response
regime can be deducted in terms of the temperature gradient
OT and a voltage oV,

I, =L 8V +L,0T, Ip = L1 6V +L»oT. (6)

The transport coefficients L;; can be expressed in terms of the
transport integral

Iy = ;/(gf;) (@—p)'T(@do D

asLi; = 62./0, Lyy=—eJi,Lip=—eJ1/T,and Ly =, /T. u
is the system’s chemical potential at equilibrium. For the sym-
metric QD-lead coupling, the the voltage will distribute sym-
metrically with py ) = £e(8V/2) (6V =W —W). T (o) is
the transmission function. According to the quantum transport
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theory, the transmission spectra 7 (@) obeys the following ex-

pression:
T(0) = ~I'mGY;, @®)

where Iy, = 27|V |* p(@) describes the coupling between the

QD and lead-a. In this work we only take our interest in
the case of symmetric QD-lead coupling, so there will be
It = Ix =TI'. By a straightforward derivation, we can obtain
the matrix form of the retarded Green function in our consid-

ered structure with two topological superconductors

w—¢g +il’ 0 0 Ay O 0 0
0 w+e +il” t Au 0 0 0
—t 0 w—& 0 0 0 —7LD 0
R 0 t wo+e 0 0 Ap 0
G(o) = v Au 0 0 —igy 0 0O ®)
0 0 0 1€u1 0 0 0
0 0 _)vD )VD 0 0 0 —igp
0 0 0 0 0 igp O

Then liner conductance G = limy_,odl/dV = L;; is
given by equation

G =éJp. (10)

The thermopower of a QD system in a configuration with two
normal leads can be found in an open circuit by measuring the
induced voltage drop across a QD when the temperature dif-
ference is applied between the two leads. The thermopower is

defined by the relation

oV
S=——|= 11
5T l1=0, (11)
and can be expressed as
1 Ji
S=———. 12
eT Jo ( )

The electronic contribution to the thermal conductance defined
by k. = 01g/8T can be given by

J:
K, =JieS+ =. (13)
T
Based on these formulas, the thermoelectric efficiency in such
a structure can be evaluated, since its corresponding figure of
merit is defined as

S2GT

7T = ,
K+ %

(14)

in which the phonon-contributed thermal conductance has
been ignored, i.e., k, = 0. Such an approximation is rea-
sonable since the phonon transport can be seriously sup-
pressed due to the strong interface scattering in the QD

structures. [28-29)

3. Numerical results and discussion

With the theory in the above section, we begin to per-
form the numerical calculation to investigate the thermoelec-
tric properties driven by the MBSs in T-typed double QD
structure with two TSs. In this paper, we keep the energy lev-
els of the two QDs consistent, i.e., € = & = &. In addition,
we take the coupling coefficient I" between QD2 and leads as
the unit. I" can be regarded as 0.1 meV according to the rele-
vant experiments. 30311

First of all, we ignore the QD-MZM coupling to present
the thermoelectric properties of the T-typed double QDs sys-
tem. In this situation, the relevant numerical results are shown
in Fig. 2. For comparison, the temperature is set to 0.04 and
0.1. As for coupling between QDs, we take it to be 0.5,
1.0, and 2.0, respectively. In Fig. 2(a), one can find that the
maximum of electronic conductance appears at the position
of & = =+¢, and that the conductance spectrum is an even
function symmetric about & = 0. As ¢ increases, an obvious
anti-resonance point appears at the vicinity of &y = 0, and the
width of the anti-resonance region gradually increases, which
is attributed to quantum destructive interference effects be-
tween the two QDs. Nevertheless, compared to the case with
kgT = 0.1, the anti-resonance phenomenon appears earlier at
ksT = 0.04. At low temperature, the thermal conductance is
mainly dominated by the contribution of electron and thus de-
pends on the transmission function. As a result, the thermal
conductance in Fig. 2(b) exhibits a similar phenomenon ex-
cept that when the interdot coupling is weak (but nonzero),
the thermal conductance has a peak at &g = 0. In Fig. 2(c), it
can be clearly seen that the thermopower changes from nega-
tive to positive as the energy level of the QDs increases, due to
the change in carriers from electrons to holes. In addition, the
magnitude of the Seebeck coefficient increases following the
increment of interdot coupling. The maximum Seebeck coef-
ficient occurs near the anti-resonance point and its position is
related to temperature. The extremum of Z7 (figure of merit)
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reflects the thermoelectric efficiency, and its result is shown in
Fig. 2(d). It can be seen that, analogous to the thermopower,
the value of ZT gradually increases with the enhancement of
the coupling between the two QDs, reaching a maximum value
of ZT whent = 1.0 and kg7 = 0.1, and the maximum value
exceeds 1.2.

1.0

—1 - ~kgT=0.04, t = 0.5

|-k T=0.04, t=1.

_92 T - -kpT=0.04, t = 2.

-2 -1 0 1 2 -1 0 1
€0 €o

Fig. 2. Thermoelectric quantities of T-typed double QD structure as func-
tions of the QD level &, in the absence of QD-MZM couplings. (a)—
(d) The numerical results of the electronic conductance, thermal conduc-
tance, thermopower, and figure of merit. Coupling coefficient between
two QDs r = 0.5, 1.0, 2.0. The other relevant parameters are taken to be

kgT = 0.04 and kgT = 0.1, respectively.
G
0.8
0.6
0.4
0.2
2

G
2 2
0.8
0.6
=1 =1
0.4
0.2
0 0
K K
0.12
0.08
0.04
2
S
0

-2 -1 0 1 2
2

2 0.12

0.08

0.04

0

1
2

2 -1 0 1 2 0
S 2
1
0 ~ 1
-1
-1 0 1 2 0

2 -2 -1 0 1

zT
2 2
0.6
« 1 +1
0.4
0.2
072 -1 0 1 2
€o

Fig. 3. Spectra of thermoelectric quantities of the T-typed double-
quantum-dot structure, when one MBS is coupled to QD. The temper-
ature are taken to be kg7 = 0.1. QD-MBS coupling is assumed to be
A =0.2. The left column describes situation which one MBS is coupled
to QD1, the right column corresponds to QD2.
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Next, we couple a single MZM to T-typed double QD
structure and investigate the influence of the MZM on the ther-
moelectric effect. In this part, we take kg7 = 0.1. The left col-
umn in Fig. 3 shows the effect of interdot coupling on the ther-
moelectric properties when TS-U is coupled to QDI, taking
Ay = 0.2. From Figs. 3(a)-3(d), we can observe that fort =0,
a peak at & = 0 appears in electronic conductance and ther-
mal conductance spectra, and the anti-resonance phenomenon
is shown in the electronic conductance and thermal conduc-
tance spectra with increasing interdot coupling strength, due
to the existence of the quantum interference effects. 3> Mean-
while, the Seebeck coefficient and figure of merit are increased
to about 1.5 and 1, respectively. When the MZM is coupled to
QD2 (Ap = 0.2), the electronic conductance and thermal con-
ductance also exhibit anti-resonance phenomena. However,
the numerical results for the thermopower and ZT are com-
pletely different from those for the TS-U coupling to QD1. Re-
gardless of the interdot coupling variations, Ap severely sup-
presses the values of ZT' and Seebeck coefficients.

To further clarify the difference between the above two
situations in the T-typed double QD structure, we fixed the
interdot coupling at 0.6 to research the effect of the MZM-
QD coupling strength on the thermoelectric effect. Comparing
Figs. 4(a) and 4(e), we can find that when MBS-1U is coupled
to the QD1, the increase of MZM-QD coupling does not mod-
ify the anti-resonance near & = 0 in Fig. 4(a). However, the
results in Fig. 4(e) are completely different. That is, when Ap
increases to about 0.5, the anti-resonance phenomenon disap-
pears completely, and then the conductance value tends to 1/2.
The same phenomenon also occurs in the thermal conductance
results of Figs. 4(b) and 4(f). The reason for the above results
is that although MBS-1U leak into the QDs, it does not de-
stroy the quantum interference effect in the structure, while
the MBS-1D not only leak into the system but also completely
suppressed the quantum interference effect, leading to the dis-
appearance of anti-resonance. To confirm the above idea, we
try to give the analytical solution of the system. We do not con-
sider the coupling between MBSs, i.e. g, =0, &, = 0. Fur-
thermore, we only focus on the anti-resonance point (& = 0),

then Eq. (9) can be simplified to

¢ 0 —t 0 Ay O
0 ¢ 0 ¢ Ay O
R |t 0 @ 0 0 -2
G@w=1 947 0 o 0 1 (15
Ay 0 0 0 0
0 0 <ApAp O 0

in which g = @ +iI". When TS-U (TS-D) is involved in the
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structure, transmission function can be written as

@ 2208 +2A2A + A% + 0’I?)

W)= , 16
To(®) (A2 + @?T2)((2A3 +A)? + 0?I?) (16)
B(w) FZ( 4A2—|—(06F2 212 2( t2 2)—1—27L4B)

(A2 + @0’T"?)(0*(2A5 +A)? + T2 (@0? —2A3)?)
a7
respectively, in which A = > — @*> and B = 1* — 2r’w” +

2(02((02 —|—F2). we find that when @ = 0, 7; = 0, and
To = 1/2. The above theoretical analysis is in good agree-
ment with the results of Figs. 4(a) and 4(e). In general, the
magnitude of the thermopower and ZT depend on the sharp
change in transmission function.’® On the one hand, we can
observe that the thermopower and ZT are suppressed when
TS-U is coupled to QD1. This is because MZM leakage
into the quantum dots suppresses the change in the transmis-
sion spectrum. On the other hand, when TS-D is coupled to
QD2, the thermopower and ZT are severely suppressed due
to the disruption of the quantum interference effect. And the
relevant results are shown in Figs. 4(c)—4(d) and 4(g)—4(h).
Next, we investigate the effect of conventional superconduc-
tors on the thermoelectric effect using s-wave superconductors
instead of TS-U. In this case, the QD Hamiltonian can be writ-
ten as HD =Yi—12Yo Eiodiodiy + Yot (d]ydos + didic) —
Adledl T h.c. Here the superconducting-pairing potentials
in the superconductors have been supposed to be infinity,
and Ay = Y |Vi|?ps in which py is the density of state in the

2

Fig. 4. Thermoelectric quantities of T-typed double-quantum-dot struc-
ture, as functions of the QD level &. when one MBS is coupled to QD.
The interdot coupling is taken to be t = 0.6. The left column describes sit-
uation which one MBS is coupled to QD1, the right column corresponds
to QD2. The other relevant parameters are the same as Fig. 3.

superconductors and Vj is the superconductor-QD coupling
coefficient. The numerical results are shown in Fig. 5. It
can be noticed that the figure of merit and thermopwer can be
only suppressed slightly by the increase of superconductor—
QD coupling compared to the case of topological supercon-
ductor. Up to now, it is not difficult for us to understand the
role of MZM in T-typed-double-QD structure and we belive
T-typed-double-QD structure with TS-U can be a feasible al-
ternative for the detection of Majorana bound states.

Finally, in Fig. 6 we consider the case that TS-U and
TS-D are coupled to the system at the same time. The first
observation is that with the increase of QD-MZM coupling
strength, the antiresonance peak in the conductance spectrum
is suppressed, which further shows that the TS-D is the rea-
son for affecting the quantum interference effect. However,
it is worth mentioning that the thermopower and ZT have not
been greatly enhanced as in Ref. [24]. The relevant results are
shown in Figs. 6(c) and 6(d).

S (kg/e)

T

Fig. 5. Thermoelectric quantities of T-typed double-quantum-dot struc-
ture when the TS-U are chosen to be s-wave superconductor. The interdot

coupling is taken to be r = 0.6.
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Fig. 6. Spectra of thermoelectric quantities of the T-typed double-
quantum-dot structure, when two MBSs are coupled to QD at the same
time. The temperature are taken to be kg7 = 0.1. The interdot coupling
is assumed to be r = 0.6.
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4. Summary

In summary, we have calculated the influence of MZMs
on thermoelectric quantities, by considering them to couple
to QD1 and the QD2. As a result, it has been found that
the Majorana zero modes take effect to modify thermoelectric
quantities. On the one hand, compared to the case of a nor-
mal superconductor, the thermopower and ZT are suppressed
more severely with increasing QD-MZM coupling when TS-U
is coupled to the system. On the other hand, when TS-D is in-
troduced, the suppression of thermoelectric efficiency is more
pronounced due to the destruction of quantum interference ef-
fects. We believe that all these findings provide new informa-
tion for understanding the MZM-induced thermoelectric effect
in the experiment and provide a thermoelectric candidate for
the detection of Majorana bound states.
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