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Three-dimensional acoustic propagation model for shallow waters
based on an indirect boundary element method
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This work has a two-fold purpose. On the one hand, the theoretical formulation of a three-dimensional (3D) acoustic
propagation model for shallow waters with a constant sound speed is presented, based on the boundary element method
(BEM), which uses a half-space Green function instead of the more conventional free-space Green function. On the other
hand, a numerical implementation is illustrated to explore the formulation in simple idealized cases, controlled by a few pa-
rameters, which provides necessary tests for the accuracy and performance of the model. The half-space Green’s function,
which has been previously used in scattering and diffraction, adds terms to the usual expressions of the integral opera-
tors without altering their continuity properties. Verifications against the wavenumber integration solution of the Pekeris
waveguide suggest that the model allows an adequate prediction for the acoustic field. Likewise, numerical experiments in
relation to the necessary mesh size for the description of the water-marine sediment interface lead to the conclusion that a
transmission loss prediction with acceptable accuracy can be obtained with the use of a limited mesh around the desired
evaluation region.
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1. Introduction
Underwater sound propagation is significantly affected by

three-dimensional (3D) effects due to the complex realistic
ocean environment. The importance of these effects has been
early recognised[1,2] and even emphasized by at-sea and/or at-
laboratory measurements.[3]

A great variety of models have been developed to estimate
underwater sound propagation in 3D scenarios which, accord-
ing to their governing equations and numerical approaches,
can be categorized into three main groups,[4] namely, (a) ex-
tended parabolic equation (PE) models, such as the efficient
marching solution based on the parabolic equation[5] that has
been applied to a local and a global ocean environment;[6,7]

(b) normal mode models;[8–11] and (c) ray and beam tracing
models.[12,13] However, modelling acoustic propagation for
3D environments is still a significant two-fold challenge due
to both the difficulties associated with a thorough comprehen-
sion of the physical phenomenon and the high computational
time costs.

The continuous growth in computational power (hard-
ware equipped with more raw processing power and more
memory capacity) opens up the game for methods based
on volume or boundary discretization as the finite element
method (FEM) and the boundary element method (BEM)
(these examples are not exhaustive, see Ref. [14] for a wide
review about underwater acoustic models under the high per-
formance computer paradigm). These methods allow for a

more realistic modelling since they assume fewer hypotheses
than classical and well established ones as the ray methods,
PE methods and coupled normal modes,[15] which have been
successfully used for several decades. The above mentioned
restrictive assumptions generally refer to symmetry conditions
and/or their validity limited to certain frequency regimes.

The BEM consists in defining the acoustic field through
surface-integral operators which reduce the definition of the
computational domain from 3D to 2D. Regarding underwa-
ter sound propagation, several references can be found in the
literature such as a previous work that used a multi-layer ap-
proach for shallow waters by defining boundary integral equa-
tions whose unknowns are the pressure field and the normal
particle velocity on the surfaces.[16] This approach is catego-
rized as a direct BEM. Although the BEM is computationally
more expensive than other methods, acceleration algorithms
can be used to improve its performance. It is still not ca-
pable to model realistic scenarios for long-range propagation
such as those involved in some applications where the prop-
agation range has several thousand of kilometres.[17,18] Nev-
ertheless, the method still has its strong advantages such as a
clean mathematical formulation and a consistent behaviour at
infinity (where the fields are expected to vanish).

In this work, we present a numerical implementation of
an indirect BEM capable of tackling the acoustic propaga-
tion problem in a homogeneous medium with an arbitrary
bathymetry (range-dependent model) that can be easily ex-
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tended to a multilayer coupled approach to consider inhomo-
geneous media. This formulation includes an appropriate half-
space Green function to take into account an infinite pressure
release surface, which is a representation of the ocean free
surface in an exact analytical way. Accordingly, generation
of a mesh corresponding to the interface ocean-atmosphere is
avoided. This idea has already been used for a boundary inte-
gral equation method (BIEM) solution for the acoustic scatter-
ing from the surface of a waveguide then applied to a 2D case
with non-penetrable boundaries,[19] for a 2D waveguide with
a more general Green function[20,21] and within the context
of acoustic scattering and radiation.[22] Furthermore, from the
computational point of view, the indirect approach leads to op-
erators that are numerically well-behaved in comparison with
the direct methods needing some preconditioners in order to
solve the problem.[16]

This paper is organized as follows. In Section 2, the BEM
model is presented. The boundary value problem correspond-
ing to acoustic propagation in a waveguide is stated in Sub-
section 2.1, then the BEM theoretical formulation based on a
half-space Green function – emphasizing the differences with
those based on the free-space function – is developed in Sub-
section 2.2 and finally an outline of the numerical method is
provided in Subsection 2.3. Certain more technical mathemat-
ical aspects and some intermediate steps in the derivations are
confined to the appendices. In Section 3, numerical exper-
iments aided to verify the BEM model are carried out. To
this end a wave-number integration technique applied to the
propagation problem of a Pekeris waveguide provided with
a sediment layer (with and without attenuation) is used as a
benchmark. Section 4 shows the performance of the model
in a shallow water waveguide with a conical mountain, which
provides a range-dependent bathymetry. The conclusions of
the work and suitable further steps aimed to improve the model
are summarized in Section 5.

2. Model formulation
2.1. Acoustic propagation problem

The problem of the underwater sound propagation in a
homogeneous waveguide with range dependent bathymetry is
schematically shown in Fig. 1. A time harmonic point source
of circular frequency ω is located in a homogeneous water
layer (which defines the volumetric region R0) bounded above
by the plane surface Γ0 and below by the arbitrary surface Γ1.
The latter limits an unbounded volumetric region R1 that con-
stitutes a marine sediment layer. The surfaces Γ0 and Γ1 repre-
sent the interfaces seawater-atmosphere and seawater-marine
sediments, respectively. Each region Ri (i = 0,1) is character-
ized by constant acoustic properties ci and ρi (sound speed and
density) and wavenumber ki = ω/ci. The boundless nature of

the R1 region is emphasized in the scheme by the dashed line
at the bottom.

Source

Fig. 1. Scheme for the propagation problem. It should be noted that
neither cylindrical nor plane symmetry must be inferred from this 2D
sketch.

The given point source generates, through interaction
with the boundaries, acoustic pressure fields pi in each region
Ri that are solutions of the scalar Helmholtz equation

(∇2 + k2
i )pi = 0, i = 0,1. (1)

If the source field is pi, then the total field in the region R0

is p = p0 + pi. As it is usual in propagation problems, the
boundary condition at Γ0 assumes a pressure-release surface
(Dirichlet condition: p0 + pi = 0), whereas at Γ1 the pressure
field must satisfy the transmission condition that arises from
demanding continuity of both the field and the normal parti-
cle velocity vn =−1/(iωρ)∂n p (the notation ∂n is a common
abbreviation for the normal derivative n̂ ·∇). The point source
located at xsrc is assumed to generate a field

pi(x) =
e ik0|x−xsrc|

|x− xsrc|
,

with unitary amplitude.
According to the mathematical framework appropriate to

BEM (integral operators theory), it is convenient[23] to trans-
form the fields according to

u0 =
p0

ρ0
, u1 =

p1

ρ1
, usrc =

pi

ρ0
, (2)

which has the consequence of making the factors ρ
−1
i drop

out from the normal derivatives. In terms of these fields ui, the
pressure release condition at Γ0 leads to

u0(x)+usrc(x) = 0 for x ∈ Γ0, (3)

whereas the requirement of continuity in the field and its
derivative at Γ1 (i.e., the boundary conditions at the interface)
implies

ρ0u0(x)−ρ1u1(x) = −ρ0usrc(x)

∂nu1(x)−∂nu1(x) =−∂nusrc(x)

}
for x ∈ Γ1. (4)

The differential equations given in Eq. (1) and the condi-
tions of Eqs. (3) and (4) constitute the boundary value problem
that models the acoustic propagation problem schematized in
Fig. 1. In the next section, this problem will be posed under
a mathematical formulation appropriate for an indirect BEM
approach.

054301-2



Chin. Phys. B 32, 054301 (2023)

2.2. BEM formulation with a half-space Green function

A typical indirect BEM formulation for the acoustic prop-
agation problem previously introduced presupposes that each
field ui is expressed as a linear combination of certain kind of
surface integrals as, for example, in

ui(x) = a
∫

Γ

Φ(x,y)ϕ(y)dSy +b
∫

Γ

∂nyΦ(x,y)σ(y)dSy, (5)

where the kernel function Φ(x,y) and its normal derivative are
two-point functions, which give the field x-dependence, while
the integration (over the boundary Γ ) is carried out in the y-
variable, and the latter is emphasized by the sub-index in the
surface differential dSy. Coefficients a and b are known con-
stants while ϕ and σ are functions to be determined. Each
integral in Eq. (5) can be interpreted as an integral operator[24]

acting on a function, for which the usual nomenclature is

U [ϕ](x) =
∫

Γ

Φ(x,y)ϕ(y)dSy, (6)

where U represents the operator (associated with a kernel Φ),
and ϕ the function integrated on the surface Γ . As will be
seen later, the field-values ϕ(y) on Γ will be unknown quanti-
ties for the integral formulation of our boundary value problem
for acoustic propagation.

In the vast majority of 3D BEM applications associated
to the Helmholtz equation, the kernel function Φ(x,y) is the
free-space Green function in the wavenumber ki,

G(ki;x,y) =
e iki|x−y|

4π|x− y|
, (7)

which has the property of being a solution of the Helmholtz
equation in absence of boundaries (that is the reason why it is
dubbed free-space). It should be noted that if the kernel satis-
fies the Helmholtz equation (where the Laplacian is taken with
regard to the x-variable) then its associated operator also does
it, as long as the interchange between the integral sign and the
Laplacian is possible. This kernel G(ki;x,y) and its normal
derivative define the operators

Si[ϕ](x) =
∫

Γ

G(ki;x,y)ϕ(y)dSy,

Ki[ϕ](x) =
∫

Γ

∂ny G(ki;x,y)ϕ(y)dSy,

in which the sub-index associates the operator with the
wavenumber ki or equivalently with the Ri region. These op-
erators Si and Ki constitute the basis for all BEM methods
and are called the single layer potential operator (SLP) and
the double layer potential operator (DLP), respectively. Since
the spherical symmetry of G(ki;x,y) offers no special advan-
tages for the propagation problem under consideration (be-
cause the boundaries are not spherical), a typical BEM formu-
lation would involve integration in both Γ0 and Γ1, i.e., it would
require numerical discretization of both of these boundaries.

It is also worth noting that although the water and sed-
iment layers are schematized in Fig. 1 without borderlines in
the x, y directions in the underwater acoustic propagation mod-
elling, it is assumed that these limits are far away from the
area of interest so their effects can be neglected. In fact, this
assumption implies that the solution for a limited area near
the source is identical to a solution for an acoustic problem,
which has those limits located at infinity. By using this feature
it is possible to use a modified Green function, which takes
into account part of the boundaries of the problem in an exact
way, avoiding thus the need of building a discretized version
of those boundaries and consequently also avoiding integrat-
ing over them.

Beyond the free-space Green function, the simplest useful
modification is the half-space Green function, obtained by us-
ing the image method,[25] which is of widespread application
in acoustics and optics (the Rayleigh–Sommerfeld correction
to the problem of diffraction by an aperture being an iconic
example). The half-space Green function appropriate to our
problem will be the solution of the Helmholtz equation valid
for a semi-space z > 0, where the (infinite) boundary plane
z = 0 is such that over it the Green’s function becomes zero.
Its expression is

Ḡ(ki,x,y) = G(ki;x,y)− e iki|x−y′|

4π|x− y′|
, (8)

where y′ is the specular image of the point y by the plane z= 0.
Figure 2 shows the points x,y,y′ involved in the definition of
Ḡ. It is important to emphasize that the modification in Eq. (8)
(an extra term) can be interpreted as a new source, an image
source located at point y′ outside of the physical region, where
the acoustic problem is being solved. The idea of extending
the physical domain by adding extra-termns has already been
used in the context of the parabolic wave approximation for
shallow waters in 2D modelling. In Ref. [26], the authors used
it to satisfy a pressure release condition in a flat ocean surface
(z= 0), and in Refs. [27,28] that was generalized to treat rough
surfaces of the form z = η(r).

z

y

r

x

y′

x↩y

x↩y′

Fig. 2. Points and vectors associated to the half-space Green function.
For point x,y appearing in the argument of the usual Green function,
the half-space variant considers a point y′, specular reflection of y by
the z = 0 plane.
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Regarding the propagation problem depicted in Fig. 1, the
use of a half-space Green function as kernel in the S, K op-
erators implies that the propagation problem has a pressure-
release surface condition built-in, in the sense that u0 ac-
cording to (5) verifies u0 = 0 over Γ0. However, as it is
stated in the condition (3), it is desirable a little more on Γ0,
namely, u0 + usrc = 0, which can be attained by redefining u0

as u0−usrc′, where usrc′ is the image source

usrc′(x) =
1
ρ0

e ik0|x−xsrc
′|

|x− xsrc′|
.

The problem solution in terms of these operators, plus
the subtraction of the image source, automatically will take
into account the surface Γ0 so that an explicit evaluation of the
boundary conditions is not necessary. The fields ui have now
to fulfill boundary conditions only at Γ1.

Furthermore, writing the solution through the half-space
Green function implies that the solution of the propagation
problem without the existence of Γ1 (or with Γ1 located at in-
finity) is (or tends to) the image solution

ūsrc = usrc−usrc′, (9)

which recovers the well known solution of the Lloyd’s mirror
problem.[25]

2.2.1. BEM formulation

Now, after having chosen an appropriate kernel function,
the fields u in each region R will have the following integral
representation:

u0(x) = S0[φ ](x)+K0[ψ](x)−usrc′(x), for x ∈ R0,

u1(x) = S1[φ ](x)+K1[ψ](x) for x ∈ R1, (10)

where

Si[φ ](x) =
∫

Γ1

Ḡ(ki;x,y)φ(y)dSy,

Ki[ψ](x) =
∫

Γ1

∂nyḠ(ki;x,y)ψ(y)dSy

are the SLP and the DLP operators, evaluated on the unknown
functions φ and ψ , respectively. Since the boundary condi-
tions of Eq. (4) involves the normal velocity, it will be nec-
essary to evaluate normal derivatives of these operators. This
procedure leads to two new operators

K′i [φ ](x) = ∂nx

(∫
Γ1

Ḡ(ki;x,y)φ(y)dSy

)
,

Ti[ψ](x) = ∂nx

(∫
Γ1

∂nyḠ(ki;x,y)ψ(y)dSy

)
,

generically known as the normal derivative operators.[29]

The next step in the integral formulation is to evaluate
the transmission conditions at Γ1, Eq. (4), by using the field
prescription according to (10). This process requires to care-
fully consider the operator’s jump conditions (Subsection 3.1
of Ref. [24]) or, in other words, its behavior in the limit when
its evaluation point x in the surface is approached from Ri

along the normal vector direction nx. Following these steps,
the following system of two boundary integral equations:

(ρ0K0−ρ1K1 +1/2α01)[ψ](x)+(ρ0S0−ρ1S1)[φ ](x) =−ūsrc(x)

−𝑀01[ψ](x)+(I−ρ0K′0 +ρ1K′1)[φ ](x) = ∂nūsrc(x)

}
for x ∈ Γ1 (11)

for the two unknowns φ and ψ is obtained, where α01 =

(ρ0 +ρ1)/2 and 𝑀 is another operator, called the Müller op-
erator and defined as

𝑀sℓ[ϕ](x)≡ Ts[ϕ](x)−Tℓ[ϕ](x). (12)

Appendix A provides a schematic derivation of the system of
Eq. (11) by evaluating carefully the limits and using the jump
conditions from Ref. [24].

The modification in Ḡ with respect to the usual G, i.e., the
addition of an image source at y′, modifies the usual expres-
sion for the integrands in the operators S,K,K′,T . Neverthe-
less, these modifications does not alter its continuity and jump
properties because the added term in Ḡ is regular for all x,y in
the physical domain. In Appendix B, expressions for all the
four integral operator’s kernels are provided.

The solution of the acoustic propagation problem given in
terms of the fields ui has been transformed in the finding of the

functions ψ and φ both having the surface Γ1 as their domains
of definition. These functions are called densities in the liter-
ature and are now the unknowns. The BEM method provides a
procedure to find discretized versions of these densities, which
will be the subject of the next section.

2.3. Numerical method

The system of Eq. (11) can be solved through a discretiza-
tion process over the boundary Γ1, which turns it in a finite-
size matrix system. For this step the standard procedure is to
assume the following two approximations.

1. The surface Γ1 is approximated by a planar triangular
mesh (i.e., a set of N1 triangles {∆ℓ} with ℓ= 1,2, . . . ,N1), so
that

Γ1 =
N1⋃
ℓ=1

∆ℓ,
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where ∆ℓ is the ℓ-th triangle whose centroid is xℓ.
2. The unknown densities ψ and φ are considered as

piecewise constant functions in each triangle, that is,

ψ(x) =
N1

∑
ℓ=1

ψℓI∆ℓ
(x), φ(x) =

N1

∑
ℓ=1

φℓI∆ℓ
(x), (13)

where ψℓ and φℓ are unknown complex numbers and I∆ℓ
(x) is

the indicator function of the ℓ-th triangle, defined as

I∆ℓ
(x) =

{
1 if x ∈ ∆ℓ,

0 otherwise,

so that ψℓ and φℓ are the values of ψ and φ for all x in ∆ℓ,
respectively.

In order to find the densities, the prescriptions (13) are
inserted in the system (11). This procedure transforms each
integral over the boundary Γ1 into a sum of integrals over each
triangle ∆ℓ.

The resulting system remains, of course, valid for all
x ∈Γ1, so that is valid in particular for the set of centroids {xℓ}
(ℓ= 1,2, . . . ,N1) of the triangles belonging to Γ1. When these
discretized equations are evaluated in the set {xℓ}, a matrix
system of size 2N1×2N1

(𝐵+𝐷)

(
𝜓
𝜑

)
=

(
𝑓
𝑔

)
(14)

is obtained. The complex-valued vectors 𝜓,𝜑 containing the
unknowns and the data vectors 𝑓 and 𝑔 are defined as

𝜓 =



ψ1

ψ2

...

ψN1


, 𝜑=



φ1

φ2

...

φN1


,

𝑓 =−



−ρ0ūsrc(x1)

−ρ0ūsrc(x2)

...

−ρ0ūsrc(xN1)


, 𝑔 =



∂nūsrc(x1)

∂nūsrc(x2)

...

∂nūsrc(xN1)


. (15)

The complex-valued matrices𝐵 and𝐷 are defined as 2 block-
matrix, each block having size N1×N1

𝐵 =

 (ρ0𝐾0−ρ1𝐾1) (ρ0𝑆0−ρ1𝑆1)

−𝑀01 (𝐾 ′1−𝐾 ′0)

 ,
𝐷 =

[
1/2α01𝐼 0

0 𝐼

]
, (16)

where 𝐼 is the identity matrix of dimension N1. The bold-
face typography used for the operator’s matrix representation

attempts to capture its discrete nature. For a generic opera-
tor𝑈q ∈CN1×N1 with kernel Φ(kq;x,y) the i, j matrix element
represents

[𝑈q]i j =
∫

∆ j

Φ(kq;xi,y)dSy.

The matrix row-index i is associated with a particular evalua-
tion point xi while the column index j is associated with the
particular element ∆ j. The subindex q identifies the corre-
sponding wavenumber kq. For example,

[𝑆1]ℓs =
∫

∆s

Ḡ(k1;xℓ,y)dSy

implies integration over the s-th triangle of Γ1 and evaluation
on centroid xℓ, all for the wavenumber k1.

Numerical evaluation of the operators can be cumber-
some since it involves the resolution of integral singularities.
In this case, the computational implementation is strongly
based on a previous work that uses the traditional free-space
Green function as integral kernel.[30] Thus, the numerical eval-
uation of the matrix components at Eq. (16) is carried out by
taking that previous implementation and changing the Green
function. Even though this process is long and implies many
calculations, this is straightforward, because as was it previ-
ously stated, the kernel is modified by adding a term regular
for all x, y in the physical domain, meaning that there is no
need to develop additional numerical treatments of singulari-
ties.

Once the matrix system of Eqs. (14)–(16) is solved and
the density vectors 𝜑, 𝜓 are obtained, we are ready to evalu-
ate the field in any point x belonging to the physical domain.

2.4. Pressure and TL computation

After having obtained the densities 𝜓, 𝜑, the fields ui (in
water or in the sediment layer) can be calculated by evaluating
the corresponding integral representation in Eq. (10) with the
piecewise approximation made at Eq. (13). Therefore, using
the transformation (2), the discretized version of the pressure
field in the water layer is

p0(x) = −usrc′(x)+
N1

∑
ℓ=1

(
ρ0φℓ

∫
∆ℓ

Ḡ(k0;x,y)dSy

+ρ0ψℓ

∫
∆ℓ

∂nyḠ(k0;x,y)dSy

)
. (17)

As it is common in acoustic propagation modelling, in the
following sections results for acoustic propagation evaluation
will be analyzed in the logarithmic scale by using the trans-
mission loss (TL) parameter defined as

TL =−20log10

(∣∣∣∣ p0(x)
pref

∣∣∣∣) dB re 1 m, (18)

where the reference pressure pref is the pressure evaluated at
1 m from the source.
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3. Model verifications: Pekeris waveguide
To verify the BEM model, the classical problem of prop-

agation in a Pekeris waveguide is used as a benchmark solu-
tion. It consists of a flat homogeneous water layer bounded
below by a homogeneous half-space of higher sound speed
and above by a pressure-release interface. Such a setup, firstly
analyzed within normal mode theory,[31] is a simple but use-
ful model for acoustic propagation in shallow-water ocean en-
vironments. This configuration is one of the most employed
benchmark solutions because it allows an analytical treatment
by using wavenumber integration techniques and it is intrinsi-
cally important due to the physical insight that it provides. In
the next subsection, an overview of the exact solution and a
benchmark case used for verification is presented. Next, com-
parisons between BEM model and the exact solution are also
presented.

3.1. Pekeris waveguide solution

The Pekeris waveguide considered as our benchmark
setup is shown in Fig. 3. A homogeneous water column of
depth D, sound speed c0 and density ρ0 overlies a homoge-
neous fluid half-space of sound speed c1 and density ρ1. A
point source located in water at (r,z) = (0,zs) generates a pres-
sure field

p(r,z) =−ρ0ω
2Sω

e ik0|(r,z)−zs|

4π|(r,z)− zs|
,

where Sω is the source strength. The physical parameters c, ρ

and location zs of source and receiver depth z used in this ex-
ample are taken from an example[25] and explicitly indicated
in the figure.

x↪y

z

s

Fig. 3. Pekeris waveguide of thickness D = 100 m with pressure-release
surface and penetrable bottom. The physical parameters ρ,c in each
layer are indicated in the figure.

The pressure p(r,z) in the Pekeris waveguide is then given
by

p(r,z) =

{
ρ0ω2ψ0(r,z), 0≤ z≤ D,

ρ1ω2ψ1(r,z), z≥ D,

where ψi (i = 0,1 corresponding to the water and sediments
layers, respectively) are the displacement potentials, which
can be expressed as Hankel transforms

ψi(r,z) =
∫

∞

0
Ψi(kr,z)J0(krr)kr dkr,

with J0 the cylindrical Bessel function of first kind and
Ψi(kr,z) the solution of the depth-dependent wave equation(

d2

dz2 + k2
z,i

)
Ψi(kr,z) =

Sω

2π
δ (z− zs),

where k2
z,i = k2

i − k2
r is the vertical wavenumber in the

i-medium. Attenuation in the sediment layer is taken
into account trough a complex wavenumber k1(1 + iηα),
where the coefficient α > 0 quantifies its strength and η =

1/(40π log10 e) is a numeric constant turning dimension-
less the imaginary part. Usually, attenuation α is given in
dB/wavelength. Further details and physical analysis of this
solution can be founded in Refs. [25,32].

3.2. BEM model applied to the Pekeris waveguide

The BEM model was compared to the Pekeris bench-
mark solution previously presented at frequency f = 5 Hz by
evaluating transmission loss (TL) (a) along a 2500 m path at
z = 46 m depth (inside the water layer, see Fig. 3) and (b)
in a rectangle 2500 m width and 150 m depth which encom-
pass both water and sediment field evaluations. Two cases
are considered: without attenuation and with an attenuation
α = 5 dB/λ (from the applications standpoint is a somewhat
big value, its inclusion being justified only to test the model
in a broad spectrum of its parameters). All the simulations
were conducted over a circular mesh of radius R = 2500 m
and N = 49009 triangles which represents the boundless inter-
face water-sediments.
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BEM model
Benchmark (f=5 Hz, α=5 dB/λ)

BEM model
Benchmark (f=5 Hz, α=0 dB/λ)

0 0.5 1.0 2.0 2.51.5
r (103 m)

(a)

(b)

Fig. 4. Transmission loss (TL) vs. range computed by the BEM model
(full lines) and by the wavenumber benchmark solution (dashed lines)
for a Pekeris waveguide with thickness of 100 m (physical, source
and evaluation parameters given in Fig. 3) along a 2.5 km path with
depth z = 46 m. Source frequency f = 5 Hz. (a) Without attenuation
(α = 0 dB/λ ). (b) With attenuation given by α = 5 dB/λ .

Since our BEM formulation assumes constant field on
each triangle, the number N of elements of the mesh must be
chosen to ensure that the acoustic wavelength would be several
times greater than the distance between vertices (usually five
or six times greater) according to the usual practice in scatter-
ing applications.[33] In the circular mesh used for this verifi-
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cation test, the previous requirement is fulfilled by the 96% of
the triangle’ sides.
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Fig. 5. Transmission loss (TL) vs. range and depth, evaluated for the
rectangle 0 ≤ r ≤ 2500 m and 0 ≤ z ≤ 150 m (without attenuation).
Benchmark solution (a) and BEM solution (b) for f = 5 Hz. The inter-
face water-sediments is indicated by a white line.
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Fig. 6. Transmission loss (TL) vs. range and depth evaluated for the
rectangle 0 ≤ r ≤ 2500 m and 0 ≤ z ≤ 150 m (with attenuation given
by α = 5 dB/λ ). Benchmark solution (a) and BEM solution (b) for
f = 5 Hz. The interface water-sediments is indicated by a white line.

The results of the comparison are shown in Fig. 4, where
panel (a) shows the case without attenuation (α = 0) and panel
(b) the case with the strong attenuation α = 5 dB/λ . The eval-
uation coordinate r reaches the end of the mesh so that errors
are expected there. They are evident in the case α 6= 0 but
slightly noticeable in the α = 0 dB/λ case. The former as-
sumption about the pseudo-local character of the fields, i.e.,
the fact that the boundary values of the field at very long dis-
tances are not required to determine the field in a restricted
domain, appears to be a valid one. Of course, in cases where
a benchmark solution is not available, which portions of the
domain need to be meshed should be the object of analysis.

Figures 5 and 6 show the transmission losses for a rect-
angle, which encompasses water and sediments in the cases of
α = 0 and α = 5 dB/λ of attenuation, respectively. A solid
white line indicates the interface between both media. Pan-
els (a) show the benchmark solution whereas panels (b) are
the results provided by the BEM model. In all the figures,
colorbars are saturated in the interval [30,100] dB for clarity
purposes in the comparison. The evaluations are visually in
good agreement although there are some numerical artifacts
near the interface line, which are a consequence of the evalua-
tion point closeness in regard the triangle’ sides in the interface
mesh. This perturbations can be avoided by considering a finer
mesh.

3.3. Effect of the finiteness of the mesh

The theoretical propagation problem involves, as previ-
ously mentioned, unbounded layers. The formulation based on
the half-space Green function considers the pressure-release
water surface in an exact form, including also its intrinsic no-
finiteness, but conversely the water-sediments interface must
be discretized – taking into account the relationship between
wavelength and segment length – which arises a natural ques-
tion: how far should this discretization go?

The previous verifications a priori assumed that the re-
gion surrounding the source will be mandatory for an ac-
curate representation of the field in the modelling, therefore
the source was centered regarding the disk constituting the
mesh of the bottom surface. To quantify the suitability of this
centered-source assumption, we evaluate the TL correspond-
ing to the Pekeris waveguide (at f = 5 Hz and α = 0 dB/λ )
with the circular mesh of 2.5 km radius and N = 49009 trian-
gles but shifting radially the source location in 625 m, 1250 m
and 2500 m. This provides four configurations labelled as A,
B, C and D being the first of them the original configuration
(null shift).

r (103 m)
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ABCD

2.5 km

-2.0 -1.0 0 1.0 2.0

Fig. 7. Transmission loss (TL) vs. range computed by the BEM model
for the Pekeris waveguide along a 5000 m radial path coincident with
a radius of the circular mesh of N = 49009 triangles. The source were
located at zs = 36 m but shifted radially in r according to the scheme
shown in the insert. The configurations A, B, C and D have the source
at 0 m, −625 m, −1250 m and −2500 m in the coordinatization used.

The resulting TL are shown in Fig. 7, where the inset in
the upper right corner identifies the source location in each
case. The source shift is indicated by a negative r-coordinate.
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The finite size of the mesh is clearly noticeable at each side
of the curves (except in the D case) and the source location is
evidenced by the sharp peak corresponding to minimum TL,
which is obtained at the minimum distance (z− zs) between
source and evaluation point.

To quantify the error in each TL computation, the result-
ing curves B, C, and D are shifted to match with A. Then
they are comparable point to point alongside a line of 2500 m,
which is the minimum length common to all of them. Defining
a relative error in the logarithmic scale according to

Rel Err =
|TL−TLb|
|TLb|

, (19)

where TLb is the Pekeris wavenumber integration prediction
(the benchmark), errors associated to the different TL obtained
in the four cases can be quantified. Results are shown in Fig. 8.
An inset in the left side shows a scheme for source location in
each configuration A, B, C and D as well as the 2.5 km line
segment (dashed lines) where the TL are being calculated in
each case (for clarity purposes – avoiding the overlapping – in
this scheme the lines are shifted a little amount in the vertical
direction).
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Fig. 8. Relative error, according to definition (19), for the TL vs. range
r (distance to the source) of shifted source configurations A,B,C and D.
In each case the first 2500 m from the source to the right were compared
point to point with the benchmark solution. The inset in the upper left
corner shows the evaluation segment compared for each case.

The A configuration, i.e., the source “centered” at the
mesh, shows the expected error of mesh-finiteness already ob-
served, clearly amplified towards the end of the line (beyond
r = 2500 m there is no world!). Configurations B and C,
sources shifted in 625 m and 1250 m, result in a better error
behaviour, because for neither one a relative error of 0.005 is
surpassed. Remarkably, TL evaluation for the immediate re-
gion surrounding the source is not perturbed in these shifted
cases. The extreme case of a source located in the border of
the domain, configuration D, exhibits a maximum error in the
first 250 m but a decreasing one afterwards.

These numerical experiments reveal that a compromise
solution between accuracy and mesh size for TL calculation,
along lines at least, can be attained considering a centered line
of evaluation more than a centered source. The associated

question arising next is, assuming that a centered configura-
tion as C satisfies a desired error, how to surround that segment
with a mesh big enough to provide an “accurate” TL evalua-
tion but simultaneously with little overhead due to calculation
from far regions with negligible contribution. To explore this
question we considered two alternative meshes built from the
original circular disk: two ellipses of 2500 m major axis and
minor axis in the relation 1:2 and 1:3, which results in 1250 m
and 833.33 m, respectively.

The two elliptical meshes were built assuring a triangle
density similar to the one used in the circular mesh. There-
fore, the ellipses 1:2 and 1:3 have N = 24628 and N = 16285
triangles, respectively. The relation between areas with respect
to the 2500 m radius circular disk are 1/2 and 1/3 whereas the
relation between the number of triangles are 0.502 and 0.332.
Therefore, the triangle density (defined as the number of mesh
triangles per area unit) is similar for all the three meshes.
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Fig. 9. Relative error for TL vs. range evaluated for a 2500 m seg-
ment, which is indicated by dashed lines in the scheme of the inset, for
the 2500 m radius circular mesh and two elliptical meshes with major
semiaxes of 2500 m and minor semiaxes in ratios 1:2 and 1:3.

In Fig. 9 the relative error for TL calculation along a
2500 m line for the three meshes considered is shown. The
inset at the upper left corner of the figure details the evaluation
segment for the circular and the elliptical meshes. Surpris-
ingly, the decrease in the extension of the mesh has no appre-
ciable effect in the TL since the relative error is similar. The
1:3 ellipse displays an oscillatory behaviour, which emerges as
an artifact introduced by the artificial elliptic boundary delim-
iting the end of the computational domain. Elliptical meshes
with an increased number of triangles and other aspect-ratio
as 1:4, display similar behaviors in r. Nevertheless, for the 1:3
ellipse, these relative errors do not exceed 0.64 dB in absolute
terms, a value which is acceptable in practical applications of
acoustical propagation in the ocean. In addition, the nominal
number of triangles in this case is significantly lower than the
circle, which has direct consequences in reducing the comput-
ing time.

4. BEM model in a shallow waters range depen-
dent environment
To evaluate the model in a range dependent environment,

we have built a synthetic scenario provided with a non-trivial
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bathymetry consisting of a plane bottom of D = 500 m depth
with a conical mountain with a height of 300 m inside. Similar
scenarios were used, for example, in Refs. [5,34]. Transmis-
sion losses will be evaluated over a r, z plane of 2500×1000 m,
which cuts in half the mountain. A point source of unitary
amplitude and frequency f = 5 Hz is located at r = 0 and
zs = 250 m. A mesh of circular shape with radius R = 2500 m
containing the mountain surface will be used. Figure 10 shows
a 2D sketch of the evaluation plane with the physical parame-
ters indicated over it (a) and a 3D view encompassing both the
plane and the water-sediments interface mesh (b).

R

s

(a)

(b)

Fig. 10. Scheme for a range dependent waveguide environment; a plane
bottom with a depth of 500 m provided with a 300 m height conical
mountain. TL will be evaluated over a plane of 2500× 1000 m in r, z
which is shown with the propagation parameters overimposed (a) and
in a 3D panoramic view (b).

The circular mesh has N = 50000 triangles. The given
frequency involves acoustics wavelengths of λ0 = 300 m and
λ1 = 360 m for the water and sediments, respectively. Con-
sidering a maximum segment length of λ/5, and taking into
account the lower wavelength, it leads to a triangle’ sides
ℓ < 60 m. This condition was fulfilled for the 95% of the tri-
angles of the mesh.
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Fig. 11. Transmission loss (TL) evaluated over the (r,z)-plane pre-
viously shown in the Fig. 10. The white line indicates the water-
sediments interface. Panel (a) considers attenuation α = 0 whereas (b)
α = 20 dB/λ . The color bar on the right is saturated for a better contrast;
all TL values greater than −20 dB appears as −20 dB.

For TL evaluation two attenuation coefficients were used:
α = 0 (no attenuation) and α = 20 dB/λ . The latter value big
enough only aimed to show a remarkably different graphical
result. In Fig. 11, results for TL in the rz-plane are shown: the
no attenuation case (a) and the α = 20 dB/λ one (b). The color

bar values were saturated for a better contrast. The water-
sediments interface is indicated by a white line showing that
the TL changes continuously when the interface is crossed.
The region surrounding the source shows brighter indicating
low TL values as expected.

The intense attenuation due to the selected α-value ac-
counts for the fast vanishing of the pressure field and conse-
quent increase of the transmission losses. Moreover, it is no-
ticeable that the conical mountain presence does not preclude
appreciably pressure fields behind it, which are an effect of
the relative low frequency and diffraction effects due to the
boundaries.

5. Conclusions
An indirect BEM approach was proposed and numeri-

cally implemented to solve an underwater acoustic propaga-
tion problem that provides an stable and clean formulation as a
consequence of avoiding the intrinsic instabilities of the direct
methods and the automatic fulfilling of the radiation condition
for the fields at infinity. There was no need of artificial bound-
aries and layers, required in other methods to avoid emer-
gence of spurious numerical artifacts. Numerical experiments
have shown that discretization of the entire domain boundary
is not necessary to achieve an acceptable prediction but this
“local approach” to the problem still can be computationally
demanding at the frequency ranges of interest for some appli-
cations. The formulation based on a half-space Green function
has required some tweaking of the integral operators for en-
abling to consider an infinite pressure release surface (Dirich-
let condition). This modification avoids the need of building
a mesh for the seawater-atmosphere interface, which would
have required to build and handle a matrix system two-times
bigger. An infinite acoustic hard surface (Neumann condition)
suitable for modelling propagation over a rigid bottom can be
worked out in the same fashion with minor modifications.

For an admissible accuracy in the TL evaluation, a mesh
considering a limited region near the source is enough. Even
for moderated frequencies this implies very large matrix sys-
tems, and thus, there is a clear need of iterative methods for the
system solving stage and accelerated integral evaluations, two
key components to circumvent the explicit matrix construction
and to allow a fast evaluation of the matrix elements, respec-
tively.

There are plenty of works where iterative methods and
accelerated integrations are employed (see Refs. [35,36] and
references therein). The former obviously is not restricted
to the narrow context of boundary integration methods since
the tackling of large matrix systems is a common feature in
the realm of numerical methods when physical systems with
many degrees of freedom are under analysis. Computational
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implementations are readily available in all the popular pro-
gramming languages. The accelerated evaluation of integrals,
by contrast, is a more specific topic and is closely related to
the fast multipole method (FMM),[37–39] which is an algorithm
aimed to speed up the calculations in many body systems.

To extend and improve the numerical implementation of
the BEM formulation presented in this work, the following
steps would require: (a) incorporate an iterative solver to the
matrix system solving stage of the propagation problem; and
(b) design and build an acceleration algorithm for the numer-
ical evaluation of the integrals which can handle its singular
behaviour. Surely, this road map will benefit from all the pre-
vious work carried out in other branches of physical sciences.

Appendix A: Boundary integral equation from
boundary conditions at 𝛤1

Evaluation of an integral operator U [ϕ] at a boundary
point x ∈ Γ1 approached from the region R0 is calculated as
the limit

U [ϕ](x) = lim
h→0

U [ϕ](x+hn̂),

where x is reached along the normal direction given by n̂ (the
normal at x) from the point x0 ∈ R0 (see Fig. A1). The opera-
tor evaluation at x but approached from the region R1 proceed
along the opposite direction (i.e., along −n̂) from the point
x1 ∈ R1, i.e.,

U [ϕ](x) = lim
h→0

U [ϕ](x−hn̂),

where h > 0 in both cases.

Fig. A1. Sketch for normal derivative evaluation.

By inserting the prescriptions (10) in Eqs. (4) and defin-
ing x+ = x+hn̂ and x− = x−hn̂ the boundary conditions can
be considered as h→ 0 limits,

lim
h→0

ρ0(S0[φ ](x+)+K0[ψ](x+)+ ūsrc(x+))

= lim
h→0

ρ1(S1[φ ](x−)+K1[ψ](x−)),

lim
h→0

K′0[φ ](x
+)+T0[ψ](x+)+∂nūsrc(x+)

= lim
h→0

K′1[φ ](x
−)+T1[ψ](x−),

where the evaluation point x+ tends to Γ1 from R0 whereas
point x− tends from R1. Evaluating the h→ 0 limit and con-
sidering the jump (jump and continuity conditions, see theo-
rem 3.1 of Ref. [24]) for Ki and Si, we obtain

ρ0S0[φ ](x)−ρ1S1[φ ](x)+ρ0K0[ψ](x)

−ρ1K1[ψ](x)+α01I[ψ](x) =−ρ0ūsrc(x),

K′0[φ ](x)−K′1[φ ](x)− I[φ ](x)

+T0[ψ](x)−T1[ψ](x) =−∂nūsrc(x),

where α01 = (ρ0 +ρ1)/2 and I is the identity operator. By us-
ing the definition of the Müller operator, Eq. (12), and a more
compact notation, the boundary conditions result in

(ρ0S0−ρ1S1)[φ ](x)

+(ρ0K0−ρ1K1 +α01I)[ψ](x) =−ρ0ūsrc(x),

(K′0−K′1− I)[φ ](x)+𝑀01[ψ](x) =−∂nūsrc(x).

By multiplying the last equation by −1, an usual conven-
tion, it results in the boundary integral system of Eq. (11).

Appendix B: Operator’s expressions for 𝐺̄
The cartesian coordinate system associated with the prob-

lem is shown in Fig. B1.

Fig. B1. Coordinate system used for the graphical representation of vec-
tors and distances involved in the half-space Green function operator’s
expressions.

Throughout this appendix the vector property will be ex-
plicitly emphasized by a line over the corresponding letter
for clarity reasons and to avoid confusions. With this con-
vention the points under consideration are x̄ = (x1,x2,x3), ȳ =
(y1,y2,y3) and ȳ′ = (y1,y2,−y3), being useful to define

r = |x̄− ȳ|, r′ = |x̄− ȳ′|

and unitary vectors

r̂ =
x̄− ȳ

r
=

r̄
r
, r̂′ =

x̄− ȳ′

r′
=

r̄′

r′
.

The half-space Green function in the wavenumber k is

Ḡ(k, x̄, ȳ) =
e ik|x̄−ȳ|

4π|x̄− ȳ|
− e ik|x̄−ȳ′|

4π|x̄− ȳ′|
=

e ikr

4πr
− e ikr′

4πr′
. (B1)

Given that the Green function is a two-point function, it
is relevant to indicate respect to what point the gradient is con-
sidered. It will be noted with a subscript in the nabla symbol:
∇x or ∇y. Since the dependence of the coordinates in Ḡ is
mediated by r and r′, it is convenient to use the chain rule
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∇ f (r)≡ ∂r f ∇r and ∇ f (r′)≡ ∂r′ f ∇r′ in the gradient calcula-
tion. By using this idea and the relations

∇xr =
r̄
r
, ∇yr =− r̄

r
, ∇xr′ =

r̄′

r′
, ∇yr′ =− 1

r′
r̆′,

where r̆′ is a vector resulting from multiplying r̄′ by a diagonal
matrix which has its third coordinate negative, i.e.,

r̆′ =

1 0 0
0 1 0
0 0 −1

 r̄′,

the following useful results are obtained:

∇x

(
e ikr

4πr

)
=

e ikr

4πr3 (ikr−1) r̄,

∇x

(
e ikr′

4πr′

)
=

e ikr

4πr′3
(

ikr′−1
)

r̄′,

∇y

(
e ikr

4πr

)
=− e ikr

4πr3 (ikr−1) r̄,

∇y

(
e ikr′

4πr′

)
=− e ikr

4πr′3
(

ikr′−1
)

r̆′.

With these ingredients, the kernels of the four operators
are as follows. For S[ϕ](x)

Ḡ(x,y) =
1

4π

[
ikr
r
− ikr′

r′

]
.

For K[ϕ](x)

∂nyḠ(x,y) =
1

4π

[
ikr
r2 (ikr−1)(−r̂ · n̂y)

− ikr′

r′2
(ikr′−1)

(
− r̆′

r′
· n̂y

)]
.

For K′[ϕ](x)

∂nx ḠdSy =
1

4π

[
ikr
r2 (ikr−1)(r̂ · n̂x)

− ikr′

r′2
(ikr′−1)

(
r̂′ · n̂x

)]
.

For T [ϕ](x)

∂nx ∂nyḠk(x,y)

=
e ikr

4πr3

{
[3(ikr−1)+ k2r2](r̂ · n̂x)(r̂ · n̂y)− (ikr−1)n̂x · n̂y

}
+

e ikr′

4πr′3

{
[3(ikr′−1)+ k2r′2](r̂ · n̂x)

(
r̆′

r′
· n̂y

)
−(ikr′−1)∂nx(r̆

′ · n̂y)

}
,

where the last factor in the second term of the T operator is

∂nx(r̆
′ · n̂y) = r̂′ · n̂x

(
r̆′

r′

)
· n̂y

+ n̂x ·

1 0 0
0 1 0
0 0 −1

 n̂y − n̂x ·
(

r̆′

r′

)
r̂′ · n̂y.
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