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Biphenylene is a new topological material that has attracted much attention recently. By amplifying its size of unit
cell, we construct a series of planar structures as homogeneous carbon allotropes in the form of polyphenylene networks.
We first use the low-energy effective model to prove the topological three periodicity for these allotropes. Then, through
first-principles calculations, we show that the topological phase has the Dirac point. As the size of per unit cell increases,
the influence of the quaternary rings decreases, leading to a reduction in the anisotropy of the system, and the Dirac cone
undergoes a transition from type II to type I. We confirm that there are two kinds of non-trivial topological phases with
gapless and gapped bulk dispersion. Furthermore, we add a built-in electric field to the gapless system by doping with B
and N atoms, which opens a gap for the bulk dispersion. Finally, by manipulating the built-in electric field, the dispersion
relations of the edge modes will be transformed into a linear type. These findings provide a hopeful approach for designing
the topological carbon-based materials with controllable properties of edge states.

Keywords: polyphenylene, interface, band structure, Zak phase, edge state

PACS: 72.15.Jf, 72.25.-b, 74.62.Dh, 66.35.+a

1. Introduction

Topological materials have maintained a hot topic in the
last two decades. Common topological materials include
topological insulators, topological superconductors, topolog-
ical semimetals, topological metals, and magnetic topological
insulator.!!' =81 The general feature of topological materials is
that they have topologically protected edge states, which are
generated by non-trivial bulk bands. The earliest topological
materials all have non-zero Berry curvature caused by spin—
orbit coupling and are protected by time-reversal symmetry.[’!
Integrating over the momentum space results in a topologi-
cal invariant characterized by the Chern number.®! Later on,
new topological systems were discovered, which are protected
by space inversion symmetry. In these topological systems,
although the Berry curvature is zero, their topological edge
states are protected by the non-zero vectored Zak phase.[*~13]
The Zak phase refers to the integration of Berry connection,
resulting in strongly non-trivial topological effects.!!* !5 This
kind of topological materials protected by space inversion
symmetry regardless of spin—orbit coupling has attracted more
and more attention.

Since it was prepared in 2004, graphene has started a
research upsurge in carbon-based materials. At present, var-
ious carbon allotropes are being investigated in experimen-
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tal measurements and theoretical calculation
them, biphenylene is a newly prepared carbon monolayer,!
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which has been confirmed to be a topological material.[>!]
Moreover, biphenylene exhibits polarization, that is, its topo-
logical edge states appear in one direction and trivial behavior
in the other. As is well known, for graphene carbon nanotubes
and nanoribbons at finite scales, it has been predicted that
they have a 3 p-rule.!*>?3] For their topological properties, both
armchair nanoribbon junction states and nanotube systems
have the topological rule related to their system size.[?427]
In addition, the 3p rule is also exhibited in bilayer and two-

(28311 The origin of this rule

dimensional carbon materials.
is inseparable from the nature of graphene itself and the ad-
ditional restrictions. Researches on carbon-based materials
emerge in an endless stream, including Dirac fermions, nodal
rings, Weyl semimetals, etc., but most of them are demon-
strated by numerical calculations, and there are lacking of

32331 Moreover, many of the Dirac mate-

physical analyses.|
rials with topological properties are confirmed in the type-I, in
contrast to other possible types.

In this paper, we theoretically study a series of network
structures polymerized by polyphenyls, which has 3p topo-
logical periodicity. It can be found that one third of them are
topological material protected by C, space inversion symme-
try and have a non-zero Zak phase. The topological rule is
verified by first-principles calculations. Simultaneously, the
topological phase has the Dirac point. Then, we obtain two
kinds of topological phases in the band structures, one has

gapless bulk dispersion and the other with gapped bulk dis-
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persion. The gapped bulk dispersion with a non-trivial edge
state is rare in space-inversion symmetric systems.[!0-21-32.33]
This topological property is caused by the periodic interface
conditions. For a bulk gapless non-trivial phase, we construct
a virtual potential in nanoribbon by doping B and N atoms, so
as to open a gap in the bulk and make the system change from
the gapless phase to the gapped phase.

2. Computational method

The electronic properties of the polyphenylene net-
works are calculated by the toolkit ATK’s first-principles
method.?*31 In the first-principles calculations, Perdew—
Burke-Ernzerhof (PBE) functional is chosen under the gen-
eralized gradient approximation (GGA), the cut-off energy of
150 Ry and 10x10x 1 k-points grid are used. The lattice pa-
rameters and atomic positions are completely relaxed, and the
convergence standards for energy and force are set to 107> eV
and 1073 eV/A, respectively. The temperature is chosen at
room temperature. We use a sufficiently large vacuum inter-
val and add at least 15 A in the direction perpendicular to the
electron transport plane to avoid interactions between layers.

3. Results and discussion
3.1. Structure and stability

We first characterize the structure of a polyphenylene net-
work, as shown in Fig. 1(a), and correspondingly the first Bril-
louin zone (BZ) shown in Fig. 1(b). It can be seen that in a unit
cell there are serial benzene rings connected by two quaternary
rings at their periodic interface. Of course, the possible experi-
mental preparation of these carbon allotropes is always impor-
tant. In the recent experiments, net C and net Y, corresponding
to N = 1 and 2, have been successfully prepared.>%-3% Es-
pecially for net C, which has been discussed as a topologi-
cal material,?!! it has a topological phase with unidirectional
charge polarization. Unlike the Chern topological insulators,
it is protected by the space inversion symmetry. Topological
adjustability in graphene nanoribbons and graphene nanotubes
has recently attracted much attention,>*2>! especially for the
armchair-type boundary conditions. Therefore, the unidirec-
tional polarized topological properties similar to net C will
appear for the systems with N > 1 as well. For 2D monolayer
materials, the structural stability is very important in the appli-
cations of practical electronic devices. Although biphenyl (net
C) and net Y have been successfully prepared, we also need to
find more graphene structures. We use the formation energy
to evaluate their stability, defined as Efory = %, where
E 1s the total energy of an allotrope, Ec is the energy of a sin-
gle carbon atom, and nc is the number of carbon atoms in the
system. We calculate several sets of data and compare them

with graphene, as shown in Fig. 1(c). Moreover, the mechan-
ical properties of allotropes are discussed (see the supplement
material III).
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Fig. 1. (a) Structural diagram of a polyphenylene network, forming a
four-membered ring at the splicing. (b) The first Brillouin zone in the
two-dimensional reciprocal space. (c) Formation energy of polypheny-
lene networks.

3.2. Origin of topological properties

Starting from a low-energy effective model, we inves-
tigate a polyphenylene network, which consists of finite
polyphenyl molecules spliced together by four-membered
rings at the longitudinal interface and is periodic in the trans-
verse direction. By choosing the length and width of the qua-
ternary rings to be equal, we can derive its wave function (for
a detailed derivation, see supplement material I)

e—i0(k) . oitake—i(1-Paky)

! 1. o—idake—i(1-aky)
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where w = 2N + 1, which represents the number of rows of

carbon atoms and a is the lattice constant. The phase factor

has the form

(k) — ihy (k)
h3 (k) + 3 (k)

hy(k)=142cos (ﬂakx> cos (laky> ,
2 2
hy(k) = 2sin (?akx> cos (;aky> ) 3)

We define f(k) = e 19() a5 an eigenvalue of the parity oper-
ator P, Pu,(I') = f,(I")u,(I"). Taking the periodicity of the
polyphenylene network in the vertical direction, ky needs to be

e ) = ! @

with

discretized, i.e.,
1++3(n—1) 2%
ky(n) =
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where the subband index n =1, 2, 3, ..., w represents all the
occupied states. We discuss the importance of the interface
condition in the supplement material II and confirm the ro-
bustness of this topological interface condition by means of
density functional theory (DFT) calculations.

In fact, the topological property of this system is char-
acterized by the non-zero Zak phase, which is defined as the
integral of the Berry connection. The Berry connection of the
nth band is defined as A, = (ung|idk|ung). When the Zak
phase is non-zero, the system has charge polarization, result-
ing in topologically protected boundary states. The electric
polarization is the quantization of the Zak phase, which is also
the wave polarization given by the expression

1 21
P=—
0

dkxdvar[<uk|i8k|uk>]. o)

In a two-dimensional crystal system, the electric polar-
ization can be viewed as a vector P = (P;, P;), whose compo-
nents depend on the direction of the wave vector k;(;). Since
the polyphenylene network has C; (7 rotation along the out-of-
plane direction) symmetry, here k; = ky, k; = ky, and P, # P.
From the topological properties of biphenylene, it can be seen
that the bulk—edge correspondence appears in the direction of
the armchair boundary, while at the zigzag boundary, due to
the intervention of the quaternary ring, the original bulk—edge
correspondence in this direction is broken. That is to say, the
charge is unidirectional polarized, and its electric polarization
can be expressed as (0, 1/2). The space inversion symmetry
has a strong constraint on the value of P, which is indepen-
dently determined by the parity of the I" point and the X (¥)
point,['¥ je.,

=Ty ©

where 7 represents parity, and g, is a topological invariant, 0

1
P, = 5(gy mod 2),

or 1, so the value of the Zak phase depends on the electric po-
larization, which depends on the parity of the high symmetry
point. From Eq. (6), we calculate the P, of the polyphenylene
network, and its expression is

1
By= gl = (1) ™, )

The above formula reveals the topological rule of the y-
axis electric polarization of the polyphenylene network with a
period of 3: if the number of benzene rings takes the remain-
der of 3 to be 1, we get P, = 1/2, which is the topological
phase. On the other hand, the remainder is 0 or 2, P, = 0, and
the system is a trivial phase. That is to say, the polypheny-
lene network can be further divided into topological phase and
trivial phase according to the electric polarization parameters.

3.3. DFT calculation results

According to the above theoretical analyses, we calcu-
late the band structures of polyphenylene networks at differ-
ent cell-sizes. It is found that the electronic properties of these
structures have a 3p repetition rule. When the remainder of N
to 3 is 1, the Dirac points appear near the Fermi level of the
two-dimensional carbon allotropes, and along the high sym-
metry line of I'-Y, as shown in Figs. 2(a)-2(c). For other
sizes, the valence or conduction bands of the two-dimensional
carbon allotropes cross the Fermi level, so they are all metallic
states (see the supplement material IV). All the DFT calcula-
tion results are consistent with the results in Refs. [21,37]. It
is interesting to note that the Dirac cone undergoes a transi-
tion from type-II to type-III and then to type-I as the unit cell
size increases, shown by the enlarged views at the Dirac point
in Figs. 2(j)-2(1). Actually, this property is derived from the
square rings, which brings the anisotropy to the whole system.
As the size increases, the proportion of the projected density
states of the quaternary ring gradually decreases, as shown in
Figs. 2(d)-2(f). The trend of the bond angles of the central car-
bon atom shows that the anisotropy of the system reduces with
the increase of the cell size, as shown in Figs. 2(g)-2(i). There-
fore, the Dirac cone shifts toward isotropy. In fact, the 3p-rule
has also been found in other similar 2D materials.3%3!! It can
be understood that the key element of this topological 3p-rule
is the periodic interface condition.

In order to verify its real topological properties, for the
topological phase with unidirectional polarization in the y
axis, there must be a bulk—edge correspondence in the one-
dimensional nanoribbon system. We calculate the dispersion
relations of nanoribbons for the two topological phase systems
N =1 and 4, as shown in Figs. 3(a) and 3(b). The Bloch wave
functions at the two points D and D, are shown in Figs. 3(c)
and 3(d). It can be seen that they are non-trivial edge states
near the Fermi level. But one is bulk gapless and the other
is bulk gapped, the latter band gap Eg is about 125 meV.
This gapped phase of N =4 is a very good result and dis-
covery, because such a large band gap is rare for space inver-
sion symmetry-protected topological systems, which are usu-
ally bulk gapless. [10-21:32.33.38.391 Ap ideal quantum Hall device
is internally non-conductive, but when a topological phase is
bulk gapless, the interior will conduct electrically, and will in-
evitably affect the quantized conductance. This is unfavorable
for observation and applications. It is also the difference be-
tween this system and a Chern topological insulator, which
can open the bulk band gap through the spin—orbit coupling,
thereby realizing edge states for a gapped bulk. For topologi-
cal materials protected by space inversion symmetry, it is dif-
ficult for edge states to appear with a gapped bulk dispersion.
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Fig. 2. Band structures corresponding to N = 1, 4, 7 polyphenylene networks are shown in (a), (b) and (c); (d), (e) and (f) correspond to
the PDOSs of the left systems, where the blue lines represent the carbon atoms in the quaternary ring, the red lines represent the remaining
six-membered ring carbon atoms, and the black lines represent the whole; (g), (h) and (i) correspond to the three bond angles of the carbon
atoms at their central positions, respectively. The enlarged views of the Dirac points in the energy band structures are shown in (j), (k) and (1).
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Fig. 3. (a), (b) Dispersion relations of two nanoribbons for N = 1 and N = 4, respectively. Bulk (edge) states are indicated by solid black (red)
lines. The gap between the upper and lower bands is labeled as Eg. (c), (d) The Bloch waves corresponding to Dy and D5 points, respectively.

3.4. Regulation of the build-in electric field

Although we obtain a very nice topological phase for
N =4, it is still desirable to investigate the case N = 1, i.e.,
a biphenylene nanoribbon as well. In favor of experimental
observation, we consider to open the gapless bulk band by in-
troducing a potential difference. For simplicity, we utilize a

tight-binding model to perform the calculations for the disper-

sion relation. The Hamiltonian is

H=—t) (c/cj+hc)+Y Ecle:. (8)

(i) i
The first term is the transition term, and E; in the second term
is the on-site energy. For this two-dimensional periodic sys-
tem, we can see that the linearly intersecting bands are opened
when an electric field is applied in the y direction with the
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strength of 0.2 V/A, as shown in Fig. 4(a). But such a the-
oretical model is very difficult to realize in practice, so we
can apply a virtual electric field by doping B and N atoms
within the cell. This is easy to achieve experimentally.[*0) At
this time, E; is expressed as the on-site-potential energy at the
grid point position. With the help of the previous DFT cal-
culation results,[*!] we take Eg = 3.34 eV, Ex = —1.4 eV,
ten =2.6eV, tcg =2.89 eV. At the same time, in order to well
characterize the edge polarization scale of the wave function at
each wave vector position, we refer to the inverse participation
ratio (IPR),*?! which is defined as

Iy y()*
w(E) = —5 ©)
where M is the total number of lattice points in the nanorib-
bon. Its value ranges from —1 to 0, and the more closer to 0,
the more polarized wave function, as shown in Fig. 4(c). When
we only dope B and N atoms at the two ends of the bipheny-
lene nanoribbon, we can open a small band gap, and the pre-
viously merged edge states are separated from each other, as
shown in Fig. 4(b). When the built-in electric field increases,
we find that the bulk states are compressed, and the original
dispersion relation of edge modes becomes a linear intersec-
tion, as shown in Fig. 4(c). The wave-function moduli of the
two selected points are shown in Fig. 4(d), which are indeed
polarized at the boundaries. Besides, we reproduce the results
very well by first-principles calculations for doping, see sup-
plement material V.
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From the response of the biphenylene nanoribbon to the
built-in electric field, we can see that the voltage strength has
a powerful and effective effect on the system. We then re-
turn to a more systematic discussion about the 2D graphene
nanoribbon with N = 4. We integrate over a unit cell to ob-
tain the potential by accumulating the built-in electric field,
guaranteed not to be canceled. It is worth noting that here
each unit cell of the nanoribbon is doped, which is different
from the form of constructing an electric field at both ends of
a nanoribbon. We can move the position of the B atoms to ad-
just the distribution and magnitude of the built-in electric field,
and obtain their band structures shown Figs. 5(a) and 5(b). As
the field is changed, the concurrence of the dispersion curves
of the two edge modes decreases and becomes linear at the in-
tersection. Under the built-in electric field, the original space
inversion symmetry is broken, and the intrinsic topological po-
larization property will not be protected. The built-in electric
field caused by doping modifies the original bulk polarization.
From this, we can make the edge localized states disappear
or degenerate by setting the form of the built-in electric field,
as shown in Fig. 5(c). With intrinsic polarization, the edge
modes of the nanoribbon will be regulated by the built-in elec-
tric field. For the discussion of the built-in electric field, rich
energy spectrum and polarization properties are exhibited. A
more detailed discussion will be provided in supplement ma-
terial V.
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Fig. 4. (a) The band structures of the biphenyl network under transverse electric fields of 0 and 0.2 V/A. (b) The dispersion relation of doping B and
N atoms at both ends of the nanoribbon. (c) Band structure at high doping rate. (d) Wave-function moduli corresponding to D3 and D4 in panel (c).
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Fig. 5. (a), (b) Band structures under two different built-in electric fields, where the doping positions of B and N atoms are shown in the upper
left corners. (c) Band structure with the total potential of per unit cell being zero.

4. Conclusions

In summary, through the theoretical researches above, we
have constructed a series of two-dimensional materials in the
form of polyphenylene networks. The 3p rule for these topo-
logical polyphenylene networks has been found: when the re-
mainder of 3 for the number of benzene rings in each unit
cell is 1, the system is a topological phase protected by C
space symmetry, accompanied by the Dirac point. The relia-
bility and robustness of the 3p rule have been verified by first-
principles calculations. For the bulk—edge correspondence of
the quasi one-dimensional nanoribbons of the topological 2D
graphenes, we have further analyzed the two kinds of topolog-
ical edge states. Meanwhile, through the tight-binding model,
we have predicted that the bulk bandgap can be opened by dop-
ing B and N atoms, which is also verified by first-principles
calculations. By adjusting the strength of the built-in elec-
tric field, the dispersion relations of the boundary modes be-
come linearly intersecting Dirac shape. Our results suggest a
strategy for searching carbon allotropes with topological prop-
erties, and an efficient approach for the experimental modu-
lation and observation of space-inversion symmetry-induced
edge states.
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