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High-order harmonic generations in tilted Weyl semimetals
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We investigate high-order harmonic generations (HHGs) under comparison of Weyl cones in two types. Due to the
hyperboloidal electron pocket structure, strong noncentrosymmetrical generations in high orders are observed around a
single type-II Weyl point, especially at zero frequency. Such a remarkable DC signal is proved to have attributions from
the intraband transition after spectral decomposition. Under weak pulse electric field, the linear optical response of a non-
tilted Weyl cone is consistent with the Kubo theory. With extensive numerical simulations, we conclude that the non-zero
chemical potential can enhance the even-order generations, from the slightly tilted system to the over-tilted systems. In
consideration of dynamical symmetries, type-I and type-II Weyl cones also show different selective responses under the
circularly polarized light. Finally, using a more realistic model containing two pairs of Weyl points, we demonstrate that
paired Weyl points with opposite chirality can suppress the overall even-order generations.
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1. Introduction
Research of nonlinear optics is mainly accelerated by

interactions of intense laser field with materials.[1] As an
up-conversion process of photons, high-order harmonic gen-
erations (HHGs) represent the extreme nonlinear electron
dynamic process interacting with light. The most early
non-perturbative HHG was found in the rare gases[2] and
the dynamics was explained by the semiclassical three-step
model.[3–6] The discovery of nonlinear generations in solid-
state materials[7] has attracted a great deal of attention on at-
tosecond pulse generation[8–10] and its potential applications
in nano-scale devices.[11–13] HHGs can capture the dynamic
information of electrons, which makes it a useful tool to re-
construct the energy band structures[14–17] and to explore topo-
logical phase transitions and symmetry breakings.[18–21] The
microscopic mechanisms, such as the relationship between
cut-off energy and driver laser wavelength, the coupling dy-
namics of optical inter- and intraband excitation is also being
solved.[22–28]

The superior properties of semimetals, such as high
carrier mobility, low charge carrier density, low effective
mass, and large magnetoresistance bring promising prospect
to novel devices.[29,30] As one of the most representative
Dirac semimetals (DSMs), graphene shows high conversion
efficiencies of terahertz high harmonics,[31–33] which moti-
vates researchers to explore HHGs’ control strategy associ-
ated with stacked, twisted structures or heterostructures in
graphene, graphene-like two-dimensional materials.[34–36] Re-
cently, HHGs in 3D DSM Cd3As2 are observed at room
temperature,[37] which is considered to be originated from co-
herent intraband acceleration of Dirac electrons. The quasi-

particles in these materials are governed by the Dirac or Dirac-
like equations. By breaking either the time-reversal symme-
try or inversion symmetry, a single Dirac node can be sep-
arated into two Weyl nodes with opposite chirality. Surface
Fermi arcs connecting the pair of Weyl points (WPs) have been
predicted and observed in both material calculations[38–40]

and experiments,[41–46] such as TaAs, TaP, and other Weyl
semimetals (WSMs). While the potential energy component
in E(𝑘) is larger than the kinetic component at some 𝑘 points,
the Weyl cone will be over tilted, with the hyperboloidal elec-
tron and hole pockets intersecting at the nodal point. We call it
the type-II semimetal.[47,48] Owing to the linear energy disper-
sion and large Berry curvature dipole near the WPs, WSMs are
expected to perform strong nonlinear hall responses.[49] Trans-
port measurements on the bilayer, few-layer WTe2 materials
show strong second-order transverse voltage responses under
zero magnetic filed. Third-order and even higher-order hall re-
sponses are also found in thick Td-MoTe2, TaIrTe4, etc.[50–53]

The light-induced anomalous Hall effects are also found in
graphene and surfaces of 3D topological insulators.[54–57] The
strong photovoltaic process is predicted with the combination
of inversion symmetry breaking and tilts of the Weyl cone.[58]

Up to now, giant nonlinear optical responses are found in
both types of WSMs with broken inversion symmetry, such
as the second-harmonic generations in TaAs, WTe2,[59–61]

photocurrent from the circular photogalvanic effect in type-II
WSMs,[62–64] and high harmonics from WSM WP2.[65]

Our work focuses on the influence of tilted structures to
the high-order harmonics in Weyl semimetal. Numerical evo-
lution of the time-dependent Dirac equation (TDDE) is per-
formed to simulate the electron dynamics with laser.[66–68] In
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the type-II cones, the electron pocket is occupied, but the hole
pocket is unoccupied. The electrons stimulated from such
asymmetrical structures exhibit tremendous large direct cur-
rent (DC) signal, even- and odd-order high harmonic genera-
tions. Through the diagonal transformation, we figure out the
roles of intraband and interband transitions in the HHGs. Gen-
erations in zero and non-zero chemical potential cases are all
considered. We also reveal that the selective generations are
broken in the over-tilted Weyl cone with a circularly polarized
light. In the last part, the nonlinear optical generations are in-
vestigated in a lattice model existing two pairs of type-II Weyl
cones. The sign of chirality determines the superposition ef-
fects of harmonics around the cones.

2. hamiltonian and electron dynamics coupling
with laser
In a WSM, the conduction and valence bands with lin-

ear dispersion touch at Weyl points (WPs). Each WP carries
a topological charge of ±, corresponding to its chirality. Con-
sider the most general Hamiltonian describing a Weyl point as
follows:[69,70]

Ĥ(𝑘) = ∑
i=x,y,z
j=x,y,z

kiMi jσ j +𝑤 ·𝑘I2×2, (1)

where σ̂x,y,z represents the Pauli matrices, 𝑘 is the wave vec-
tors in three dimensions, M is the matrix of coefficients, and
𝑤 tilts the dispersion along the 𝑤̂ direction with 𝑤̂ = 𝑤/w.
Note that the WPs in WSMs with opposite topological charge
are usually not degenerate in energy. Therefore it is possi-
ble that only one node near the chemical potential is optically
stimulated while another one is Pauli-blocked at sufficiently
low energy. To demonstrate the optical responses around the
type-I and type-II cones, we adopt the continuous model of one
Weyl point taken from Ref. [48],

Ĥ(𝑘) = γ(Akx +Bky)+(akx + cky)σ̂y

+(bkx +dky)σ̂z + ekzσ̂x, (2)

where the parameters fitting with the cone band structure are
A = −2.738, B = 0.612, a = 0.987, b = 1.107, c = 0.0,
d = 0.270, and e = 0.184 in units of eV · Å. We multiply γ on
the scalar terms to control how tilted the cone is. As γ ranges
from 0 to 1, the cone will be tilted from type-I to type-II, as
shown in Figs. 1(a)–1(c), and it starts to be tangent with the
energy surface which passes through the node point, at critical
value γc ≈ 0.173.

The eigenvalues also contain the tilted and non-tilted parts

E±(𝑘) = Et ±Ent, (3)

specifically

Et = γ(Akx +Bky),

Ent =
√

e2k2
z +(bkx +dky)2 +(akx + cky)2,

and signs ± refer to the upper and lower bands.
The characteristic difference between the two types of

Weyl cones is the pockets’ structure as illustrated in Fig. 1(b).
For the non-tilted cone (γ = 0), the edge of the contours stays
elliptical and centrosymmetric. While 0 < γ < γc, it starts to
be distorted and uncentrosymmetric but still enclosed. When
the tilted parameter is over the critical value γc, the electron
and hole pockets of the type-II cones are formed, in which the
boundary of pockets is hyperboloidal and the area of pockets
becomes larger with the γ increasing.

To see how the electrons are driven by the laser under
such different structures of Weyl cones, we implant the vector
potential 𝐴(t) of the pulse’s electric filed into the electron’s
momentum terms. Therefore the Hamiltonian in time is given
by

Ĥ(𝑘, t) = Ĥ(𝑘+ el𝐴(t)), (4)

where el is the elementary charge. In particular, the vector
potential is of the form

A j(t) =
E0

Ω
exp
[
−2ln2

(
t
t0

)2]
sin(Ω t), (5)

where j is the polarized direction, E0 is the peak amplitude
of the electric field, Ω is the photon’s frequency, and t0 in the
Gaussian envelope function sets to be 5T with T = 2π/Ω .

The velocity components from both bands are given
by vx = γA ± [(a2 + b2)kx + (ac + bd)ky]/L, vy = γB ±
[(ac + bd)kx + (c2 + d2)ky]/L, and vz = ±e2kz/L, with L =√
(akx + cky)2 +(bkx +dky)2 + e2k2

z . Firstly we consider the
quasiclassical kinetic approach by replacing the momentum 𝑘

inside the velocities with 𝑘+ el𝐴(t). Thus, we can describe
the electrons’ movements by 𝑣(t) inside each band. Typically
the oscillation happens around the original point o is

vx(t) = γA± sgn(Ax(t))
√

a2 +b2, (6)

where the electric field is chosen to be linearly polarized along
x direction and the tilted term γA contributes only as constant
in the velocities. Considering the unique pocket structure in
type-II Weyl cone, we also check the upper-band oscillation at
point n residing in the electron pocket (𝑘 = [0.002,0,0] Å−1).
Since term γA contributes the same direct signal strength in
different 𝑘, we only discuss the Fourier harmonics of vx(t)’s
oscillating part. It is shown in Fig. 1(d) that point o con-
tains all odd Fourier harmonics and the amplitudes fall down
slowly. Meanwhile at point n, the electron inside the pocket
goes through the Weyl point asymmetrically, therefore both
even- and odd-order generations happen.
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Fig. 1. Schematic of the band structure for (a) non-tilted and (c) over-tilted cones, which refer to the hamiltonian in Eq. (2) with γ = 0 and γ = 1,
respectively. (b) The valence-band contours at chemical potential µ =−0.5 meV are plotted where the dashed line, dotted line and dot-dashed
line correspond to the the cones with different tilt parameters γ = 0, 0.1, 1, respectively. (d) The Fourier harmonics of vx(t)’s oscillating part at
the original point o and one point n on the upper band of the electron pocket, which both marked in (c).

To study the electron dynamics includes both inter- and
intraband transitions, we need numerical solutions of the
time-dependent Dirac equation for each occupied states in 𝑘
space[68]

ih̄
∂ψ(𝑘, t)

∂ t
= Ĥ(𝑘+ el𝐴(t))ψ(𝑘, t), (7)

which omits the interactions between electrons. Previous
works about solving the TDDE focus on the coupling between
the intense few-cycle laser and Dirac materials.[71–73] Analyt-
ical instantaneous solutions of time-dependent Dirac equation
from conduction and valence bands are combined as ansatz
substituted into the process of time evolution, from which
the temporal variations of the expansion coefficients are fur-
ther obtained. Here we treat the time evolution process more
straightforwardly. The initial electron states from each band
are given by the eigenvalues of the Ĥ without external field
and they are evolved independently. We numerically integrate
the time-dependent Dirac equation from −15T to 15T , with
applying the 4th-order Runge–Kutta method. The outputs are
confirmed almost without changes under smaller discretiza-
tion. After solving Eq. (7), we can obtain the spinor wave
functions ψc,v(𝑘, t) at each time and momentum point, where
c and v stand for the conduction and valence bands, respec-
tively.

The electric currents are defined as the expectation values
of the operator 𝑗̂ = ∂ Ĥ

∂𝐴
= e𝑣̂, in which group velocity matri-

ces are defined as v̂x = γA+ aσ̂y + bσ̂z, v̂y = γB+ cσ̂y + dσ̂z

and v̂z = eσ̂x. In the type-II Weyl cone, the currents can be
stimulated both inside the electron pocket (ep) and out of the
pockets (op). In the former case, the electron states from both
bands are occupied and the currents 𝐽ep(t) can be described as

∑
𝑘∈ep

el⟨ψc(𝑘, t)|𝑣(𝑘)|ψc(𝑘, t)⟩+ el⟨ψv(𝑘, t)|𝑣(𝑘)|ψv(𝑘, t)⟩.

The currents out of pocket are only stimulated from the va-
lence band that is below the chemical potential,

𝐽op(t) = ∑
𝑘∈op

el⟨ψv(𝑘, t)|𝑣(𝑘)|ψv(𝑘, t)⟩. (8)

The stimulations in the whole area are 𝐽(t) = 𝐽ep(t)+𝐽op(t).

3. Numerical comparison in two types of Weyl
cones

3.1. HHG responses with zero chemical potential

With chemical potential through the nodal energy (E =

0), the non-tilted (γ = 0) and over-tilted (γ = 1) Weyl cones
are mostly differentiated by the hyperboloidal electron and
hole pocket structure. Electron states from the electron pocket
are stimulated from both bands but in noncentrosymmetrical 𝑘
positions, thus the generated Jep(t) are expected to have asym-
metrical responses.
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Fig. 2. High harmonic generations of the longitudinal currents by in-
putting the electric field in three dimensions. (a) and (b) The spectra
from the non-tilted and over-tilted Weyl cones. The strength of elec-
tric field in the simulation is E0 = 2.4 kV/cm and photon energy h̄Ω is
3 meV with Ω = 0.72 THz. Jxx, Jyy, and Jzz are plotted in blue, red,
and yellow colors. (c) and (d) Decomposed from the HHGs of the over-
tilted cones in (b), illustrating the intraband and interband transitions,
respectively.

Coupling with the linearly polarized pulse in each dimen-
sion, we observe the anisotropic longitudinal HHG responses
as shown in Fig. 2. In the non-tilted cone (a), the stimulated
current Jxx holds broader spectral width than other directions
due to its larger Fermi velocity. Each direction’s inversion
symmetry is kept in the this case, therefore we only observe
the odd-order generations. In the over-tilted case, since the
states inside the electron pocket distribute without centrosym-
metry along x and y directions, we observe both odd- and even-
order generations in these two directions. The currents per-
form odd-only generations in z direction where the centrosym-
metry through the Weyl point is always preserved. Significant
large currents at frequency zero are generated in x and y di-
rections, which originates from the nonlinear difference fre-
quency process of the even-order harmonic generations. To
understand this large direct current, it is efficient to separate
the HHGs as intraband and interband transitions. Here, we
use the unitary transformation 𝒰(t) to diagonalize the instan-
taneous hamiltonian Ĥ(𝑘, t). We name the terms in Eq. (2)
as

C0 = γ(Akx +Bky), C1 = ekz,

C2 = akx + cky, C3 = bkx +dky, (9)

and L =
√

C2
1 +C2

2 +C2
3 for simplified purpose. Replace ki

with ki + elAi(t) and the unitary matrix 𝒰(t) explicitly reads

𝒰(t) =

 C1(t)−iC2(t)√
2(L(t)+C3(t))L(t)

C1(t)−iC2(t)√
2(L(t)−C3(t))L(t)

−
√

L(t)+C3(t)√
2L(t)

√
L(t)−C3(t)√

2L(t)

 . (10)

The current operators after the same transformation are given
by ˜̂ji = 𝒰(t)−1 ĵi𝒰(t), in which we denote the diagonal ele-
ments to contribute to the intraband transitions and the off-
diagonal elements for the interband transitions. Thus, the in-
traband and interband transitions could be decoupled. Fig-
ures 2(d) and 2(e) illustrate the interband and intraband tran-
sitions in the over-tilted cone, respectively. Intuitively, the
intraband transition has significant contributions to the di-
rect currents in the over-tilted case. This conclusion echoes
the Fourier harmonics of vx(t) at point n, which is shown in
Fig. 1(d). The breaking of inversion symmetry is reflected at
both transition processes, i.e., x- and y-direction currents show
generations in all orders meanwhile the z-direction currents
keep only odd generations.

It is interesting to check whether the linear response of
the calculated electron currents fits the kubo formula’s predi-
cation, especially under weak electric field. This comparison
is performed in a non-tilted Weyl cone by setting velocity pa-
rameters of hamiltonian in Eq. (2) as γ = 0 and a = 1, b = 0,
c = 0, d = 1, and e = 1 in units of eV · Å. We apply the Kubo
formula as the the correlation function of velocities and spec-
tra functions to express the longitudinal optical conductivity in
x direction,

σxx(Ω) =
e2

l
Ωπ

∫ +∞

−∞

dω
′[ f (ω ′)− f (ω ′+Ω)]

×
∫ d𝑘

(2π)3 Tr[v̂xÂ(𝑘,ω ′)v̂xÂ(𝑘,ω ′+Ω)], (11)

where f (ω ′) is the Fermi–Dirac function with chemical po-
tential µ and temperature at 0.1 K, v̂x is the x-direction ve-
locity operator and spectra function Â(𝑘,ω ′) is obtained from
the matrix Green function by the same derivation process in
Ref. [74]. Finally we can obtain the interband longitudinal
conductivity σxx and its real part, as plotted in Fig. 3, under dif-
ferent chemical potentials. To have a better matching with the
linear response theory, we choose a weak-field pulse 240 V/cm
to simulate the currents in the x direction. In the numeri-
cal calculations of HHGs, we define the amplitude strength
An(Ω) =

∫ (n+1/2)Ω
(n−1/2)Ω

dω

Ω
J(ω) for the n-th generation, where the

linear response strength of current takes the shadow area in the
insert figure. By varying the photon energy during the stimu-
lation, we notice that two distinct slope variations of A1 occur
exactly on h̄Ω = 2 and 4 meV positions, which are twice the
chemical potentials |µ|, respectively. Comparing the numer-
ical results with the theoretical curves, we can find that they
share the similar tendency especially when the photon energy
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is beyond |2µ|. Such a way of comparing may further expand
to the exploration on the nonlinear optical responses.
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Fig. 3. A comparison between the linear response’s strength A1(Ω) and
the Kubo formula’s results, in a non-tilted Weyl cone. The blue solid
line and red dashed line represent the real parts of the longitudinal op-
tical conductivity σxx at µ =−1, −2 meV. Blue circles and red squares
correspond to the linear response’s strength A1(Ω) at µ =−1, −2 meV
and under different photon energy h̄Ω , in which the insert figure shows
the example with h̄Ω = 2.4 meV (Ω = 0.58 THz) and the shadow area
refers to the linear response A1(Ω). Note we take the relatively weak
electric field 240 V/cm to simulate the optical responses.

3.2. HHG responses with non-zero chemical potential

In the last subsection, we conclude that the unusual HHG
responses can reflect the asymmetric stimulations due to the
hyperboloidal pocket structure in type-II cone with chemi-

cal potential at nodal energy. To elucidate how the non-
zero chemical potential influences high order generations, we
evolve the electron dynamics below the nodal energy. In this
discussion, we show that noncentrosymmetric generations can
be enhanced in both tilted type-I and type-II cones.

Consider a slightly tilted cone γ = 0.01, and the stimula-
tions are driven by the pulse with photon energy 2 meV and
electric field strength 1.2 kV/cm. Figure 4(a) shows that the
even-order generations are barely seen with zero chemical po-
tential, which is gradually enhanced by the chemical poten-
tial changing from 0 to −2 meV. Especially, the generations in
even orders are strongly stimulated while 2|µ| equals one pho-
ton and two photons’ energy. With decreasing the chemical
potential continuously, we find that the zero and second-order
generations at µ =−1 and −2 meV reach their highest perfor-
mance, which presents evident Fermi resonances peaks of one
photon and two photon process in Fig. 4(b). When fixing the
chemical potential at −1.5 meV, the pick-out cases in Fig. 4(c)
show that, with tiny tilt (γ = 0.01), a remarkable enhancement
of even-order generations happens. Further increasing the tilt
either in type-I (γ = 0.11) or type-II (γ = 1), the responses
approach saturation quickly. In Fig. 4(d), we observe the re-
sponses at zero, second and fourth orders rise fast following
the tilt increasing, even before the band structure is over tilted
(before γc). Note the odd-order generations are not changed
much with the tilt increasing.
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Fig. 4. Subplots (a) and (b), the HHGs in a slightly tilted cone (γ = 0.01) with different chemical potentials. In (a), the curves with blue, red,
yellow and purple colors refer to the chemical potentials at µ = 0, −1, −1.5, and −2 meV. (b) Showing how the amplitude in each order trends
with the continuous change of |2µ|. (c) and (d) The HHGs ranging from type-I to type-II cones, by the pulses with photon energy h̄Ω = 2 meV
(Ω = 0.48 THz) and chemical potential fixed at −1.5 meV. (c) The curves of Weyl cones with γ = 0, 0.01, 0.11, 1 (blue, red, yellow and purple
lines). (d) The amplitude strength from each order plotted with the changing of tilt. The solid line marks the critical value γc divided by type-I
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3.3. Selective generations broken in the type-II cone

In the limit t0 → ∞, we can treat our discussing object as
a time-periodic Floquet system, in which the dynamical sym-
metry is crucial.[75] As the non-perturbative Floquet process,
HHGs can directly reflect the dynamical symmetry of the sys-
tem. We introduce the vector potential of a left-handed circu-
larly polarized light into the system

𝐴(t) =
E0

Ω
exp
[
−2ln2

(
t
t0

)2]
[(𝑒x cos(Ω t)+𝑒y sin(Ω t)].

(12)
By implanting the electric filed in x–y plane, the HHG currents
at three directions are plotted in Fig. 5. For the non-tilted sys-
tem (a), the odd-only generations happen in the x, y directions
and even-only generations happen in the z direction. Such phe-
nomena of selective generations are related to the Hamiltonian
symmetry C2z, which rotates π about the z axis. This symme-
try is only preserved in hamiltonian when γ = 0 in Eq. (2). The
dynamical symmetry of the time-dependent hamiltonian needs
to consider both the C2z symmetry and the property of vector
potential in time translations𝐴(t) =−𝐴(t + T

2 ) at the contin-
uous wave approximation (t0 → ∞). The details of symmetry
analysis to the hamiltonian, currents, states and the selection
rules’ provement are shown in Appendix A.

For the over-tilted case, the hyperboloid pocket structure
breaks the C2z symmetry in hamiltonian and the currents can
not be composed as pairwise Floquet states with opposed mo-
mentum. With selection rules broken, we can see that the
even- and odd-only responses in HHGs are not held anymore,
as plotted in Fig. 5(b).
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Fig. 5. Currents induced by the left-handed circularly polarized light
in the x–y plane, with photon energy h̄Ω = 2 meV (Ω = 0.48 THz)
and electric field strength 1.2 kV/cm. In the non-tilted cone (a), the
odd-only generations happen in the x, y directions (blue and red lines)
and even-only generations happen in the z direction (yellow line). In
the over-tilted cone (b), HHGs of the three directions are stimulated in
every order.

Dynamical symmetry has similar impact on the selective
generations of transverse currents with linearly polarized light.

In Fig. A1(a) for the non-tilted case, the x-direction transverse
current Jxy induced by the y-direction pulse shows odd-only
generations and the z-direction transverse current Jzy shows
even-only generations. We notice an interesting correspon-
dence between the transverse currents and the currents induced
by the circularly polarized light. Explicitly, Jxy has the same
selection rules with Jx, Jy in Fig. 5(a) while Jzy is consistent
with the Jz current. Such interesting correspondence can be
explained by the same dynamical analysis in Appendix A. As
for the over-tilted case, C2z symmetry is no longer held and
selective rules are broken as well.

3.4. HHGs from the pairs of Weyl points

In the lattice system, the ‘no-go theorem’ requires that the
Weyl fermions appear in pairs with opposite chirality. There-
fore it is necessarily further considered that the nonlinear re-
sponses include multiple Weyl points. Here we discuss a lat-
tice model with two pairs of node

Ĥ(𝑘) = γ[cos(2akx)− cos(ak0)][cos(aky)− cos(ak0)]σ̂0

−{m[1− cos2(aky)− cos(akz)]

+2tx[cos(akx)− cos(ak0)]}σ̂x

−2t sin(akz)σ̂y −2t cos(aky)σ̂z, (13)

in which four nodes located at (±π/2a,±π/2a,0) break in-
version symmetry.[76] In Fig. 6(a), the over-tilted structure’s
parameters are chosen as tx = t

2 , m = 2t, and γ = 2.7t, with
t = 40 meV, a = 75 Å. The pocket structures at the nodal en-
ergy are plotted in blue (electron) and pink (hole) colors in
Fig. 6(b). Note that the Weyl points A and B have the same
chirality, while the points C and D are their counterparts with
opposed chirality.

To drive the pocket electrons across the Weyl points, we
applied the linearly polarized laser in y direction. Figure 6(c)
shows the local nonlinear responses around one Weyl point
and their superposition effects are associated with the chiral-
ity. For a single Weyl point A, the nonlinear harmonics are
strong in each order, especially the large direct current, which
agrees with the major features on the former type-II cone anal-
ysis. Through the current amplitude ratio illustration in (c),
we have a quantified understanding over the superposition ef-
fects. While we combine the currents around two points with
same chirality (A and B), the amplitude strength on each or-
der is doubled. However, for the mixture of two points with
opposed chirality (A and C), the odd-order amplitude strength
is still enhanced twice, meanwhile the even-order generations
are totally weakened. For example, the strength at second
harmonic is two orders of magnitude weaker than the single
point A, similar to the signal at zero frequency. Due to the
cancelation effects between opposed chirality, we cannot ob-
serve strong noncentrosymmetric even-order harmonics in this
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type-II model as verified by the HHGs containing four points
in Fig. 6(c). In comparison of the whole Brillouin zone cur-
rent responses, we should note that the odd-order generations
including only the Weyl points’ pockets contributions show
similar structures with weaker magnitude. In the perspective
of numerical calculations with discretization 100×100×100,
there are 1014766 states stimulated in the whole Brillouin
zone, from which the 6632 states are inside the electron pock-

ets of Weyl points. Therefore, the pockets’ area proportion to

the whole Brillouin zone has significant impact on the optical

nonlinear generations. For the non-tilted circumstance (γ = 0),

the Fermi surface is mainly nonsymmetric along the x direc-

tion. With pulse on this direction, we observe the stimulated

even-order high harmonic generations shown in Fig. B1 in Ap-

pendix B.
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Fig. 6. (a) The band structure of a type-II Weyl semimetal at the kz = 0 plane, which includes two pairs of Weyl points. (b) The the location
of electron (in blue) and hole pockets (in pink), where A and B share the same chirality that C and D have the opposed chirality. (c) The
y-direction currents with h̄Ω = 3 meV that Ω = 0.72 THz. In particular, dotted line shows the contribution around the electron pocket of one
single Weyl point A. Dashed and dot-dashed lines show the results of two Weyl points with same chirality and with opposed chirality. The thick
black line is for the total contribution of the electrons pockets around the Weyl points. The thinner black line represents the HHGs from the
whole Brillouin zone. The inset in (c) shows the ratio of amplitude strength An in different summations to An containing only one single Weyl
cone A (marked in circle), in which n = 0, 1, 2, 3 refer to the harmonic orders, left triangles, right triangles, squares refer to the summations
A + B, A + C, and A + B + C + D with the same color indices of the lines.

4. Conclusion

The main accomplishments of this paper are as follows.
The high harmonic generations from WSMs are investigated
both in the continuous model of a single Weyl cone and the lat-
tice model with Weyl points in pairs. By modeling carrier dy-
namics inside the hyperboloid pocket structure of type-II cone,
we observe strong noncentrosymmetric HHGs along with the
large DC signal. By separating the HHGs into interband and
intraband transitions, we conclude that the direct currents are
contributed mostly by the latter part. Meanwhile even-order
generations are observed in both transitions due to the inver-
sion symmetry broken. In spite of tilting the cone, varying
chemical potential below nodal energy could also efficiently
enhance the even-order generations, which can be intuitively
seen even in a slightly tilted cone. Also, strong Fermi reso-
nances at zero- and second-order harmonics happen while |2µ|
changes to one- or two-photon energy.

Selective generations are investigated through introduc-
ing the left-handed circularly polarized light. The selective

rule is valid in the non-tilted case since Hamiltonian’s dynam-
ical symmetry is kept. In contrast, the over-tilted structure de-
stroys the C2z symmetry which induces all-order generations
without selections.

From a more realistic point of view, we consider a lat-
tice model that holds two pairs of Weyl points. The numer-
ical simulations conclude that Weyl points with same chiral-
ity double the response strength, while the Weyl points with
opposed chirality show enhancement in odd harmonics and
cancellation in even harmonics, i.e., the non-centrosymmetric
nonlinear responses are suppressed. In the whole Brillouin
zone, odd-order generations dominate the optical nonlinear
responses. Recent experiments on the tilted Weyl semimet-
als share similar nonlinear optical signatures with our re-
sults. Large shift currents are observed in the type-II Weyl
semimetal TaIrTe4,[64] which are understood as a third-order
nonlinear process combining the in-plane dc field arising from
space charge and the optical excitation. The direct optical
responses are also found in the tilted semimetal TaAs[77,78]

by linearly and circularly polarized lights. They are theo-
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retically explained by the photogalvanic effects, the second-
order difference-frequency processes. High-harmonic genera-
tions of type-II Weyl semimetal are reported in β -WP2 crys-
tals, in which both odd- and even-generations are considered
as intraband transitions.[65] The even-order generations are at-
tributed to the spike berry curvature around the Weyl points
with broken inversion symmetry. Our results provide a deeper
understanding of nonlinear optical responses based on the re-
markable features of tilted semimetals and we will promote the
study to other novel structures such as nodal line semimetal
and hybrid semimetal.

Appendix A: Dynamical symmetry and selection
rules

The non-tilted cone’s hamiltonian (γ = 0) in Eq. (2) pre-
serves symmetry C2z, i.e.,

h(𝑘) =C2zh(𝑘′)C
†
2z, (A1)

where 𝑘′ = (−kx,−ky,kz). In the following discussions, we
use the approximation t0 → ∞ that 𝐴(t) holds continuous
wave’s form and have the time translation property 𝐴(t) =
−𝐴(t + T

2 ).
Consider a circularly polarized light in x–y plane is im-

planted into the system and the time-dependent hamiltonian
h(𝑘, t) preserves such a dynamical symmetry,

h(𝑘, t) =C2zh(𝑘′, t +T/2)C†
2z. (A2)

The currents under such operation satisfy

jx(𝑘, t) =−C2z jx(𝑘′, t +T/2)C†
2z,

jy(𝑘, t) =−C2z jy(𝑘′, t +T/2)C†
2z,

jz(𝑘, t) =C2z jz(𝑘′, t +T/2)C†
2z. (A3)

The time-dependent quantum equation (TDQE) is

ih̄
∂𝜓(𝑘, t)

∂ t
= h(𝑘, t)𝜓(𝑘, t). (A4)

Substitute the dynamical symmetry relations Eq. (A2) into
Eq. (A4) and make the time translation t → t − T

2 , then it
changes to

ih̄
∂C†

2z𝜓(𝑘, t −
T
2 )

∂ t
= h(𝑘′, t)C†

2z𝜓

(
𝑘, t − T

2

)
. (A5)

The TDQE at 𝑘′ point is written as

ih̄
∂𝜓(𝑘′, t)

∂ t
= h(𝑘′, t)𝜓(𝑘′, t). (A6)

Comparing Eq. (A5) with Eq. (A6) and suppose that there is
no degeneracy, then the eigenfunctions are connected as

𝜓(𝑘′, t) =C†
2z𝜓

(
𝑘, t − T

2

)
. (A7)

Owing to the periodicity in time, the general solution of TDQE
in Floquet theorem is

𝜓F
m(𝑘, t) = e−iEF

m(𝑘)t𝑢m(𝑘, t), (A8)

where EF
m(𝑘) represents the Floquet eigenvalues that satisfy

EF
m(𝑘) = EF

m(𝑘
′) in the non-tilted case, 𝑢m(𝑘, t) is a T -

periodical function, and m is the band index. Through the
derivations of Eqs. (A4)–(A6), we obtain the relations of Flo-
quet states just like Eq. (7) as follows:

𝜓F
m(𝑘

′, t) =C†
2z𝜓

F
m

(
𝑘, t − T

2

)
. (A9)

We project the electric currents jα into the m-th pairwise Flo-
quet states

Jα
m(𝑘, t) =𝜓

F†
m (𝑘, t) jα(𝑘, t)𝜓F

m(𝑘, t)

+𝜓F†
m (𝑘′, t) jα(𝑘′, t)𝜓F

m(𝑘
′, t). (A10)

Substituting Eqs. (A3) and (A9) into Eq. (A10), we can find
the connection as follows:

Jx
m(𝑘, t) =−Jx

m(𝑘, t +T/2),

Jy
m(𝑘, t) =−Jy

m(𝑘, t +T/2),

Jz
m(𝑘, t) = Jz

m(𝑘, t +T/2). (A11)

The n-th order harmonic generation in x direction with consid-
ering the symmetry of currents in Eq. (A11) is

Jx
m(𝑘,nΩ) =

∫ T

0

dt
T

e inΩ tJx
m(𝑘, t)

=
∫ T

0

dt
T

e inΩ(t+ T
2 )Jx

m

(
𝑘, t +

T
2

)
=−e inπ Jx

m(𝑘,nΩ). (A12)

Similarly we obtain Jy
m(𝑘,nΩ) = −e inπ Jy

m(𝑘,nΩ) and
Jz

m(𝑘,nΩ) = e inπ Jz
m(𝑘,nΩ). The selection rules are obvious:

Jx,y
m (𝑘,nΩ) = 0 when n is even number; Jz

m(𝑘,nΩ) = 0 when
n is odd number. Sum the currents in each band, then we will
have the same selective generations.
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Fig. A1. Transverse currents stimulated by the y-direction polarized pulse in
the non-tilted (γ = 0) and over-tilted (γ = 1) cones. In (a), the transverse cur-
rent Jxy in x direction shows odd-only generations (blue line) and current Jzy
in z direction shows even-only generations (yellow line). The correspondent
cases in the over-tilted cone (γ = 1) are shown in (b).
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In the type-II cones, the symmetry C2z is not held any-
more and we see the HHGs happen in each order. The former
dynamical analysis about circularly polarized light can also be
applied into the linearly polarized case. In the non-tilted case,
the transverse currents stimulated by the y-direction polarized
light also show selective generations that odd orders in the x
direction and even orders in the z direction (Fig. A1). In the
over-tilted generations, we can see from Fig. A1(b) that selec-
tive generations are destroyed without holding the dynamical
symmetry.

Appendix B: Nonlinear optical responses in a
non-tilted lattice model

Figure B1 shows the nonlinear optical responses in the
non-tilted lattice model (with γ = 0 in Eq. (13)). The Fermi
surface around each Weyl point is distorted and asymmetric
along the x direction. The longitudinal HHGs illustrate the
even-order responses in this direction besides the intense odd-
order generations.
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Fig. B1. (a) The band structure of the non-tilted type-I Weyl semimetal
at kz = 0 plane, described in Eq. (13). The contour lines show the dis-
torted Fermi surfaces around the Weyl points that are asymmetric along
x direction. (b) The HHGs are stimulated by the x-polarized pulse with
energy h̄Ω = 3 meV. Odd- and even-order generations are all stimu-
lated, with the broken inversion symmetry.
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