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Two-band model works well for Hall effect in topological insulators. It turns out to be non-Hermitian when the system
is subjected to environments, and its topology characterized by Chern numbers has received extensive studies in the past
decades. However, how a non-Hermitian system responses to an electric field and what is the connection of the response
to the Chern number defined via the non-Hermitian Hamiltonian remains barely explored. In this paper, focusing on a k-
dependent decay rate, we address this issue by studying the response of such a non-Hermitian Chern insulator to an external
electric field. To this aim, we first derive an effective non-Hermitian Hamiltonian to describe the system and give a specific
form of k-dependent decay rate. Then we calculate the response of the non-Hermitian system to a constant electric field.
We observe that the environment leads the Hall conductance to be a weighted integration of curvature of the ground band
and hence the conductance is no longer quantized in general. And the environment induces a delay in the response of the
system to the electric field. A discussion on the validity of the non-Hermitian model compared with the master equation
description is also presented.
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1. Introduction

Since the discovery of quantum Hall effect in the 1980s,
the topological band theory has been extensively developed
and applied in various systems, ranging from insulator and
semimetal to superconductor.[1–4] In theory, the Chern number
captures the winding of the eigenstates and is defined via the
integral of the Berry curvature over the first Brillouin zone. It
can not only be used to classify topological materials, but also
quantify the response of the system to an external field. For
example, the Hall conductance is quantized and proportional
to the sum of the Thouless–Kohmoto–Nightingale–den Nijs
(TKNN) invariants (or Chern numbers) of all filled bands.[5–7]

This theory is previously established in closed systems, and
one may wonder if it holds valid for open systems.

Open systems can be described effectively by the non-
Hermitian Hamiltonian. Recently, the non-Hermitian topo-
logical theories have been introduced and experiments have
been conducted in dozens of open systems.[8–47] Many in-
teresting features are predicted and observed in the non-
Hermitian systems, including the band defined on the com-
plex plane,[11] the breakdown of the conventional bulk-
boundary correspondence,[12–17] and the non-Hermitian skin
effect.[13,18–25] The definition of the topological invariance for
the non-Hermitian systems has also been discussed.[11,32]

From the side of response, the impact of the non-
Hermitian on observable has been studied using field-

theoretical techniques within the linear response theory (e.g.,
the Kubo formula).[35–39] They found that there is no link be-
tween the non-Hermitian topological invariants and the quan-
tization of observables[35] and the observables are no longer
quantized in general otherwise requiring more strict condi-
tions than that of a nonzero non-Hermitian Chern number.[36]

In these studies, the non-Hermitian term was introduced via
self-energy in the low-energy limit,[37] or phenomenologically
introduced to add into the system, so a non-Hermitian ver-
sion of the TKNN could be derived to show the topological
contribution.[36] This rises a question that how the decay rate
depends on the momentum of the electron, and how the decay
depends on the couplings between the system and the envi-
ronment, and how a non-Hermitian system with k-dependent
decay rate responses to an external stimulus.

In this work, we will answer these questions and shed
more light on the response theory for the non-Hermitian two-
band systems by the adiabatic perturbation theory.[48–50] The
reminder of this paper is organized as follows. In Section 2, we
introduce the system-environment couplings and derive a mas-
ter equation by which we obtain a non-Hermitian Hamiltonian
to describe the two-band system subjected to environments.
The dependence of the decay rates on the Bloch vectors is also
derived and discussed. In Section 3, we work out the response
of the non-Hermitian two-band systems to a constant electric
field using the adiabatic perturbation theory. The results show
that the response of the system can be divided into two terms.
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The first term is proportional to the non-Hermitian Chern num-
ber for two-band systems, which is reminiscent of the rela-
tionship between the Chern number and the Hall conductance
of closed systems. While the second term can be treated as
a correction that suggests the relationship between the Chern
number and the conductance might fail for open systems. In
Section 4, taking a tight-binding electron in a two-dimensional
lattice as an example, we calculate and plot the complex-band
structures as a function of the momentum of the electron, kx

and ky. The Hall conductance of the system is also shown
and analyzed. We find that Hall conductance depends on the
strength of the decay rate and the electron occupation on the
Bloch band, which no longer leads to a quantized Hall conduc-
tance in general and a delay in the response of the system to
the constant electric field appears. We also compare the Hall
conductance of the open systems by the non-Hermitian Hamil-
tonian and by master equation in this section. In Section 5, we
conclude the paper with discussions.

2. Master equation and effective non-Hermitian
Hamiltonian
We start with a two-band Chern insulator, whose Hamil-

tonian can be expressed as (setting h̄ = 1)

ĤS(𝑘) = d0(𝑘)σ0 +𝑑(𝑘) ·𝜎, (1)

where σ0 is the 2×2 identity matrix, (𝜎) = (σx,σy,σz) is the
Pauli matrix and 𝑘 = (kx,ky) represents the Bloch vector of
the electron. d0(𝑘) is a shift of zero energy level and can
be ignored[51] for simplicity. 𝑑(𝑘) = (dx(𝑘),dy(𝑘),dz(𝑘)) are
three component vectors depending on the feature of materi-
als under research. The eigenvalues of this Hamiltonian are

ε± = ±d(𝑘), with d(𝑘) =
√

∑i=x,y,z d2
i (𝑘). The correspond-

ing eigenstates of the model read

|k+⟩= cos
(

θ

2

)
e−iφ |+⟩+ sin

(
θ

2

)
|−⟩,

|k−⟩= sin
(

θ

2

)
e−iφ |+⟩− cos

(
θ

2

)
|−⟩, (2)

where the parameter

θ = arccos(dz(𝑘)/d(𝑘)),

φ = arctan(dy(𝑘)/dx(𝑘)). (3)

Considering an environment as quantized electromagnetic
field of many modes coupled to the system, by Peierls
substitution[49,52] 𝑘→ (𝑘+e𝐴), where the elementary charge
of electron is −e (e > 0), 𝐴 = −∑n j 𝑒 jgn(bn + b†

n) with 𝑒 j

standing for the unit vector, gn =
√

1/2V ε0ωn and V being
the volume of the environment, and in the weak field limit, the
Hamiltonian up to the first order in 𝐴 reads

Ĥ(𝑘) = ĤS(𝑘)+ ĤR + ĤI(𝑘)

≈ 𝑑(𝑘) ·𝜎+∑
n

ωnb̂†
nb̂n + e ∑

i=x,y,z
(∇𝑘di(𝑘) ·𝐴)σi, (4)

where ωn is the eigenfrequency of the environment and ε0

is the vacuum permittivity. b̂†
n and b̂n are creation and an-

nihilation operators of the nth mode of the environment, re-
spectively. ∇𝑘 stands for the partial derivative with respect
to 𝑘. For simplicity, we set ∇k(t) = ∇k. Simple algebra
with rotating-wave approximations[53,54] shows that the total
Hamiltonian in the interaction picture takes

ĤI(t,𝑘) = ∑
n

gn(𝑘)σ+(𝑘)b̂n e i(2d(𝑘)−ωn)t +H.c., (5)

where gn(𝑘) = −egnD−, σ+(𝑘) ≡ |k+⟩⟨k−|, σ−(𝑘) ≡
|k−⟩⟨k+| and

D+ = ∇𝑘dx(𝑘)(cosφ cosθ + i sinφ)

+∇𝑘dy(𝑘)(sinφ cosθ − i cosφ)

−∇𝑘dz(𝑘)sinθ ,

D− ≡ D*
+. (6)

We assume that the initial states of the system and environ-
ment are separable, i.e., ρ I

SR(0) = ρS(0)⊗ρR(0). In the Born–
Markov approximation, we obtain the following master equa-
tion for the system:[55,56]

ρ̇S =−i
[
ĤS(𝑘),ρS

]
+𝒰(ρS)+𝒟(ρS), (7)

where

𝒰(ρS) = γ(𝑘)(N(𝑘)+1)[2σ−(𝑘)ρSσ+(𝑘)

−σ+(𝑘)σ−(𝑘)ρS −ρSσ+(𝑘)σ−(𝑘)],

𝒟(ρS) = γ(𝑘)N(𝑘)[2σ+(𝑘)ρSσ−(𝑘)

−σ−(𝑘)σ+(𝑘)ρS −ρSσ−(𝑘)σ+(𝑘)]. (8)

Here, γ(𝑘) is the decay rate that depends on the Bloch vec-
tors. N(ωn) = {exp [ωn/kBT ]−1}−1 represents the average
number of photons in the system. In the Weisskopf–Wigner
approximation, N(𝑘) = {exp [2d(𝑘)/kBT ]−1}−1. In order
to obtain an effective non-Hermitian Hamiltonian, the master
equation can be written as

ρ̇S = −i
(

ĤeffρS −ρSĤ†
eff

)
+2γ(𝑘)[N(𝑘)+1]σ−(𝑘)ρSσ+(𝑘)

+2γ(𝑘)N(𝑘)σ+(𝑘)ρSσ−(𝑘). (9)

This type of master equation has been studied in Ref. [54],
where the environmental electromagnetic field along the x-
axis is assumed, Ax = Ext. In the following discussion, we
lift this restriction and consider the field along the x and y
directions. When the quantum-jump term in Eq. (9) can be
neglected, the system reduces to a system described by an ef-
fective non-Hermitian Hamiltonian

Ĥeff = (d(𝑘)− iγ(𝑘)[N(𝑘)+1])|k+⟩⟨k+|
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−(d(𝑘)+ iγ(𝑘)N(𝑘))|k−⟩⟨k−|. (10)

This situation holds valid when we consider the dynamics in
a sufficiently short period of time,[57–59] which greatly simpli-
fies the calculation, because it suffices to study the eigenvec-
tors and eigenvalues of an effective Hamiltonian, instead of
performing a time-resolved calculation of the density matrix.
Here, we consider a Bose reservoir as an environment. Sim-
ilarly, we also obtain an effective non-Hermitian Hamiltonian
for the Fermi reservoir (see Eq. (A5)).

In the limit T → 0, we find that N(𝑘) → 0. With this
consideration and a unitary transformation, we have

Ĥeff = ℎ(𝑘) ·𝜎− iΓ0(𝑘)σ0, (11)

where ℎ(𝑘)=𝑑(𝑘)− i𝛤 (𝑘). 𝛤 (𝑘)≡ 1
2𝛾(𝑘)= (Γx(𝑘), Γy(𝑘),

Γz(𝑘)) with Γx,y,z(𝑘) = δβdx,y,z(𝑘) and Γ0(𝑘) = δβd(𝑘). δ =

e2/(2πε0c3) with c stands for the light speed and β = D+D−,

D+D− = ∑
α=x,y

(∇kα
dx(𝑘) · cosφ · cosθ +∇kα

dy(𝑘)

× sinφ · cosθ −∇kα
dz(𝑘) · sinθ)2

+(∇kα
dx(𝑘) · sinφ −∇kα

dy(𝑘) · cosφ)2. (12)

In the following we set δ to be a small constant for con-
venience. We find that the energy spectrum of the excited
band is complex and the energy spectrum of ground band is
real: E+ = d(𝑘)− 2iΓ (𝑘) and E− = −d(𝑘), where Γ (𝑘) =√

∑i=x,y,z Γ 2
i (𝑘).[60–63] It is clear that the decay rate γ(𝑘) de-

pends on the Bloch-vector 𝑘, which is different from the pre-
vious studies. This result suggests that the decay rate of the
upper Bloch band is different at different positions in the mo-
mentum space, leading to interesting features in the Hall con-
ductance.

In the free space, decay rate can also be expressed as
γ(𝑘) = π|g(𝑘)|2ξ (𝑘), where

ξ (𝑘) =V (2d(𝑘))2/π
2c3, (13)

is the mode density. Consider the following spectral density of
the environment Jc(ω)

Jc(ω) = αω

(
ω

ωc

)s−1
e−ω/ωc , (14)

where α is the dimensionless coupling strength, and ωc is the
hard upper cutoff. The index s accounts for various physical
situations, for example for Ohmic spectrum, s = 1. We have

Γc(𝑘) =
π

2
Jc(𝑘) = παd(𝑘)e−2d(𝑘)/ωc , (15)

where Jc(𝑘) = ∑n |g(𝑘)|2δ (2d(𝑘)−ωn).

3. Hall conductance
In order to derive the response to a constant electric field

ℰ , one can introduce a uniform vector potential 𝐴(𝑡) that
changes in time such that ∂t𝐴(𝑡) = −ℰ , which can modify
the Bloch vectors, i.e., 𝑘(t) = 𝑘+ e𝐴(𝑡). The Hamiltonian
Ĥeff(𝑘(t)) satisfies the following time-dependent Schrödinger
equation:

i
∂

∂ t
|u(𝑘(t))⟩= Ĥeff(𝑘(t))|u(𝑘(t))⟩. (16)

Consider a crystal under the perturbation of a weak electric
field. We can write the total Hamiltonian as Ĥeff(𝑘(t)) =
Ĥeff + Ĥ ′, where Ĥ ′ stands for the perturbation Hamiltonian.
If the system is initially in the ground band, it will always stay
in this band if the adiabatic condition is met. But now, we con-
sider the case that there is still a small probability for particles
to move from ground to excited band. So we can use the adi-
abatic perturbation theory with the perturbation Hamiltonian
Ĥ ′ =−i∂/∂ t. The corresponding ground band wave function
up to the first order in the field strength satisfies[49]

|u′−⟩= |u−(𝑘)⟩− i
⟨û+(𝑘)|∂tu−(𝑘)⟩

E−−E+
|u+(𝑘)⟩, (17)

where |u±(𝑘)⟩ are the ground band (with −) and the excited
band (with +) of the Hamiltonian Ĥeff, respectively. |un(𝑘)⟩
and ⟨ûn(𝑘)| denote the right and the left eigenstates of Ĥeff.
They satisfy ⟨ûm(𝑘)|un(𝑘)⟩ = δnm and the completeness rela-
tion

∑
n
|un(𝑘)⟩⟨ûn(𝑘)|= ∑

n
|ûn(𝑘)⟩⟨un(𝑘)|= 1. (18)

Similarly, its biorthogonal partner reads

|û′−⟩= |û−(𝑘)⟩− i
⟨u+(𝑘)|∂t û−(𝑘)⟩

E*
−−E*

+

|û+(𝑘)⟩. (19)

Next, we use biorthogonal basis vectors to study a dynamic
evolution. For any observable Â, the generalised expectation
values can be defined similarly as ⟨φ̂ |Â|φ⟩.[64,65] The average
velocity v̂y in such a state is simplified as

v̄y = ⟨û′−|v̂y|u′−⟩
≈ ⟨û−(𝑘)|v̂y|u−(𝑘)⟩

+ ieℰx
⟨û−(𝑘)|v̂y|u+(𝑘)⟩⟨û+(𝑘)| ∂

∂kx
u−(𝑘)⟩

E−−E+

− ieℰx
⟨ ∂

∂kx
û−(𝑘)|u+(𝑘)⟩⟨û+(𝑘)|v̂y|u−(𝑘)⟩

E−−E+
, (20)

where we have assumed that the electric field is along the
x-axis. For linear responses, the higher-order terms of ℰx

can be ignored. With the velocity operator defined by v̂y =

∂ ĤS(𝑘)/∂ky and making use of the following identities:

⟨û+(𝑘)|
∂

∂kα

u−(𝑘)⟩=
⟨û+(𝑘)| ∂ Ĥeff

∂kα
|u−(𝑘)⟩

E−−E+
,
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∂

∂kα

û−(𝑘)|u+(𝑘)
〉
=

⟨û−(𝑘)| ∂ Ĥeff
∂kα

|u+(𝑘)⟩
E−−E+

, (21)

we derive the average of vy as follows:

v̄y =
∂E−
∂ky

− eℰx

2h3(𝑘)

(
∂ℎ(𝑘)

∂kx
× ∂𝑑(𝑘)

∂ky

)
·ℎ(𝑘), (22)

where h(𝑘) = (E+ − E−)/2. For a filled band, the sum
over the first term in the velocity is zero. The second
term that contributes to the Hall current can be calculated
by ⟨û±(𝑘)|σi|u±(𝑘)⟩ = ±hi(𝑘)/h(𝑘). In two-dimensional 𝑘
space, the Hall current follows, −e

∫
dkx dky/(2π)2v̄y. The re-

sponse to the external electric field is given by

σH =
e2

h
(N + iNΓ ), (23)

with

N =
∫ dkx dky

4πh3(𝑘)

(
∂ℎ(𝑘)

∂kx
× ∂ℎ(𝑘)

∂ky

)
·ℎ(𝑘),

NΓ =
∫ dkx dky

4πh3(𝑘)

(
∂ℎ(𝑘)

∂kx
× ∂𝛤 (𝑘)

∂ky

)
·ℎ(𝑘), (24)

where h stands for the Planck constant and N is known as the
non-Hermitian Chern number defined in Ref. [11]. We observe
that this response can no longer be proportional to the Chern
number of the non-Hermitian system. The response σH for the
non-Hermitian system can be divided into two terms. The first
term is the Chern number of the non-Hermitian system, while
the second term can be treated as a correction that suggests the
relationship between the Chern number and the conductance
might fail for open systems, which is not quantized and a de-
lay in the response can be found.[66] Specific details will be
clearer after simplifying Eq. (24), leading to

σH = Re(σH)+ iIm(σH)

=
e2

h
[(N − Im(NΓ ))+ iRe(NΓ )], (25)

with

Im(NΓ ) =
∫ dkx dky

2π

Γ 2(𝑘)

d2(𝑘)+Γ 2(𝑘)
Ωxy,

Re(NΓ ) =
∫ dkx dky

2π

Γ (𝑘)d(𝑘)
d2(𝑘)+Γ 2(𝑘)

Ωxy, (26)

and

Ωxy =
1

2h3(𝑘)

(
∂ℎ(𝑘)

∂kx
× ∂ℎ(𝑘)

∂ky

)
·ℎ(𝑘), (27)

which is the key result of this work. Re(σH) and Im(σH) are
the real and imaginary parts of σH, respectively. The first part
Re(σH) is related to the non-Hermitian Chern number, and it
is no longer quantized in general. The second part Im(σH) can
be understood as the environment induced delay for the sys-
tem in its response to the electric field, which is reminiscent

of the complex admittance in a delay circuit with capacitor
and inductor. The energy bands of the non-Hermitian systems
are complex in general, which indicates that energy and par-
ticle may exchange between system and environment. Due to
the decay effect, the Hall conductance is generalized to Hall
admittance. So we define the real part of the σH as the Hall
conductance and the imaginary part as the Hall susceptance.
When Γ (𝑘) = 0, the Hall conductance returns to the quantized
result and the delay disappears,

Re(σH) =
e2

h

∫ dkx dky

4πd3(𝑘)

(
∂𝑑(𝑘)

∂kx
× ∂𝑑(𝑘)

∂ky

)
·𝑑(𝑘). (28)

Next we present a more detailed analysis for the Hall con-
ductance in Eq. (25). First, for a general non-Hermitian two
bands system, the Berry connection Ai

u−(𝑘) for band |u−(𝑘)⟩
with energy E− is defined as

Ai
u−(𝑘) = i

〈
û−(𝑘)

∣∣∣∣ ∂

∂ki
u−(𝑘)

〉
. (29)

With Eq. (29), the Berry curvature follows

Ωu−(𝑘) = ∇𝑘×Ai
u−(𝑘)

= i
[〈

∂ û−(𝑘)
∂kx

∣∣∣∣∂u−(𝑘)
∂ky

〉
−
〈

∂ û−(𝑘)
∂ky

∣∣∣∣∂u−(𝑘)
∂kx

〉]
. (30)

Then, by some algebras, we can obtain (see Eq. (B5))

Ωu−(𝑘) =
1

2h3(𝑘)

(
∂ℎ(𝑘)

∂kx
× ∂ℎ(𝑘)

∂ky

)
·ℎ(𝑘). (31)

For system that 𝛤 (𝑘) and 𝑑(𝑘) have the same direction, the
Berry curvature Ωu−(𝑘) for the band |u−(𝑘)⟩ with energy E−
can be rewritten as (see Eq. (C5))

Ωu−(𝑘) =
1

2d3(𝑘)

(
∂𝑑(𝑘)

∂kx
× ∂𝑑(𝑘)

∂ky

)
·𝑑(𝑘). (32)

Similarly, the Berry curvature Ωu+(𝑘) for the band |u+(𝑘)⟩
with energy E+ reads

Ωu+(𝑘) = ∇𝑘×Ai
u+(𝑘)

= i
[〈

∂ û+(𝑘)
∂kx

∣∣∣∣∂u+(𝑘)
∂ky

〉
−
〈

∂ û+(𝑘)
∂ky

∣∣∣∣∂u+(𝑘)
∂kx

〉]
= − 1

2h3(𝑘)

(
∂ℎ(𝑘)

∂kx
× ∂ℎ(𝑘)

∂ky

)
·ℎ(𝑘)

= − 1
2d3(𝑘)

(
∂𝑑(𝑘)

∂kx
× ∂𝑑(𝑘)

∂ky

)
·𝑑(𝑘), (33)

which is the same as Ωu−(𝑘) except for a manus sign. As for
Ĥ†

eff, the Berry curvature Ω *
u±(𝑘) for the band |û±(𝑘)⟩ with

energy E*
± reads

Ω
*
u±(𝑘) = i

[〈
∂u±(𝑘)

∂kx

∣∣∣∣∂ û±(𝑘)
∂ky

〉
−
〈

∂u±(𝑘)
∂ky

∣∣∣∣∂ û±(𝑘)
∂kx

〉]
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= ∓ 1
2h*3(𝑘)

(
∂ℎ*(𝑘)

∂kx
× ∂ℎ*(𝑘)

∂ky

)
·ℎ*(𝑘)

= ∓ 1
2d3(𝑘)

(
∂𝑑(𝑘)

∂kx
× ∂𝑑(𝑘)

∂ky

)
·𝑑(𝑘). (34)

In this case, we prove that non-Hermitian Berry curvatures
with k-dependent decay rate Ωu±(𝑘) and Ω *

u±(𝑘) are real and
equal to the curvature of the Hermitian system due to that
𝛤 (𝑘) and 𝑑(𝑘) have the same direction, leading to quantiza-
tion of the non-Hermitian Chern number.

Meanwhile the P(𝑘) term in Eq. (25) depends on Γ (𝑘),
with P(𝑘) → 1 when Γ (𝑘) → 0. Therefore Re(σH) is not
quantized in general and it is no longer proportional to the
Chern number of the non-Hermitian system. However, when
Γ (𝑘)→ 0, we can obtain a nearly quantized Hall conductance.
And if the spectral density of the environment Jζ (𝑘) and d(𝑘)
is linearly dependent such that Γζ (𝑘) = ζ d(𝑘), where ζ is
a k-independent constant, we can get a Hall conductance as
Re(σH) = [1/(1+ ζ 2)]n,n ∈ (0,±1), i.e., it is not quantized
due to the rate [1/(1+ζ 2)] in the Hall conductance, but it still
possesses a plateau in the dependence of the conductance on
the parameter of the system.

From Eqs. (25) and (26), we can find that at h(𝑘) = 0 the
phase transition occurs

h(𝑘) = d(𝑘)− iΓ (𝑘)

= [1− iΓ (𝑘)/d(𝑘)]d(𝑘). (35)

Beacuse Γ (𝑘)/d(𝑘) ≪ 1, the phase transition occurs when
d(𝑘) = 0 (where the energy gaps close). This condition of
phase transition is the same as the corresponding closed sys-
tems. Hence, the phase transition points remain unchanged
comparing to the isolated system.

Assuming the decay rates are very small, we can ignore
the quadratic term of the decay rates Γ 2. In this situation, the
Hall conductance reads

Re(σH) =
e2

h
N. (36)

In this case, it can be seen that Hall conductance (Re(σH))
is proportional to the non-Hermitian Chern number, and it
takes quantized values as the change of the parameter. In order
to show the validity of the above conclusions, we compare the
above results with the Hall conductance by solving the steady-
state solution of the master equation,[54,67]

σME =
−ie2

2πh

∫
dkx dky

[
χ(𝑘)

〈
k+

∣∣∣∣∂k−
∂kx

〉〈
∂k−
∂ky

∣∣∣∣k+〉
+H.c.

]
, (37)

where χ(𝑘)= d(𝑘)/(d(𝑘)− iΓ (𝑘)). To facilitate the compar-
ison with the Hall conductance of the non-Hermitian system,
we rewrite the total Hall conductance as

σME = σ
(0)
ME +σ

(1)
ME, (38)

where

σ
(0)
ME =

e2

2πh

∫
dkx dkyP(𝑘)i

[〈
∂k−
∂kx

|∂k−
∂ky

〉
−
〈

∂k−
∂ky

|∂k−
∂kx

〉]
=

e2

2πh

∫
dkx dkyP(𝑘)Ωxy,

σ
(1)
ME =

e2

2πh

∫
dkx dkyQ(𝑘)

[〈
∂k−
∂kx

|k+
〉〈

k+|
∂k−
∂ky

〉
+

〈
∂k−
∂ky

|k+⟩⟨k+|
∂k−
∂kx

〉]
, (39)

with

P(𝑘) =
d2(𝑘)

d2(𝑘)+Γ 2(𝑘)
,

Q(𝑘) =
Γ (𝑘)d(𝑘)

d2(𝑘)+Γ 2(𝑘)
. (40)

The Hall conductance for open systems by solving the steady-
state solution of the master equation consists of two terms. The
first term σ

(0)
ME is the weighted integration of curvature of the

ground band. The second term σ
(1)
ME represents the high-order

correction of the system-environment coupling to the Hall con-
ductance. It can be found that the second term σ

(1)
ME has a small

contribution to the Hall conductance and the quantum-jump
term has negligible effect on the first-order steady-state so-
lution of the master equation. The Hall conductance for the
non-Hermitian systems Re(σH) then equals to the σ

(0)
ME, which

verifies that the presented theory is completely valid to ignore
the quantum-jump term of the master equation for the system
that we studied. When we ignore the quadratic term of the
decay rates, the Hall conductance reads

σME =
e2

2πh

∫
dkx dky

[
i
[〈

∂k−
∂kx

∣∣∣∣∂k−
∂ky

〉
−
〈

∂k−
∂ky

∣∣∣∣∂k−
∂kx

〉]
+

Γ (𝑘)

d(𝑘)

[〈
∂k−
∂kx

|k+⟩⟨k+|
∂k−
∂ky

〉
+

〈
∂k−
∂ky

|k+⟩⟨k+|
∂k−
∂kx

〉]]
. (41)

Although the Hall conductance can be calculated by the mas-
ter equation description, it can not establish a direct relation-
ship between the Hall conductance and the topological invari-
ant even if we ignore the quadratic term of the decay rates.

4. Example

To demonstrate the response theory of the non-Hermitian
two-band system, we consider the following example of dα(𝑘)

dx = sin(ky),

dy = −sin(kx),

dz = t[2−m− cos(kx)− cos(ky)]. (42)
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This model describes a time reversal symmetry-breaking sys-
tem, which might be a magnetic semiconductor with Rashba-
type spin–orbit coupling, spin-dependent effective mass, and a
uniform magnetization in the z direction.[68] This model can be
realized in graphene with Fe atoms are adsorbed on top, which
possesses quantum anomalous Hall effect in the presence of
both Rashba spin–orbit coupling and an exchange field.[69]

The corresponding complex band structures E+ = d(𝑘)−
2iΓ (𝑘) and E− = −d(𝑘), are shown in Fig. 1. Considering
that the mode density is ξ (𝑘), both Re(E±) and Im(E±) are
zero (see Figs. 1(a) and 1(b)) at (kx,ky) = (0,π) in the tours
surface with the parameter m = 2. We conclude that the phase
transition point is at m = 2, the same as in the closed system.
Real and imaginary parts of E+ and E− for all 𝑘 with m = 3
(see Figs. 1(c) and 1(d)) have a gap between them and the
band structures are the topological nontrivial. The imaginary
part of the energy eigenvalue E+, the decay rate, depends on
the Bloch vector 𝑘 (see Fig. 1(b)), which indicates that the re-
laxation time of the particle is different at different positions
in the momentum space. Comparing Re(E±) and Im(E±) with
the same parameters, we find that they have similar distribu-
tion in the momentum space, which is easy to understand be-
cause the relaxation time of the particle is relatively short at a
higher energy Bloch band under the influence of the environ-
ment.
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0 0 kx

ky
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e
↼E
↽

(a)

0.4

0.2

0
6

6
3 3

0 0 kx
ky

|I
m
↼E
↽

(b)

0.6

0.3

0
6

6
3 3

0 0 kx
ky

|I
m
↼E
↽

(d)

2

0

-2

6 6
3 3

0 0 kx
ky

R
e
↼E
↽

(c)

Fig. 1. Complex band structures of the non-Hermitian Chern insulator
Re(E)± = ±d(𝑘), |Im(E+)| = 2Γ (𝑘), and |Im(E−)| = 0. The mode
density ξ (𝑘) is taken to plot this figure. (a), (b) Real and imaginary
parts of the gapless bands with an exceptional point on (kx,ky) = (0,π)
in the tours surface with chosen parameters m = 2, δ = 0.05, and t = 1.
(c), (d) Real and imaginary parts of the gapped bands with m = 3,
δ = 0.05, and t = 1.

The Hall conductance and Hall susceptance defined in
Eq. (25) are shown in Fig. 2. In the isolated system limit,
i.e., Γ (𝑘) → 0, the Hamiltonian model reduces to a Hermi-
tian model. In this case, the real part of the Hall conduc-
tance Re(σH) = −1 for 0 < m < 2, while for 2 < m < 4,
Re(σH) = 1, and Im(σH) remains zero for closed systems,
namely, the Hall conductance is quantized without delay. For

the open system, however, as shown in Fig. 2(a), we find
that the phase transition points, i.e., m = 0, 2, 4, remain un-
changed, but the Hall conductance is no longer quantized un-
der the influence of the environment. Although the Hall con-
ductance is nearly quantized with δ = 0.1. The feature of non-
quantization can be clearly observed when δ is increased to
0.3 and beyond. Besides, as Eq. (12) shows, the parameter β

is k-dependent, which leads the Hall conductance no longer
possesses a plateau in its dependence on the system parame-
ter. The details of the dependence are closely related to the
choice of the model and the spectral density of the environ-
ment. In Fig. 2(b), we show the Hall susceptance Im(σH)

which can be understood a delay in the response due to the
system-environment couplings. Im(σH) increases with δ (we
show here from 0.1 to 0.3), while Re(σH) decreases as δ

changing from 0.1 to 0.3.

m

R
e
(σ

H
) 

(e

/
h
) δ=0.1

δ=0.3 

δ=0 (a)

(b)

-1.0
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0

0.5

1.0

-1 0 1 2 3 4 5

5

δ=0.1
δ=0.3 

δ=0

m

Im
(σ

H
) 

(e

/
h
)

-1.0

-0.5

0

0.5

1.0

-1 0 1 2 3 4

Fig. 2. The Hall conductance Re(σH) and the Hall susceptance Im(σH)
(in units of e2/h) as a function of m with different δ given by Eq. (25)
and with ξ (𝑘) as the mode density. For comparison, the red solid
line corresponds to the conventional Hall conductance of closed system
(t = 1).

      ζ=0.5
ζ=0

5
m

R
e
(σ

H
) 

(e

/
h
)

-1.0

-0.5

0

0.5

1.0

-1 0 1 2 3 4

Fig. 3. The Hall conductance Re(σH) (in units of e2/h) as a function
of m with different ζ given by Eq. (25) with spectral density of the
environment Jζ (𝑘). For comparison, the red solid line corresponds to
the conventional Hall conductance of the corresponding closed system
(t = 1).

In Fig. 3, we show the Hall conductance of the non-
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Hermitian two-band systems Re(σH) for different ζ . We con-
sider the spectral density of the environment Jζ (𝑘) and d(𝑘)
are linear. One can find that the Hall conductance still pos-
sesses a plateau as the change of m, but its value is no longer
an integer, for instance, Re(σH) = 0.8 when ζ = 0.5.

In Fig. 4, we show the Hall conductance for the non-
Hermitian two-band systems Re(σH) and the Hall conduc-
tance for open systems by solving the master equation σME.
The same mode density ξ (𝑘) as that used in Fig. 4(a) has been
taken to calculate the results in Fig. 4(a), while Fig. 4(b) for
the Ohmic spectral density. One can see that the Hall conduc-
tance obtained by the two methods is almost the same, because
the quantum-jump term has negligible effect on the first-order
steady-state solution of the master equation. Hence in this
case, it is a good approximation to approximate the model by a
non-Hermitian Hamiltonian. The non-Hermitian Hamiltonian
is obviously more convenient to describe such a system, be-
cause it is easy to study the eigenvectors and eigenvalues of an
effective Hamiltonian and the calculation is straightforward.

 σME  
Re(σH)             

5
m

σ
 (
e

/
h
)

-1.0

-0.5

0

0.5

1.0

-1 0 1 2 3 4

5
m

σ
 (
e

/
h
)

-1.0

-0.5

0

0.5

1.0

-1 0 1 2 3 4

 σME  
Re(σH)             

(a)

(b)

Fig. 4. The Hall conductance Re(σH) and the Hall conductance σME (in
units of e2/h) as a function of m given by Eqs. (25) and (38), respec-
tively. The red solid line is the Hall conductance for the non-Hermitian
two-band systems, while the blue dashed line is for the Hall conduc-
tance obtained by solving the master equation. Panel (a) is plotted for
mode density ξ (𝑘) with δ = 0.2, t = 1, while (b) is for the Ohmic spec-
tral density of the environment with α = 0.2, ωc = 1, and t = 1.

5. Conclusions
We have developed the response theory for the non-

Hermitian two-band systems and applied it into topologi-
cal insulators subjected to environments. An effective non-
Hermitian system is obtained by simplifying the Markov mas-
ter equation by ignoring the jump terms and a decay rate that
depends on the Bloch vector is given. Based on this formal-
ism, the Hall conductance is calculated by the adiabatic per-
turbation theory. We find that although the phase transition

point does not changes, the Hall conductance that depends on
the strength of the decay rate and distribution of the electron
on the Bloch band is a weighted integration of curvature of
the ground band and it is not quantized in general. In addi-
tion, the system-environment coupling induces a delay in the
response of the topological insulator to the constant electric
field. Finally, comparing the Hall conductance obtained by
the non-Hermitian two-band model with that by solving the
master equation, we claim that the non-Hermitian Hamilto-
nian description is a good approximation and it can provide
insight understanding for the response of open systems more
than that of the master equation description.

Appendix A: System coupled to Fermi reservoir
Similarly, the Hamiltonian of Fermi reservoir reads Ĥ ′

R =

∑n ωnĈ†
nĈn with {C†

n ,Cn} = 1. In the Born–Markov approxi-
mation, we obtain the following master equation:

ρ̇
′
S =−i

[
ĤS(𝑘),ρS

]
+𝒰 ′(ρS)+𝒟′(ρS), (A1)

where

𝒰 ′(ρS) = γ(𝑘)(1−N′(𝑘))[2σ−(𝑘)ρSσ+(𝑘)

−σ+(𝑘)σ−(𝑘)ρS −ρSσ+(𝑘)σ−(𝑘)],

𝒟′(ρS) = γ(𝑘)N′(𝑘)[2σ+(𝑘)ρSσ−(𝑘)

−σ−(𝑘)σ+(𝑘)ρS −ρSσ−(𝑘)σ+(𝑘)]. (A2)

Here, N′(𝑘) = {exp [2d(𝑘)/kBT ]+1}−1. The effective non-
Hermitian Hamiltonian for the Fermi reservoir can be written
as

Ĥ ′
eff = (d(𝑘)− iγ(𝑘)[1−N′(𝑘)])|k+⟩⟨k+|

− (d(𝑘)+ iγ(𝑘)N′(𝑘))|k−⟩⟨k−|. (A3)

Note that in the limit T → 0, N′(𝑘) = N(𝑘) = 0. Hence,
the effective non-Hermitian Hamiltonians for Fermi reser-
voir and Bose reservoir are the same. On the other hand,
for finite-temperature open quantum systems, N′(𝑘) ̸= N(𝑘),
1−N′(𝑘) ̸= 1+N(𝑘), the relaxation time of the particles is
notably different in both cases.

Appendix B: Derivation of Eq. (31) from Eq. (30)
For a general non-Hermitian two bands system, the Berry

curvature Ωu−(𝑘) for the band |u−(𝑘)⟩ with energy E− fol-
lows

Ωu−(𝑘) = ∇𝑘×Ai
u−(𝑘)

= i
[〈

∂ û−(𝑘)
∂kx

∣∣∣∣∂u−(𝑘)
∂ky

〉
−
〈

∂ û−(𝑘)
∂ky

∣∣∣∣∂u−(𝑘)
∂kx

〉]
.

(B1)

Making use of the the completeness relation

∑
n
|un(𝑘)⟩⟨ûn(𝑘)|= 1, (B2)
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we can get

Ωu−(𝑘) = i
[〈

∂ û−(𝑘)
∂kx

|u+(𝑘)⟩⟨û+(𝑘)|
∂u−(𝑘)

∂ky

〉
+

〈
∂ û−(𝑘)

∂kx
|u−(𝑘)⟩⟨û−(𝑘)|

∂u−(𝑘)
∂ky

〉
−
〈

∂ û−(𝑘)
∂ky

|u+(𝑘)⟩⟨û+(𝑘)|
∂u−(𝑘)

∂kx

〉
−
〈

∂ û−(𝑘)
∂ky

|u−(𝑘)⟩⟨û−(𝑘)|
∂u−(𝑘)

∂kx

〉]
, (B3)

where the second term add the forth term equals to zero. Then
we have

Ωu−(𝑘) = i
[〈

∂ û−(𝑘)
∂kx

|u+(𝑘)⟩⟨û+(𝑘)|
∂u−(𝑘)

∂ky

〉
−
〈

∂ û−(𝑘)
∂ky

|u+(𝑘)⟩⟨û+(𝑘)|
∂u−(𝑘)

∂kx

〉]
. (B4)

With ⟨û±(𝑘)|Ĥeff = ⟨û±(𝑘)|E± we can get

〈
∂ û−(𝑘)
∂kx(y)

∣∣∣u+(𝑘)〉=

〈
û−(𝑘)

∣∣∣ ∂ Ĥeff
∂kx(y)

∣∣∣u+(𝑘)〉
E−−E+

,

〈
∂ û+(𝑘)
∂kx(y)

∣∣∣u−(𝑘)〉=

〈
û+(𝑘)

∣∣∣ ∂ Ĥeff
∂kx(y)

∣∣∣u−(𝑘)〉
E+−E−

. (B5)

By Eq. (B5), and ∑n |un(𝑘)⟩⟨ûn(𝑘)|= 1, we can obtain

Ωu−(𝑘) = i

〈
û−(𝑘)

∣∣∣ ∂ Ĥeff
∂kx

∂ Ĥeff
∂ky

− ∂ Ĥeff
∂ky

∂ Ĥeff
∂kx

∣∣∣u−(𝑘)〉
(E−−E+)2 . (B6)

For a general non-Hermitian two-band system, the Hamilto-
nian reads

Ĥeff = ∑
i=x,y,z

hi(𝑘) ·σi +h0(𝑘)σ0, (B7)

where ℎ(𝑘) = 𝑑(𝑘)− i𝛤 (𝑘), h0(𝑘) = d0(𝑘)− iΓ0(𝑘) and σ0

is the 2× 2 identity matrix. 𝜎 = (σx,σy,σz) is Pauli matrix.
The eigenvalues are

E± =±
√

d2(𝑘)−Γ 2(𝑘)−2i𝑑(𝑘) ·𝛤 (𝑘),

and we define h(𝑘)≡ E+. Furthermore, with

∂ Ĥeff

∂kx
= ∑

α=x,y,z

∂hα(𝑘)

∂kx
σα +

∂h0(𝑘)

∂kx
σ0,

∂ Ĥeff

∂ky
= ∑

β=x,y,z

∂hβ (𝑘)

∂ky
σβ +

∂h0(𝑘)

∂ky
σ0, (B8)

and [σi,σ0] = 0, we have

Ωu−(𝑘) = i
∑α,β

∂hα (𝑘)
∂kx

∂hβ (𝑘)

∂ky
⟨û−(𝑘)|σα σβ −σβ σα |u−(𝑘)⟩
(E−−E+)2 .

(B9)

Then with [σα ,σβ ] = 2iσγ , where γ = x,y,z and
⟨û±(𝑘)|σγ |u±(𝑘)⟩=±hγ(𝑘)/h(𝑘), we finally obtain

Ωu−(𝑘) =
1

2h3(𝑘)

(
∂ℎ(𝑘)

∂kx
× ∂ℎ(𝑘)

∂ky

)
·ℎ(𝑘). (B10)

Appendix C: Derivation of Eq. (C1)
For the system that 𝛤 (𝑘) and 𝑑(𝑘) are proportional, the

Berry curvature Ωu−(𝑘) for the band |u−(𝑘)⟩ with energy E−
can be written as

Ωu−(𝑘) =

(
∂ [𝑑(𝑘) f (𝑘)]

∂kx
× ∂ [𝑑(𝑘) f (𝑘)]

∂ky

)
· [𝑑(𝑘) f (𝑘)]

2[d(𝑘) f (𝑘)]3
, (C1)

where f (𝑘) = 1− iΓ (𝑘)/d(𝑘). And by simplifying calcula-
tion, we can obtain

Ωu−(𝑘) =

(
f (𝑘)∂𝑑(𝑘)

∂kx
× f (𝑘)∂𝑑(𝑘)

∂ky

)
· [𝑑(𝑘) f (𝑘)]

2[d(𝑘) f (𝑘)]3

=

(
f (𝑘)∂𝑑(𝑘)

∂kx
× 𝑑(𝑘)∂ f (𝑘)

∂ky

)
· [𝑑(𝑘) f (𝑘)]

2[d(𝑘) f (𝑘)]3

=

(
𝑑(𝑘)∂ f (𝑘)

∂kx
× f (𝑘)∂𝑑(𝑘)

∂ky

)
· [𝑑(𝑘) f (𝑘)]

2[d(𝑘) f (𝑘)]3

=

(
𝑑(𝑘)∂ f (𝑘)

∂kx
× 𝑑(𝑘)∂ f (𝑘)

∂ky

)
· [𝑑(𝑘) f (𝑘)]

2[d(𝑘) f (𝑘)]3
. (C2)

It can be seen that the last three terms of the above formula
are all zero. Hence, the Berry curvature Ωu−(𝑘) for the band
|u−(𝑘)⟩ with energy E− can be rewritten as

Ωu−(𝑘) =
1

2d3(𝑘)

(
∂𝑑(𝑘)

∂kx
× ∂𝑑(𝑘)

∂ky

)
·𝑑(𝑘). (C3)
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