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Based on the principle of electron cyclotron maser (ECM), gyrotrons are among the most promising devices to gener-
ate powerful coherent terahertz (THz) radiation and play a vital role in numerous advanced THz applications. Unfortunately,
THz ECM systems using a conventional high-Q cavity were theoretically and experimentally demonstrated to suffer from
strong ohmic losses, and, accordingly, the wave output efficiency was significantly reduced. A scheme to alleviate such
a challenging problem is systematically investigated in this paper. The traveling-wave operation concept is employed in
a 1-THz third harmonic gyrotron oscillator, which strengthens electron-wave interaction efficiency and reduces the ohmic
dissipation, simultaneously. A lossy belt is added in the interaction circuit to stably constitute the traveling-wave interac-
tion, and a down-tapered magnetic field is employed to further amplify the forward-wave (FW) component. The results
demonstrate that the proportion of ohmic losses is nearly halved, and output efficiency is nearly doubled, which is promising
for further advancement of high-power continuous-wave operation of the ECM-based devices.
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1. Introduction
The terahertz (THz) wave sources are mainly composed

of two families, i.e., the optical sources and the electronic
sources. Gyrotron is one of the electronic devices operat-
ing based on the principle of electron cyclotron maser (ECM)
which can generate coherent THz radiation from watts to
megawatts level. Recently, gyrotrons have achieved significant
advancements from sub-THz to THz range and find use in nu-
merous applications, including biomedicine, security, plasma
heating, etc.[1–9] Unfortunately, due to the skin effect of the
limited conductivity, gyrotrons suffer from severe ohmic dissi-
pation in such a high-frequency band. In the THz gyrotron ex-
periment proposed in Ref. [4], a high electron efficiency (about
10%) was predicted by simulation, whereas the ohmic losses
decrease the output efficiency down to 1.3%.

In the gyrotron-devices, the electromagnetic (EM) wave
is excited by the energetic helical electron beam based on the
instability of ECM.[10] An open cavity with a cutoff entrance,
a uniform section, and an output taper is a typical electron-
wave interaction circuit for the gyrotron oscillators. Such a
circuit is characterized roughly by its diffraction quality factor
Qd and ohmic-loss quality factor Qohm, and these Q-values are
defined as follows:

Qohm = 2π fWf/Pohm, (1)

Qd = 2π fWf/Pout, (2)

where f is the operating frequency, Wf is the total wave energy

inside the cavity, Pohm and Pout are the dissipated and output
power, respectively. In this case, the total Q value is given by

Qtotal = 2π fWf/(Pout +Pohm) = QdQohm/(Qd +Qohm). (3)

The proportion of ohmic losses power to the total power is
expressed as

Pohm/(Pohm +Pout) = Qtotal/Qohm = Qd/(Qohm +Qd). (4)

For the Qd value, a spectral analysis of the resonant width
yields[11]

Qd =

√
Γ

1−Γ

4π

l

(
f L
c

)2

, (5)

where Γ is the reflection coefficient at the output horn, l is
the axial mode index, L is the cavity length, and c is the light
speed. Meanwhile, the ohmic factor is given by[12]

Qohm = rw
√

π f σ µ

(
1− m2

χ2
mn

)
, (6)

where rw is the cavity radius, σ is the conductivity of the cav-
ity wall, µ is the permeability, and χmn is the eigenvalue of
TEmn mode. According to Eq. (4), in previous work dealing
with ohmic losses problems, researchers concentrated mainly
on how to reduce the Qd values or increase the Qohm values.
A natural solution to this problem is to use a highly over-
sized cavity with a large radius rw

[4,13,14] to reduce the Qohm.
This solution is widely used in gyrotrons designed for appli-
cations of fusion plasma heating.[15–17] However, in such an
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overmoded cavity, the mode spectrum is dense, thereby com-
plicating the mode competition and making the excitation of
operating mode especially tough at the cyclotron harmonic
operation.[18] Another simple solution is to shorten the circuit
length L to reduce the Qd value. However, this solution neces-
sitates a large beam current. Thus, in some applications that do
not require a high output power, the beam current is small and
not qualified for the wave excitation threshold in a shortened
cavity. Moreover, using various types of cavities, such as sec-
tioned cavities,[19–22] cavities with axial irregularities,[23,24] or
tapered cavities,[25,26] is demonstrated to be able to reduce the
Qd value effectively.

In this work, we propose and stress the advantageous
function played by the forward wave component in a high-
harmonic gyrotron oscillator and give a detailed look into
the high-order-axial-mode (HOAM) traveling-wave interac-
tion. The work is a more detailed and accurate version of the
previous preprinted work submitted to arXiv in April 2021.[27]

Two critical problems are specially studied in this work. First,
the excitation of HOAMs is naturally unstable owing to the
competition from the first axial mode.[28] Second, owing to
the weak coupling between the HOAMs and electrons, the to-
tal electron efficiency is generally small. Investigation in this
paper reveals that a short lossy section loaded in the cavity
will effectively stabilize the oscillation of HOAMs, and the
magnetic field profile with a down-tapered tail can provide an
efficient forward-wave enhancement owing to traveling-wave
amplification.

The context is organized as follows. Section 2 elaborates
the ohmic-loss problem in the terahertz regime and investi-
gates the performance of different axial modes based on self-
consistent steady-state calculation. Section 3 presents a gen-
eral approach to excite the HOAMs stably. Section 4 proposes
a scheme to enhance the electron efficiency of HOAMs based
on traveling wave interaction. Sections 5 and 6 present some
discussions and conclusions, respectively.

2. Performance of different axial modes
2.1. Ohmic losses in the terahertz range

For an open cavity, both Qd and Qohm values are tightly
related to the operating frequency f . From Eqs. (5) and (6),
for a given TEmn mode, Qd is proportional to f 2, and Qohm

is proportional to rw
√

f . Considering that the cavity radius
scales with the operating frequency for gyrotron operation
(rw ∝ 1/ f ), Qohm is proportional to 1/

√
f . Thereby, for gy-

rotron working at low frequency, Qohm is much larger than
Qd, and Qtotal is determined mainly by Qd, meaning that the
ohmic dissipation upon the cavity wall is small. However,
with the operating frequency increasing, the ratio of Qd to
Qohm increases rapidly, leading to an increase in ohmic loss

power. From Eq. (5), Qd values are almost inversely propor-
tional to the axial mode order l. Considering that the reflection
coefficient Γ decreases rapidly as l increases, Qd is approxi-
mately proportional to lα (α > 1); therefore, using HOAMs
(l > 1) is a feasible way to decrease the Qd values. Tradi-
tionally, HOAMs have been frequently used in the gyrotron
backward-wave oscillator (gyro-BWO) regime, which pro-
vides a possible way for the development of frequency-tunable
gyrotron.[6,29–33] In fact, in the gyrotron traveling-wave tube
(gyro-TWT) regime, there is also a possibility for the excita-
tion of HOAMs. The dispersion diagram of HOAMs in gyro-
TWT and gyro-BWO regimes is presented in Fig. 1. In the
gyro-TWT regime, the forward wave governs the oscillation,
while in the gyro-BWO regime, the backward wave governs
the operation. In this way, the peak power of the HOAMs in
the gyro-TWT regimes is mainly concentrated at the down-
stream section, while that in the gyro-BWO regimes is con-
centrated at the upstream section (see Fig. 2). In this paper,
we aim at exciting the HOAMs in the gyro-TWT regime stably
and constitute an interaction dominated by the forward wave
component.
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Fig. 1. Dispersion diagram of the gyro-BWO, gyrotron, and gyro-TWT
regime. Here, 1st, 2nd, and 3rd correspond to the first, second, and third
axial mode.
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Fig. 2. Axial field profile of different axial modes in the (a) gyro-TWT
and (b) gyro-BWO regimes.

2.2. Steady-state calculation of HOAMs

In our investigation, a 1 THz third harmonic gyrotron op-
erating at TE37 mode is considered, and all electrons describe
helical trajectories with the axes coinciding with the cavity
axis. The accelerating voltage is 80 kV, the beam current is
0.7 A, and the pitch factor of electrons is 1.5. The cavity length
is 7.2 mm. Experimental research based on similar parameters
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has been presented in Ref. [4], where a high electron efficiency
(around 10%) was predicted by simulation, whereas the ohmic
losses decrease the total efficiency down to 1.3%. The large
proportion of losses was induced by a long cavity.

Here, the axial eigenmodes inside the resonant structure
are investigated. For a gyrotron system with given operat-
ing parameters (voltage, magnetic field strength, current, etc.),
there are several possible axial resonant states determined
by the cavity structure. The oscillation power is extracted
by either one or simultaneously by some of those states.
Frequency-domain nonlinear theory (see Appendix A) is used
to predict the possible steady states of a gyrotron circuit. In
our consideration, the resistivity of the cavity wall is assumed
to equal five times that of pure copper (5ρcu). Under this con-
dition, the Q values of different axial modes are presented in
Table 1, where the Qd of the first-order axial mode (FOAM) is
far larger than the Qohm, and the HOAMs operation decreases
the Qd values greatly. The field profiles are correspondingly
shown in Fig. 2. The field peak of FOAM locates at the mid-
dle of the cavity where the wave is mainly amplified; by con-
trast, the field peaks of second or third axial modes move back-
ward, thereby the ohmic heating mostly occurs at the rear of
the cavity [see Figs. 3(b) and 3(c)]. In this way, the share of
ohmic losses (ηohm/ηe) greatly decreases. Here, the electron
efficiency ηe, the ohmic loss efficiency ηohm, and the output
efficiency ηw are defined as ηe = Pe/UI = (Pout +Pohm)/UI,
ηohm = Pohm/UI, ηw = Pout/UI, respectively, where Pe is the
total field power extracted from the electrons, Pout is the out-
put power, Pohm is the ohmic loss power, U is the accelerating
voltage, and I is the beam current. Take the results shown in
Fig. 3 as an example, the ηohm/ηe value of the first, second,

and third axial modes are 80.43%, 47.14%, and 21.92%, re-
spectively. The final output performances of the first and sec-
ond axial modes are illustrated in Fig. 4. It is shown that the
ηohm/ηe value of the FOAM is larger than 80%, whereas the
second-order axial mode (SOAM) operation decreases it down
to at most 48%. However, as shown in Fig. 4(a), despite the de-
creased losses, the final output efficiency of SOAM is similar
to (or slightly exceeds) that of FOAM. This is can be explained
as follows: first, the Q value of SOAM is much smaller than
that of the FOAM, the electron-wave coupling of the SOAM
is weaker than that of the FOAM; second, both forward and
backward waves are tightly coupled to the wave for FOAM
interaction, while for the HOAMs, forward wave participates
mainly in the interaction. Owing to the above reasons, the
electron efficiency of SOAM is deteriorated [see the dashed
lines shown in Fig. 4(a)].

Table 1. Q values of different axial modes.

Axial modes Qd Qohm

First 36938.0 7675.7
Second 9231.9 7675.7
Third 2671.7 7675.7
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Fig. 4. (a) Output efficiency and electron efficiency (ηe) of the first and
second axial modes. (b) Share of ohmic losses (ηohm/ηe) of the first
and second axial modes. The beam current is 0.7 A.
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Fig. 3. Electron efficiencies and ohmic loss efficiencies of (a) the first, (b) second, and (c) third axial modes. The magnetic field strength is
13.64 T, and the beam current is 0.7 A.

3. Axial modes competition
Using the steady-state simulation, the performances of

possible axial modes is investigated in Section 2. In practice,
the electrons and the resonate structure will select their favored
state and give out energy, meaning that some of the possible
axial modes are unstable during their excitation. Considering
that the FOAM normally possesses stronger coupling strength
with the electrons than HOAMs owing to its high Q-value, the
generation of higher modes is generally hard. In Ref. [34], it

is demonstrated that this situation can be changed when the
electron accelerating voltage is low and the resonate cavity is
long. In Refs. [35,36] short irregularity of cavity radius helps
shape the axial profile into higher order, which also provides
an excitation scheme for HOAMs. However, such irregularity
has a great probability to bring in extra axial modes, thereby
complicating the competition situation.

Here, a more general approach is adopted to alleviate the
mode competition. The cavity structure with a short lossy belt
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is presented in Fig. 5(a). The authors would like to mention
that the concept of using a lossy section in gyro-oscillators was
first proposed by Bandurkin et al.[35,37] The modeling methods
of the lossy part are detailed in Appendix B. The lossy sec-
tion whose effective resistivity is ρ provides additional losses
only for the FOAM, whereas for HOAMs whose field strength
is weak in this section, the oscillation is almost undisturbed.
The start oscillation currents (SOC) are shown in Fig. 5(b). In
a normal configuration with an effective resistivity ρ = 5ρcu,
the first axial mode possesses the lowest start oscillation cur-
rent over a wide range. By loading a lossy section (assume that
the lossy section is 3 mm in length), the SOC of the FOAM in-
creases rapidly in the low-magnetic-field range. By contrast,
the SOC of the SOAM remains nearly unchanged. As a result,
the excitation region of HOAMs is greatly extended. Note that
in our case, the excitation region of the third axial mode is
relatively narrow, and its SOC is relatively high, we mainly
investigate the excitation scenario of the SOAM in the follow-
ing analysis.
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tem reaches stable. (d) The axial field profiles at times marked in (a)
and (b). The magnetic field is 13.62 T, and the beam current is 0.7 A.

Time-domain simulation is utilized to further verify the
competition situation. From the output power shown in
Fig. 6(a), for a cavity with homogeneous resistivity, the SOAM
will be first excited and then suppressed rapidly by the FOAM.

It is likely that the SOAM excited first induces an electron
bunching which is also suitable for the FOAM, thereby as-
sisting the excitation of FOAM. When a section of weak loss
[ρ = 100ρcu, see Fig. 6(b)] is loaded, the oscillation of SOAM
becomes relatively stable and maintains a longer time after ex-
citation. Nevertheless, the SOAM will also be suppressed in
long-time interaction. When stronger loss [ρ = 1500ρcu, see
Fig. 6(c)] is loaded, the SOAM will succeed in the mode com-
petition with the FOAM and extract energy from the electrons
steadily.

To conclude, a short lossy section at the middle of the
cavity increases the excitation threshold current of the FOAM
without affecting the SOAM, thereby helping suppress the ex-
citation of FOAM and stabilize the oscillation of SOAM.

4. Forward wave amplification
From the analysis in Section 2, despite the decreased

share of ohmic losses of HOAM interaction, the electron ef-
ficiencies of HOAMs are smaller than that of FOAM, thus
the final output power of the HOAMs is similar to that of the
FOAM. In this section, we propose an approach to partly solve
this problem. For the case of HOAMs interaction, the forward
wave participates mainly in the interaction. Thus, enhancing
the efficiency of the forward wave is a rational way to com-
pensate for the efficiency deterioration of HOAMs.
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Fig. 7. (a) Cavity configuration with inhomogeneous magnetic field
profile. (b) The electron efficiencies and ohmic losses of the second ax-
ial modes under different magnetic field profiles. The magnetic strength
at the uniform section is 13.62 T, and the beam current is 1 A. (c) Dis-
persion diagram of different magnetic field strengths. The straight lines
indicate synchronization lines.

A down-tapered magnetostatic field has been demon-
strated to be beneficial for the forward wave interaction.[38,39]

Note that the energy extracting process mainly concentrates at
the rear of the cavity for HOAM interaction, a magnetic pro-
file with a tapered tail is adopted in our study. The magnetic
field profile composed of two parts, i.e., an upstream uniform
section and a downstream taper, is shown in Fig. 7(a). The uni-
form part aims to ensure the excitation of the desired mode and
lock the bunching phase of electrons at a certain frequency;
after that, the excited wave is amplified through the tapered
magnetic field profile. From the dispersion diagram shown in
Fig. 7(c), the reduction of magnetic field strength leads to a

128401-4



Chin. Phys. B 31, 128401 (2022)

downward translation of the synchronization line, which con-
verts the operation region into a deep gyro-TWT regime. As
shown by the blue solid line in Fig. 7(b), the electron efficiency
is greatly enhanced by the tapered magnetic field profile owing
to the forward-wave amplification; meanwhile, by comparing
the red solid line with the red dashed line, the ohmic loss effi-
ciency stays nearly unchanged after the nonuniform magnetic
field profile is adopted.

The increment of electron efficiency is demonstrated to
greatly depend on the gradient of magnetic field profile, and
the results are illustrated in Fig. 8. When the gradient is too
large, the electron-wave mismatch will be increased, leading
to a decoupling of the electrons and the wave, and thus the
electron efficiency is decreasd. Therefore, to achieve opti-
mized output performance, a proper gradient should be se-
lected. In our investigation, when ∆B/B is around 2%–6%,
the output efficiency of the SOAM is nearly twice as much
as that of the FOAM [see Fig. 8(a)]. In addition, the utiliza-
tion of the nonuniform magnetic field can further reduce the
ohmic losses, and the final ratio of the ohmic losses efficiency
to the electron efficiency can be less than 40% [see Fig. 8(b)].
Although the forward wave gains more energy in the tapered
magnetic field case, the dissipated power is nearly the same as
the uniform magnetic field case and thereby the ηohm/ηe value
is reduced, because the power flow is compressed to the end
of the cavity.
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5. Discussion
In the terahertz range, the effective resistivity mentioned

in this work can be adjusted by intendedly increasing the ma-
terial surface roughness,[40,41] or using nanopowder mixture
BeO–TiO2–W, where BeO is for beryllium oxide, TiO2 for ti-
tanium dioxide, and W for tungsten.[42] There are two promi-
nent advantages of using a lossy section compared with chang-
ing the cavity radius. First, the lossy section will not intro-
duce extra axial-eigenmodes of the resonant structure, thereby
simplifying the competition situation. Second, as is shown in
Fig. 9, the ηohm/ηe value of SOAM is insensitive to the effec-
tive resistivity of the lossy section.

This paper focuses on the discussion of two physical
problems, namely, the stable excitation and the forward-wave
enhancement of the HOAMs in the gyro-TWT regime of a
THz gyrotron oscillator. Design of a reliable interaction cir-
cuit for engineering applications still needs more considera-
tions, such as the competition between waveguide modes, the
velocity spread of the electrons, etc. These practical consider-
ations are beyond the scope of this paper and will be discussed
in deep in future work.
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Fig. 9. The ηohm/ηe value of the SOAM versus the effective resistivity
of the lossy section. The magnetic field strength is B0 = 13.64 T, and
the beam current is 0.7 A.

6. Conclusion
Aiming to reduce the ohmic dissipation in the ECM, the

proposal of traveling-wave interaction is systematically inves-
tigated in this paper. Unlike the conventional gyromonotron
operation with a high-Q resonant mode, i.e., FOAM, we at-
tempt to excite low-Q HOAMs and constitute a forward-wave
amplification interaction. Therefore, two physical problems
existing in the HOAMs operation are solved theoretically.
First, the excitation of HOAMs is unstable and encounters
competition from FOAM. It is proved that a short lossy section
in front of the cavity will greatly raise the oscillation thresh-
old of FOAM without disturbing the HOAMs. Second, ow-
ing to the weak coupling between the electrons and HOAMs,
the electron efficiencies of HOAMs are lower than those of
FOAM. Through a nonuniform magnetic field profile with a
down-tapered tail, the forward wave is amplified in the deep
TWT regime, thereby enhancing the electron efficiency. In the
1 THz gyrotron operating at the third harmonic, the final out-
put efficiency of the SOAM is nearly twice as much as that of
the FOAM, and the ohmic loss power only accounts for less
than 40% of the total extracted power. The scheme proposed
in this work provides a possible way for further developing the
low-loss continuous-wave THz gyrotron.

Appendix A: Self-consistent nonlinear theory
First, the nonlinear theory in the frequency domain is

presented as follows. Based on the assumption of steady
single-mode operation, the electron-wave interaction equation
is given by[43,44](

d2

dz2 +
ω2

c2 − k2
mn

)
f (z)
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=−2qek∗mn

Kmn

ω

2π

∫ 2π/ω

0

∞

∑
s=−∞

N

∑
i=1

Wiδ (z− zi)v⊥i

× J′∗s (kmnrL)J∗m−s (kmnrc) e−jΛfi dt, (A1)

Kmn = πr2
w

(
1− m2

χ2
mn

)
J2

m (χmn) ,

Λfi = ωti− sθi− (m− s)φci, (A2)

where f (z) is the axial field profile, rw is the cavity radius,
χmn is the eigenvalue of TEmn mode, N is the numbers of
the macroparticles, s is the harmonic number, qe, zi, Wi, and
v⊥i are the charge, transient position, weight factor, and trans-
verse velocity of each macroparticle, rc and Φc are the elec-
tron guiding center and guiding center angle, rL and θ are the
Larmor radius and transient angle in guiding center coordi-
nate. Obviously, different values of m, n, and s will result in
different modes interacting with different harmonics. On the
other hand, the self-consistent electron dynamics equations are
given by[44]

d𝑝
dt

=−e𝐸− e𝑣× (𝐵+𝐵0) , (A3)

d(r e jφ )

dt
=

d(rL e jθ )

dt
+

d(rc e jφc)

dt
, (A4)

dz
dt

= vz, (A5)

where 𝑝 is the momentum of electrons, 𝐸, 𝐵 and 𝐵0 are the
EM electric field, EM magnetic field, and static magnetic field,
respectively, and vz is the axial component of the electron ve-
locity. Generally, the field profile f (z) is expressed as the su-
perposition of forward and backward wave

f = f+ e−jkzz + f− e jkzz, (A6)

where f+ and f− are the forward wave and backward
wave components, respectively. The outgoing boundary
conditions are implemented for the calculation of gyrotron
oscillators.[45,46] In this way, at the cavity upstream cutoff
(z = 0), the wave is pure backward component ( f+ = 0), and
at the cavity exit (z = L, where L is the total length of the sim-
ulated area), the wave is pure forward component ( f− = 0).
Namely,{

f |z=0 = f− e jkzz,

f ′|z=0 = jkz f− e jkzz,

{
f |z=L = f+ e−jkzz,

f ′|z=L =−jkz f+ e−jkzz.
(A7)

We employ a fourth-order Runge–Kutta algorithm to solve the
differential equations in the frequency domain, and the field
profile f (z) is determined self-consistently.

Second, as for the multimode time-domain simulation,
the interaction Eq. (A1) turns into the following form:(

∂ 2

∂ z2 − k2
mn−µε

∂ 2

∂ t2

)
f (z, t)

=−2qek∗mn

Kmn

∞

∑
s=−∞

N

∑
i=1

Wiδ (z− zi)v⊥i

× J′∗s (kmnrL)J∗m−s (kmnrc) e−jΛti , (A8)

Λti =−sθi− (m− s)φci. (A9)

Together with Eqs. (A3)–(A5), the oscillation is generated
from noise level to a specific eigenstate, and the calculation
is operated using the FDTD algorithm. In order to reduce
the boundary reflection, perfect-matched layers are loaded at
both ends of the cavity to approximate the outgoing-wave
boundary.[43]

In a word, the frequency-domain code is effective for the
prediction of possible steady states of a single mode, while the
time-domain code is capable of simulating the start-oscillation
scenario of multimode interaction. Both methods were veri-
fied in a series of previous publications.[47–49]

Appendix B: Modeling of effective resistivity of metallic
wall

In our methodology, the effective resistivity is imple-
mented by the modification of the transverse wave number,
and the expression is given by[50,51]

k2
mn = k2

mn0

[
1− (1− j)

δ

rw

(
1+

m2

χ2
mn−m2

ω2

ω2
c

)]
, (A10)

δ =
√

2ρ/ωµ, (A11)

where kmn is the first-order perturbation transverse wave num-
ber, and kmn represents the unperturbed value which is ex-
pressed as kmn = χmn/rw, δ and ωc are skin depth and cut-
off angular frequency, respectively. Substituting Eq. (A10)
into the left-hand side of Eq. (A1), the metallic wall resistivity
is considered self-consistently. To realized the simulation of
partly-loaded losses, the effective resistivity ρ in Eq. (A11) is
replaced as a function of the axial coordinate. Since the ax-
ial wavenumber alters with the cavity resistivity, the reflection
induced by the mismatch of the axial wavenumber can be self-
consistently considered in the simulation.

Note that in the time-domain simulation, the concept of
frequency in Eq. (A10) is invalid, and the expression cannot
be substituted into Eq. (A8) directly. In this case, we utilize
two algorithms to solve this problem in the time-domain sim-
ulation.

The first method is to approximate the operating fre-
quency ω as the constant value ωc,[52]

F−1 [k2
mn f (z,ω)

]
= k2

mn0

[
1− 1

rw

√
2ρ

ωcµ

(
1+

m2

χ2
mn−m2

)]
f (z, t)

+
k2

mn0
ωc

1
rw

√
2ρ

ωcµ

(
1+

m2

χ2
mn−m2

)
∂ f (z, t)

∂ t
. (A12)
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In the gyrotron case, considering that the operating frequency
is usually near-cutoff, the approximation does not introduce a
large deviation.

The second one is to use a recursive algorithm to calcu-
late the convolution introduced from Fourier’s transform. The
expression of kmn in Eq. (A10) is rewritten as

k2
mn = k2

mn0

(
1− 1

rw

√
4ρ

jωµ

(
1+

m2

χ2
mn−m2

ω2

ω2
c

))
. (A13)

By using Fourier’s transform pair

F

(√
1
πt

)
=

√
1

jω
, and F

(
∂ 2

∂ t2

)
=−ω

2. (A14)

Equation (A10) is converted into the time-domain form:

k2
mn f (z, t)

= k2
mn0

f (z, t)− k2
mn0

1
rw

√
4ρ

µπt

×
[

f (z, t)− m2

(χ2
mn−m2)ω2

c

∂ 2

∂ t2 f (z, t)
]
, (A15)

where the asterisk represents convolution. Using a recursive
algorithm presented in Ref. [52], the convolution in Eq. (A15)
is calculated efficiently. Both algorithms are demonstrated to
exhibit high precision.[52]
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