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Micro sliding friction model considering periodic variation stress
distribution of contact surface and experimental verification
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Micro sliding phenomenon widely exists in the operation process of mechanical systems, and the micro sliding friction
mechanism is always a research hotspot. In this work, based on the total reflection method, a measuring device for interface
contact behavior under two-dimensional (2D) vibration is built. The stress distribution is characterized by the light intensity
distribution of the contact image, and the interface contact behavior in the 2D vibration process is studied. It is found that
the vibration angle of the normal direction of the contact surface and its fluctuation affect the interface friction coefficient,
the tangential stiffness, and the fluctuation amplitude of the stress distribution. Then they will affect the change of friction
state and energy dissipation in the process of micro sliding. Further, an improved micro sliding friction model is proposed
based on the experimental analysis, with the nonlinear change of contact parameters caused by the normal contact stress
distribution fluctuation taken into account. This model considers the interface tangential stiffness fluctuation, friction
coefficient hysteresis, and stress distribution fluctuation, whose simulation results are consistent well with the experimental
results. It is found that considering the nonlinear effect of a certain contact parameter alone may bring a greater error to the
prediction of friction behavior. Only by integrating multiple contact parameters can the accuracy of friction prediction is
improved.
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1. Introduction
The distribution of interface contact stress has an impor-

tant influence on the friction behavior of the interface, with the
vibration phenomenon considered. However, vibration analy-
sis mainly focuses on the solution of higher-dimensional dif-
ferential equations, but less attention is paid to the interface
contact friction model used in vibration analysis. The current
research generally adopts the simple Coulomb friction model
without considering the nonlinear influence of contact inter-
face parameters. When the tangential force of the interface
moves back and forth, the interface will fluctuate back and
forth correspondingly, which is called micro sliding friction.
Micro sliding friction is a kind of stick-slip motion with his-
torical memory considering the fluctuation amplitude. Under
the cyclic action of force, the load-deformation curve of the
structure is called the hysteretic curve. It reflects the defor-
mation characteristics, stiffness degradation, and energy con-
sumption of the structure in the process of repeated stress. It
is the basis for determining the restoring force model and non-
linear seismic response analysis. The hysteretic curve is also
called restoring force curve. It contains many important fric-
tion characteristics, which can make the friction model predict
the hysteretic curve more accurately. The research on the influ-
ence of contact parameters on damping and energy dissipation
in micro sliding friction has important engineering application

value.
Because interface damping is sensitive to many physical

parameters, such as elasticity, roughness, contact geometry,
and load distribution, it is difficult to predict and control in-
terface damping. The study about the influence of physical
parameters on energy dissipation is of great significance in
improving the prediction accuracy of interface damping. It
is generally believed that the aspect ratio is negatively corre-
lated with energy dissipation, but the normal force fluctuation
amplitude,[1,2] the tangential force fluctuation amplitude,[2]

the contact area,[3] and the friction coefficient[3,4] are posi-
tively correlated with energy dissipation. Owing to the com-
plexity of contact behavior, the explanations of the influ-
ence mechanism of some parameters on energy dissipation
are inconsistent.[5] Gu and Xu[3] adopted a three-dimensional
(3D) numerical friction contact model and considered that the
tangential stiffness is positively correlated with energy dissi-
pation. Xiao et al.[6] used a combination of the shear layer
model and finite element method for analysis. It is found that
although the tangential stiffness increases the length of the slip
zone, the displacement amplitude is small and the energy dissi-
pation is reduced, so the tangential stiffness is negatively cor-
related with the energy dissipation. In addition, it has been
found that there is a power-law relationship between the en-
ergy dissipation and tangential fluctuation amplitude,[2,6,7] but
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the determination of the power-law index is still controversial.
Goodman[7] thought that the power-law index is 3, and Usta
et al.[2] thought that the power-law index is 2.49. However,
Xiao et al.[6] thought that the power-law index is not a fixed
value, but related to the stress distribution. Through theoreti-
cal analysis and finite element modeling, it has been confirmed
that the stress distribution at the contact interface significantly
affects nonlinear characteristics such as damping.[8] Sandia
laboratory[9] found that the shape of the contact sample will
be affected by the edge stress effect, which will influence the
prediction of structural dynamic performance. In the vibration
response analysis of shrouded blade dampers, Two kinds of
test-beds have been developed based on the experimental ob-
ject. One is shape simulation, which is analyzed by the exper-
imental scheme of equal-size scaling. For example, the shock
absorber test bench has been designed.[5,10,11] To minimize the
false response, better control of the experimental setting, and
simplification of the test process, the design scheme of a static
bench was adopted.

It is found that for high-frequency excitation, the sensitiv-
ity of the model to contact stiffness is low, but at low excita-
tion, the contact stiffness will affect the accuracy of the model
(with an error of 1%). The second is functional simulation.
The interface micro sliding friction behavior is simulated by
coupling multiple exciting forces. For example, in the 2D fric-
tion test system designed by Asai and Gola,[12] it is found that
the alternating friction coefficient is the key parameter to de-
termine the change law of energy dissipation. Through finite
element analysis, Asai and Gola[12] believed that this may be
related to the uneven stress distribution caused by the normal
force fluctuation. However, due to the measurement technol-
ogy, the dynamic change of interface stress distribution cannot
be obtained, so this conclusion has not been confirmed exper-
imentally.

It is very important to use appropriate contact analy-
sis technology to measure the stress distribution of the con-
tact interface, but the contact interface is closed, it is diffi-
cult to observe directly, and the dynamic observation is more
difficult.[13] The optical method is the longest used in the study
of contact distribution visualization.[14,15] As a non-contact
dynamic measurement technology, the optical method can re-
alize the visual observation of contact distribution of contact
interface on different scales from submicroscopic to macro-
scopic, which can be used to characterize the change of in-
terface stress distribution, and plays a more and more im-
portant role in revealing the evolution law of interface con-
tact behavior.[16] The generation mechanism of stick-slip was
studied based on the total reflection method and applied to
earthquake early warning.[17–21] The variation law of precur-
sor wavelength in the preslip stage in stick-slip friction was

analyzed, with the influence of contact angle and sample size
considered.[22–24] Nano scale stick-slip behavior is also a hot
topic in recent years. Lee et al.[29] studied the anisotropic
nanoscale and sub-nanoscale friction behaviors between phos-
phorene and silicon tip. Tian et al.[30] clarified stick-slip in-
stabilities for interfacial chemical bond-induced friction on a
nanoscale. The influence of environment, temperature, oxida-
tion, three body, wear, and plastic deformation on the contact
interface lead to a complex contact behavior,[16] which brings
challenges to the prediction of contact behavior. Considering
the actual working conditions, it is very meaningful work to
reveal the “black box” behavior in interface contact.

In this work, based on the total reflection method, the
dynamic stress distribution is considered in the friction phe-
nomenon for the first time, and the 2D vibration contact be-
havior of the contact interface is analyzed experimentally.
Through the analysis of contact behaviors under different vi-
bration angles, a more accurate nonlinear contact parameter
model is established, and the friction model can improve the
accuracy of vibration response prediction. The remainder of
this paper is as follows. In Section 2, we develop a 2D vibra-
tion experimental device based on the total reflection method.
In Section 3, we analyze the 2D vibration friction behavior
of polymethyl methacrylate (PMMA) material experimentally,
with the normal force fluctuation considered. In Section 4, the
influence of vibration angle on the micro sliding behavior of
interface is studied in experiment, and the influence of vibra-
tion angle on the force and displacement in the micro slid-
ing behavior are analyzed. and we establish the micro sliding
friction model, with the interface stress distribution fluctuation
considered. In Section 5 some conclusions are drawn from this
study.

2. Experiment method
2.1. Experimental principle

It is assumed in the general vibration analysis that the ex-
citation is used in the normal or tangential direction of the con-
tact interface as shown in Fig. 1(a), the specimen 2 is fixed,
and the fixed normal force Fn and the fluctuating sinusoidal
tangential force Ft are both applied to the specimen 1. Be-
sides, the displacement δ of specimen 1 fluctuates back and
forth along the direction x, δ , and Ft forming a symmetrical
hysteretic curve about the original point as shown in the black
curve in Fig. 1(b). In practical engineering, the contact sur-
face is excited by inclined vibration due to uneven contact or
external excitation.

As shown in Fig. 1(c), the angle between the summation
of forces and the x direction is α , the specimen 2 is fixed.
The fixed normal force Fn and the fluctuating sinusoidal tan-
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gential force Ft are applied to specimen 1, respectively. The
displacement δ of specimen 1 fluctuates back and forth along
the direction x, but the hysteresis curve formed by δ and Ft

is no longer symmetrical about the origin as shown in the red
curve in Fig. 1(b). The motion in Fig. 1(c) can be equivalent
to that in Fig. 1(d). When there is an angle between the exci-
tation and the interface, it can be equivalent to a 2D coupling
excitation with a fluctuating normal force and a fluctuating tan-
gential force applied to the contact interface. Among them, the
initial value of the tangential forceFt is Ft,m, the amplitude is
Ft,a, and the initial value of the normal force Fn is Fn,m, the
amplitude is Fn,a.
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Fig. 1. Schematic diagram of tilting vibration.

2.2. Experimental device overall design

Referring to Asai et al.’s[12] experimental scheme and the
total reflection method, a 2D vibration experimental system is
built, which can simultaneously collect the displacement, con-
tact force, and contact image of the contact interface as shown
in Fig. 2. The experimental system consists of a control sys-
tem, actuator, and signal acquisition system. The control sys-
tem is mainly composed of a computer, signal generator, and
driving power supply. The computer adjusts the amplitudes,
frequencies, and phases of the two signals through the signal
generator, and drives the actuator after being amplified by the
driving power supply (output voltage 0 V–150 V, frequency
2 Hz–100 Hz). The actuator consists of two piezoelectric actu-
ators and two flexure hinges. The piezoelectric actuator is used
to fluctuate normal force and tangential force to the contact
specimen through the flexure hinge to drive the contact inter-
face to move in a predetermined way. The piezoelectric actua-
tor adopts the Core Tomorrow’s PST150/14/120VS20 (stroke
125.616 µm, stiffness 35 N/ µm, capacitance 47 µF). The driv-
ing voltage is 0 V–150 V, the single-channel driving frequency

range is 0.01 Hz–100 Hz, and the dual-channel driving fre-
quency range is 2 Hz–100 Hz. Because the piezoelectric stack
cannot bear the tensile force, a spring plate is installed in the
ceramic package to achieve the purpose of preloading, and the
preloading force is 10% (470 N) of the maximum force. The
signal acquisition system consists of two laser displacement
sensors, six-dimensional (6D) force sensors and two tangen-
tial force sensors, a high-speed camera, and laser. It is used to
collect the contact force, displacement, and contact area im-
ages of the contact interface fluctuation in real-time. By ana-
lyzing their evolution, the mechanism of micro sliding contact
behavior considering 2D vibration can be analyzed.

1 1
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2 2

2

4

3

5 6 6 5

Fig. 2. Schematic diagram of 2D vibration test bench. 1: piezoelectric actu-
ator, 2: flexure hinge, 3: specimen group, 4: six-dimensions force sensor, 5:
force sensor 1, and 6: rod and shaft.

2.3. Acquisition and analysis of signals

The force and displacement acquisition equipment
mainly includes two twin-screw force sensors, a six-
component 3D force sensor, two laser displacement sensors,
optical fiber displacement sensor, and signal acquisition de-
vice.
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Fig. 3. Measurement of force and displacement.
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It can be seen from Fig. 3 that the tangential force Ft

on the interface is composed of three components Ft1, Ft2,
and Ft3. The micro force sensor is used to measure the tan-
gential component forces Ft2 and Ft3, the 3D force sensor is
used to measure the normal force Fn, the tangential compo-
nent force Ft1, and the torque My. Because of the large size
of the laser displacement sensor, we use the indirect measure-
ment method. The measuring block is fixedly connected with
the V-block through the super glue. Since specimen 1 is fixed
on the V-block, the displacement of the measuring block is
used as the displacement D1 of specimen 1. The displacement
of the adapter block is taken as the displacement D2 of speci-
men 2 and the relative displacement of the interface. The main
parameters of measuring equipment are shown in Table 1.

According to the above methods, the tangential force Ft

and relative displacement δ of the interface during the experi-
ment are obtained. Figure 4 shows a hysteresis curve consist-
ing of Ft and δ . The hysteresis curve shows a periodic motion

of the contact interface. Ft gradually increases along A–B–

C–D, which is regarded as the forward section; Ft gradually

decreases along D–E–F–A, which is called the negative seg-

ment. According to the various characteristics of the hystere-

sis curve, it can be divided into the following stages: positive

viscous section (AC) to positive sliding section (CD), and neg-

ative viscous section (DF) to negative sliding section (FA). The

state transition points are A, C, D, and F, respectively. During

the experiment, the tangential force changes periodically, Ft,a

is the amplitude of tangential force fluctuation, the slope of the

initial section of positive viscous is defined as positive tangen-

tial stiffness Kt,p, and the slope of the initial section of negative

viscous is defined as negative tangential stiffness Kt,n. When

Ft = 0 N, the difference between the relative displacements of

the positive section and the negative section is called sliding

distance dslip, the area around the hysteresis curve is called

energy dissipation ED.

Table 1. Main parameters of measuring equipment.

Equipment Model Parameter

Force sensor with twin-screw BUFSON BSLM-3 accuracy/range: 0.5 N/500 N

Six-component three-dimensional
force sensor

BUFSON BSfY-3 accuracy: 0.1%

range:
Fx = Fy = 500 N

Fz = 500 N

Mx = My = 10 Nm

Laser displacement sensor KEYNCE LK-H020 accuracy/range: 1 µm/5 mm

Signal collector ECON channel: 32
sampling frequency: 100 kHz
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Fig. 4. Schematic diagram of hysteresis between Ft and δ .

2.4. Test specimen and total reflection method

The specimen group consists of the specimen 1 and the
specimen 2. The interface is rough and smooth, respec-
tively, and the specimen material is polymethyl methacry-
late (PMMA). The specimen 1 has a double boss structure
as shown in Fig. 5(a). The convex plate size (x× y× z)
is 3 mm×1 mm×0.5 mm, the upper surface of the con-
vex is sandblasted (elastic modulus: 3.16× 109 Pa, rough-
ness: 2.9 µm) as shown in Fig. 5(a), and the bottom size

(x× y× z) of specimen 1 is 20 mm×19 mm×4.5 mm. Spec-
imen 2 is a rectangular block as shown in Fig. 5(c), the size
(x× y× z) is 20 mm×19 mm×4.5 mm, and the surface is
smooth (0.002 µm Sq), the surface morphology is shown in
Fig. 5(d).
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Fig. 5. Specimen group: (a) size of specimen 1, (b) rough surface, (c) size
of specimen 2, and (d) smooth surface.
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The image of the contact area is collected based on the
total reflection method[26,27] as shown in Fig. 6(a). When the
laser is injected into specimen 1 from the side, the smooth
surface of specimen 2 is totally reflected when specimen 1
does not contact specimen 2, and there is no spot image on
the contact interface. When the asperities on the rough sur-
face contact the smooth surface, diffuse reflection occurs in
the micro-contact area. During the experiment, the camera
collects the contact area image at the frequency of 60 Hz. Fig-
ure 6(b) shows the contact images observed before and after
the contact. Because the camera is at 64◦, the image in the y
direction becomes 3.5 times smaller. Extract the intensity ma-
trix I(x,y, t) of the gray image of each frame in the video, then
x and y will be the positions of the pixels in the matrix. The
contact image intensity I(x,y, t) at time t is expressed as[28]

Isum(t) =
n

∑
x=1

m

∑
y=1

I(x,y, t), (1)

where m and n are the row and column sizes of the image in-
tensity matrix.
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Fig. 6. Principle diagram of total reflection method: (a) light path diagram,
(b) principle of the total reflection method.

Considering that the whole and local contact image inten-
sity have a good linear relationship with the normal force, the
change of the contact image intensity distribution is approxi-
mately consistent with that of the real contact area distribution
in the stick-slip process. It is found that the change of contact
area in the process of stick-slip is mainly in the x direction.
The intensity distribution I(x, t) in the x direction is obtained
by summing the intensity of the contact image in the y direc-
tion, as shown below:

I(x, t) =
m

∑
y=1

I(x,y, t). (2)

The change of contact area distribution in x direction on the
equivalent interface is adopted.[28]

Assuming that the change of the real contact area and the
normal force are both linear, the distribution of the Fn,m = 58 N
contact area on the interface can approximately represent the
distribution of the interface stress. The equivalent stress distri-
bution P̄(x, t) along the x direction of the interface is expressed

as follows:

P̄(x, t) =

m
∑

y=1
I(x,y, t)

m
∑

y=1
I(x,y,0)

. (3)

3. Influence of normal force fluctuation on micro
sliding friction behavior

3.1. Micro sliding friction behavior in constant normal
force experiment

When Fn,a = 0, Ft,m = 0, and the normal excitation is a
constant, the tangential force Ft,a increases by increasing or
reducing FV,a and FH,a, which is used to analyze the influence
of tangential force amplitude on the interface micro sliding
behavior. This experiment is called constant normal force ex-
periment. The excitation frequency is 2 Hz, and the changes of
contact force, displacement, and contact image are measured
in real-time. The dynamic stress distribution is used to analyze
the micro sliding friction behavior.

The experiment has good repeatability, the relative error
is less than 2.13%. Figure 7(a) shows the time history curve
of Ft, Fn, δ in one cycle when δa = 16 µm. With the increase
of the tangential force (blue dotted line), the relative displace-
ment increases gradually. When Ft increases to 19 N, Ft is
larger than the friction force, the interface slides forward (CD
segment), and the relative displacement continues to increase,
but Ft remains unchanged. When δ increases to 17 µm, it
reaches the maximum point, Ft begins to decrease, and the in-
terface has a negative stick (DE segment). When the tangential
force gradually decreases to −18 N, the interface has a nega-
tive slip (EF segment). The change of a tangential force and
relative displacement of one cycle can form a closed hysteretic
curve. Figure 7(b) shows the hysteretic curves under different
relative displacement amplitudes δa. When Ft,a is less than
the maximum static friction (19 N), there is no macro sliding
on the interface, and the tangential force amplitude increases
with the increase of Ft,a. When Ft,a is larger than the maximum
static friction, the interface has a positive slip. With the in-
crease of relative displacement amplitude, the tangential force
amplitude will not increase, and the slip distance dslip and en-
ergy dissipation ED will also increase gradually. Figures 7(c)
and 7(d) show the relationship between δa and dslip under dif-
ferent normal forces, and the relationship between δa and ED.
Both ED and dslip are related to δa. The value of dslip decreases
with the increase of normal force, but the correlation of ED

with normal force is small. When the relative displacement
amplitude is the same, although the increase of normal force
leads dslip to decrease, the increase of tangential force ampli-
tude compensates for the loss, and thus ensuring that the area
basis enclosed by the hysteresis curve remains unchanged.
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Fig. 7. Experimental results of constant normal force. (a) Time history curve of one cycle of Ft, Fn, and δ ; (b) hysteretic curves of different
values of δa; (c) relation curves between δa and dslip for different values of Fn; and (d) relation curve between δa and ED.

3.2. Micro sliding friction behavior in variable normal
force experiment

When Ft,a = Ft,a, the vibration angle is 45◦, and Fn,m is
fixed. When Ft,a changes, the interface will be affected by
the fluctuation of normal force and tangential force. This ex-
periment is called the variable normal force experiment. Fig-
ure 8(a) shows the time history curve of one cycle of tan-
gential force Ft, normal force Fn and relative displacement δ

corresponding to Fn,m = 60 N. The relative displacement in-
creases with the increase of the tangential force (blue dotted
line). When the tangential force increases to 13 N (D point),
the tangential force is greater than the maximum static friction
force, and the interface slips (CD segment). Unlike Fig. 7(a),
the tangential force and relative displacement continue to in-
crease, but the growth rate of the tangential force slows down.
This is mainly due to the increase of interface friction caused
by the continuous increase of normal force at this stage. When
the relative displacement increases to 17 µm, it reaches the
maximum point and then Ft begins to decrease, and the neg-
ative stick (DE segment) occurs at the interface. When the
tangential force gradually decreases to −14 N, the negative
slip (EF segment) occurs at the interface. Because the nor-
mal force decreases gradually at this stage, the absolute value
of the tangential force decreases gradually. Compared with
the result of constant normal force experiment, the extreme

value of tangential force increases in the positive section and
decreases in the negative section, resulting in the whole hys-
teretic curve that is no longer symmetrical about the center
point, then Fn,m 6= 0. This means that when the normal force
fluctuates, one side of the contact interface will bear more
shear force. Figure 8(b) shows the hysteretic curves with dif-
ferent values of δa. When Ft,a is less than the maximum static
friction, there is no macro slip on the interface, and the tangen-
tial force amplitude increases with the increase of Ft,a. When
Ft,a is greater than the maximum static friction, the interface
will slide macroscopically. With the increase of δa, the tan-
gential force amplitude Ft,a and dslip increase gradually. The
maximum tangential force increases gradually, while the min-
imum value remains stable, which indicates that the increase
of dslip will lead the side of the interface to bear a larger shear
force more severe. Figure 8(c) shows the logarithmic rela-
tionship between Ft,a/Fn,m and dslip in a constant normal force
experiment and variable normal force experiment. For the con-
stant normal force experiment, Ft,a/Fn,m increases with the in-
crease of Fn,a, but when Ft,a/Fn,m is equal to the slip friction
coefficient, it will no longer increase, but remain a constant.
But for the variable normal force experiment, when Ft,a/Fn,m

is greater than the friction coefficient, the fluctuation of nor-
mal force will lead to an increase of Ft,a/Fn,m. It should be
noted that when Ft,a/Fn,m is less than the friction coefficient,
the fluctuation of normal force will cause dslip to increase. Fig-
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ure 8(d) shows the logarithmic relationship between Ft,a/Fn,m

and energy dissipation ED in the constant normal force exper-
iment and variable normal force experiment. The relationship
between ED and Ft,a/Fn,m is the same as that between dslip and
Ft,a/Fn,m. It should be noted that when Ft,a/Fn,m is less than the
friction coefficient, the fluctuation of normal force will lead to
an increase of energy dissipation.

In this experiment, the conclusion of Asai et al.’s metal
material is verified by using polymer material. After finite el-
ement analysis, Asai et al.[12] thought that this phenomenon
is caused by the fluctuation of normal force and the change
of stress distribution of interface contact force. Then we use
the method mentioned in Subsection 3.1 to analyze the stress
distribution in the vibration process.
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Fig. 8. Experimental results of variable normal force. (a) Time history curve of one cycle of Ft, Fn, and δ ; (b) hysteretic curves of different δa;
(c) relation curve between δa and dslip; and (d) relation curve between δa and ED.

3.3. Micro sliding friction behavior in experiments with
different vibration angles

The vibration angle α can be controlled by adjusting
Fn,a/Ft,a, and it is called vibration angle experiment. Set
Fn,m = 50 N and Fn,a/Ft,a to 0.1, 0.3, 0.5, 0.8, 1.0, and 1.7,
separately, and the corresponding vibration 5◦, 15◦, 28◦, 38◦,
45◦, 60◦. The relative error of the maximum tangential force
is less than 3.3%. When vibration angles are 5◦, 38◦, 45◦,
and 60◦, the corresponding hysteresis curves are shown in
Fig. 9(a). When the vibration angle exists, the hysteretic curve
is no longer symmetrical about the center point. With the in-
crease of vibration angle, the hysteretic curve gradually in-
creases, and the hysteretic curve gradually shifts upward. With
the increase in vibration period, one side of the interface is
easier to wear, which is also verified by the observation of
the surface wear area after the experiment. Figure 9(b) shows
the corresponding relationship curve between δand Ft/Fn. It

is noticeable that the friction coefficient of the positive slip
section remains almost unchanged, but the friction coefficient
of the negative slip section changes significantly. The fric-
tion coefficient increases with the increase of vibration angle
when the vibration angle is 45◦. When the vibration angle is
45◦, the negative friction coefficient increases by 20%. The
negative friction coefficient increases by 32%. The values of
tangential stiffness Kt,p and Kt,n at different vibration angles
are calculated, and the results are shown in Fig. 9(c). When
the vibration angle is less than 38◦, the values of Kt,p and Kt,n

are almost equal. When the vibration angle is greater than 38◦,
Kt,p decreases with the increase of vibration angle, but Kt,n in-
creases with the increase of vibration angle, and the difference
between Kt,n and Kt,p increases with the increase of vibration
angle. With the increase of vibration angle, the proportion of
positive stick segment in positive segment decreases gradually.
The relationship between vibration angle and dslip is shown in
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Fig. 9(d). The value of dslip decreases with the increase of
vibration angle. When α > 38◦, dslip decreases faster. The ex-

perimental results provide a basis for us to improve the friction
model considering the hysteresis of the friction coefficient.
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Fig. 9. Vibration angle experiment. (a) Hysteretic curve at different vibration angles. (b) Relation curves of Ft/Fn and δ for different vibration
angles. (c) Relationship curve between tangential stiffness and α . (d) Relation curve between dslip and vibration angle.

3.4. Influence of normal force fluctuation on interface
stress distribution

To use a discrete mathematical model to simulate the
stress distribution, the contact area is divided into 10 parts
along the X direction and denoted by Di as shown in Fig. 9(a).
Referring to formula (3), the intensity ratio of the local contact
image is calculated as the equivalent stress distribution P̄(i, t),
i = 1,2, . . . ,10. The change of P̄(i, t) with time is shown in
Fig. 9(b), and the change of image after applying excitation
has good repeatability. The δ0, δmax, and δmin represent 0,
maximum, and minimum of δ , respectively. Refer to for-
mula (3), then P̄(i, t) at δ0 will be taken as the standard. The
normalized equivalent stress distributions P̄s(i, tδ0), P̄s(i, tδmax),
P̄s(i, tδmin

) are calculated for δ0, δmax, and δmin. The change
of constant normal force P̄s(i, t) is shown in Fig. 9(c). When
δ = δmax, the maximum normal stress appears at the front end
of the contact interface. When δ = δmin, the maximum nor-
mal stress occurs at the rear end of the contact interface. The
change of stress distribution is mainly reflected from the two
ends of the contact interface. In the constant normal stress
experiment, the change of stress distribution is small. The
change of P̄s(i, t) when the normal force changes is shown in
Fig. 9(d). The P̄s(i, tδmax) is significantly higher than P̄s(i, tδ0),

and P̄s(i, tδmin
) is significantly lower than P̄s(i, tδ0). When the

normal force fluctuates, the change of P̄s(i, t) is much larger
than when normal force is constant.
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experiment of constant normal force, (d) variations of equivalent stress distri-
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And the stress change at the back end of the contact area
is greater than that at the front end. This shows that when
the normal force fluctuates, the amplitude of stress distribu-
tion not only increases, but also varies at different positions of
the contact area. This finding not only verifies the finite ele-
ment analysis conclusion of Asai et al.,[12] but also obtains the
dynamic stress distribution under the real contact condition,
thereby providing an experimental basis for better revealing
the mechanism of micro sliding friction behavior.

3.5. Influence of vibration angle change on interface stress
distribution

In this subsection, the internal mechanism of this phe-
nomenon is mainly analyzed through the evolution of stress
distribution in the vibration process. When α = 5◦, P̄(i, tδmax)

and P̄(i, tδmin
) are shown in Fig. 11(a). It can be found that the

normal stresses at both ends of the interface are the largest, and
the stress at the back end is greater than that at the front end,
but the stress distribution changes little in the whole vibration
process. When α = 60◦, P̄(i, tδmax) and P̄(i, tδmin

) are shown
in Fig. 11(b). When the vibration angle is large, P̄(i, tδmax) in-
creases significantly and P̄(i, tδmin

) decreases significantly, and
the fluctuation amplitude of stress distribution is larger at the
back end of the interface than at the front end, which is con-
sistent with the conclusion in Subsection 2.4. To compare the

variation of fluctuation amplitude, the average value of P̄s(i, t)
is taken as the standard when α = 5◦, and the dimensionless
fluctuation amplitude P̄a(i) is calculated. When the vibration
angles are 5◦, 15◦, 28◦, 38◦, 45◦, and 60◦, the distribution of
P̄a(i) is shown in Fig. 11(c). With the increase of vibration an-
gle, P̄a(i) increases, and P̄a(i) at the rear end is larger than at
the front end. Because P̄a(i) changes approximately linearly
along the x direction, the absolute value of its slope is called
fluctuation unevenness λv. The larger the λv , the larger the
difference between the front and back stress amplitude is and
the more uneven the stress distribution. Figure 11(d) shows
the calculations of λv at different angles. It can be found that
when the vibration angle is less than 15◦, λv increases rapidly
with the increase of angle. The vibration angle is in a range
from 15◦ to 45◦, λv varies approximately linearly. When the
vibration angle is greater than 45◦, the growth rate of λv slows
down. The experimental results show that when the normal
force fluctuates, the fluctuation amplitude of the local stress
distribution of the interface is not the same as when the nor-
mal force does not fluctuate. Asai et al.[12] believed that the
uneven stress distribution caused by the fluctuation of the nor-
mal force is one of the reasons for the increase of energy dissi-
pation. Based on the experimental data, a quantitative analysis
method of uneven stress distribution is proposed, which pro-
vides an experimental basis for improving the friction model.
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4. Improved micro sliding friction model
4.1. Mechanism analysis of micro sliding friction behavior

Through the experimental analysis in Section 3, we find
that when the normal force fluctuates, the hysteretic curve has
the following four characteristics: first, the hysteretic curve
is no longer symmetrical about the center point; second, the
friction coefficient of the negative section is greater than that
of positive section; third, the tangential stiffness of negative
section is greater than that of positive viscous section; fourth,
the fluctuation amplitude of stress distribution at the interface
is not equal. We hope to build a mathematical model that
can fully describe the above characteristics of the hysteresis
curve and improve the accuracy of contact behavior predic-
tion. Based on the Iwan model, the stress distribution is simu-
lated by a limited number of Jenkins spring slider elements in
parallel, and then the influence of stress distribution on contact
parameters is considered. The improved Iwan model is shown
in Fig. 12.
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Fig. 12. Improved model considering the effect of stress distribution.

Specimen 1 and specimen 2 contact to form a contact in-
terface. Specimen 2 is fixed, and normal force Fn and tangen-
tial force Ft are applied to specimen 1. The tangential displace-
ment of specimen 1 is X and the normal displacement is Y ,
which are expressed by Eqs. (4) and (5), respectively. Because
the load distribution at the contact interface is mainly deter-
mined by the contact asperity, we use n Jenkins elements to
simulate the uneven normal force on the local area, and Fni is
the normal force on the Jenkins element in the order of i. Each
Jenkins element is composed of a normal spring and tangential
spring with stiffness kni and kti , respectively, and a damping
slider Di with coefficient fci. The kni is called normal stiffness
and kti is named tangential stiffness. In this model, the pseudo
stiffness and the tangential stiffness act on Di independently,
and there is no coupling effect. The yi is the compression of
the normal spring under the action of Fni , xi and fi are the dis-
placement and friction of Di. The friction Ft of interface is the
sum of friction fi of all Di, which is expressed by formula (6).

The critical friction Fc of the interface is the sum of the critical
friction fci of all Di, as shown in formula (7).

X = Xm +Xa sin(2πwt), (4)

Y = Ym +Ya sin(2πwt), (5)

Ft =
N

∑
i=1

fi, (6)

Fc =
N

∑
i=1

fci. (7)

According to the characteristics of the hysteretic curve, it is
divided into the positive segment and negative segment, in
which positive and negative refer to the direction of relative
displacement. The positive segment includes positive viscos-
ity and positive sliding, and the negative segment includes neg-
ative viscosity and negative sliding. The four contact states are
shown in Fig. 13. The state transition points of each stage are
represented by sublC

sup
subr

, in which the superscript (sup) rep-
resents the direction of displacement u at the present time,
the right subscript (subr) represents the state at the next time,
and the left subscript (subl) represents the state at the previ-
ous time. There are four state transition sequences for viscous
state and sliding state. The four state transition points are rep-
resented by slipCP

stick, stickCP
slip, slipCN

stick, and stickCN
slip, and the

point with zero friction is called friction 0 point, It is also often
used in vibration analysis, which is expressed by CP

0 and CN
0

according to the direction of motion.
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Fig. 13. State transition sequence.

It should be noted that considering the hysteresis of fric-
tion, the direction of friction fi at the point Di in this model
is calculated according to the direction of acceleration. The
transition criteria of four states are shown in formula (8), and
are expressed in formula (9). In the formula, xi,rev and fi,rev,
respectively, represent the displacement and friction at a state
speed of 0 at the point Di.

stickCP
slip : fti(t)≥ fci(t) and kti(t)Ẋ(t)− ḟci(t)> 0,

stickCN
slip : ft(t)≤− fci(t) and kti(t)Ẋ(t)+ ḟci(t)< 0,

slipCP
stick : Ẋ(t)+ ḟci(t)/kti(t)≥ 0 and Ẍ(t)+ f̈ci(t)/kti(t)> 0,

slipCN
stick : Ẋ(t)− ḟci(t)/kti(t)≤ 0 and Ẍ(t)− f̈ci(t)/kti(t)< 0,

(8)

044602-10



Chin. Phys. B 32, 044602 (2023)

fi =


fci, stickCP

slip→ slipCN
stick,

− fci, stickCN
slip→ slipCP

stick,

kti(X(t)− xi,rev)+ fi,rev, slipCP
stick→ stickCP

slip,

kti(X(t)− xi,rev)+ fi,rev, slipCN
stick→ stickCN

slip.

(9)

4.2. Micro sliding friction behavior based on equivalent
stress distribution

Figure 14 describes the whole micro sliding process based
on the stress change. When the interface state is slipCP

stick, it
indicates the starting point of positive viscosity as shown in
Fig. 14(a). To simulate the characteristics of stress distribu-
tion, the deformation, red dot, and line shape of the tangential
spring are used to represent the contact states. The deforma-
tion of spring represents the shear force at this point. The shear
force increases with the increase of deformation. The red dot

and line shape represent the normal force. The red dot repre-

sents the area with a larger tangential load. The dashed line

segment and the pointed line segment indicate that the friction

decreases gradually. It should be noted that when the initial

normal stress is uniformly contacted, the linear distribution

can be used as the equivalent stress distribution to simulate the

gradual disconnection process of Di with the increase of tan-

gential force, which is easy to understand when the tangential

force is loaded unidirectionally. However, when the tangential

force moves back and forth, once the tangential force reverses

the direction, the equivalent stress should also reverse accord-

ingly, which will bring us trouble when modeling in a fixed

order Di. Considering that Jenkins elements are parallel, the

order of Di does not affect the calculation of tangential force.
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Fig. 14. Simulation of micro sliding process.

Therefore, the following description, Di does not describe
the placement order on the interface, but only for the magni-
tude of the tangential force. The larger, the value of i, the
greater the tangential stress is. In the process of movement, the
normal stress and the tangential stress are positively correlated
with each other. In the following description, stress is used to
represent the change of tangential stress. Assuming that the
initial state of the interface is slipCP

stick as shown in Fig. 14,

the stress at the back end of the interface is greater than at the
front end, the deformation decreases from DN to D1 and then
decreases in turn, and the deformation of D1 is the smallest,
which is due to the minimum critical friction. When Ft = Fc,
specimen 1 begins to slide, the interface is in stickCP

slip state,
and the interface stress remains stable until it reaches slipCN

stick,
currently, displacement X , normal load Fn and tangential load
Ft reach the maximum. Then the tangential load starts to move
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in the opposite direction as shown in Fig. 14(b). It should be
noted that at this time, the equivalent stress distribution of the
interface turns over instantaneously, and the stress at the front
end of the interface is greater than that at the back end. Under
the action of the tangential load, the interface state changes in
the order of slipCN

stick–stickCN
slip–slipCN

stick. Except for the oppo-
site direction, other motion modes of the interface are the same
as before and will not be repeated. There is also a special state
point CN

0 and CP
0 , as shown in Fig. 14(c), which may appear in

the sliding or viscous process. At this time, the friction force
is 0, which is called the zero point of friction.

4.3. Contact parameter fluctuation caused by normal force
fluctuation

In the simulation analysis of Subsection 4.2, the linear
distribution is used to be equivalent to the stress distribution,
but in fact, the normal stress distribution is not uniform due to
machining error, assembly error, or the requirements for ex-
perimental conditions. We also verify this phenomenon exper-
imentally in Section 3, then we use the power function P(i,a)
to describe the variation of the equivalent stress distribution
as shown in formula (10). The characteristic of this function
is that it can describe multiple distributions by adjusting the
value of a as shown in Fig. 15(a). The P(i,0) refers to the uni-
form distribution, P(i,1) is the linear distribution, P(i,a < 1)
represents the slower growth of stress distribution, P(i,a > 1)
denotes faster growth of stress distribution. The larger the a
value, the more uneven the stress distribution is. Formula (11)
can be used to express the non-uniform fluctuation of equiva-
lent stress distribution caused by the fluctuation of the normal
force. According to formulas (10) and (11), the equivalent
load Fni of Di point in the process of micro sliding can be de-
duced as shown in formula (12).

P(i,a) = ia
(

N

∑
i=1

ia
)−1

, (10)

a = am +aa sin(2πwt), (11)

Fni = kniFni,m P(i,a)(1+Rw sin(2πwt)) , (12)

where P(i,a) is the stress distribution function, am and aa are
the mean value coefficient and amplitude coefficient of the
stress distribution function, and Rw is the normal force fluc-
tuation coefficient.

In the vibration angle experiment, we find that the tan-
gential stiffness is not a constant. When the vibration angle
is greater than 40◦, Kt fluctuation will have a significant ef-
fect on the hysteresis curve, and increase with vibration angle
increasing. Based on the above analysis, Kt at different vibra-
tion angles can be expressed by formula (13), RK is the stiff-
ness fluctuation coefficient, Kt,m is a function and is correlated

linearly with Fn,m, and formula (14) is used. The friction co-
efficient has similar characteristics. In the positive section, the
friction coefficient is µp and the negative friction coefficient is
µn. They are related by formula (15). Rµ is a function related
to Rna, as shown in formula (16).

Kt =

{
Kt,m (1+RKRna sin(2πwt)) , Rna ≥ 0.84µ,

Kt,m(1−RKRna), Rna < 0.84µ,
(13)

Kt,m = p1Fn,m + p2, (14)

µn = Rµ µp, (15)

Rµ =

{
p3Rna + p4, Rna ≥ 0.84µ,

1, Rna < 0.84µ,
(16)
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Fig. 15. Equivalent stress distribution based on exponential function.

4.4. Calculation process and case verification

The flowchart of friction calculation is shown in Fig. 16.
Firstly, the relevant contact parameters are identified according
to the experimental results, including normal force mean value
Fn,m, normal force fluctuation coefficient Rna, positive friction
coefficient µn, negative friction coefficient µp, displacement
fluctuation amplitude Xa, tangential stiffness mean value Kt,m,
tangential stiffness fluctuation coefficient RK, excitation fre-
quency w, and tangential stress distribution coefficient am and
aa. All parameters of the model have clear physical meanings
and can be identified by experimental results. By adjusting the
number of Jenkins cells, it can achieve faster simulation. By
adjusting the contact parameters, it can be used to analyze the
influence of contact parameters on the hysteretic curve, and
then analyze the changes of damping and energy dissipation
under the fluctuation of the normal force.

Taking the experiment with vibration angle α = 60◦ for
example, some parameters are expressed as follows: Fn,m =

81 N, Fn,a = 61 N, Kt,p = 2.3× 106 N/m, Rna = 0.58, Kt,n =

5.0×106 N/m, µn = 0.41, µp = 0.33, and λv = 0.31.
The comparison between the predicted values of the fric-

tion model and the experimental results is shown in Fig. 17.
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In the experiment of Subsection 2.2, the influences of nor-

mal force fluctuation on energy dissipation are compared. It
is found that when Ft,a/Fn,m is greater than the friction coef-
ficient, the energy dissipation is less than when the normal
force is constant; however, when Ft,a/Fn,m is less than the
friction coefficient, the energy dissipation will need to con-
sider the fluctuation of the normal force. In this subsection,
the mathematical model is used to analyze the mechanism of
this phenomenon. The Ft,a/Fn,m is referred to as alternating
friction coefficient, which is expressed by Rtanm. By adjust-
ing the parameters, the hysteretic curve and energy dissipa-
tion of friction force corresponding to the fluctuation of nor-
mal force and constant normal force are calculated. When the
normal force fluctuates, the value of A is adjusted, separately,
to [5,8,10,15,20,30,40]×10−6 m, Rna = 0.6. When the nor-
mal force is constant, the value of A is adjusted, separately,
to [3, 5, 7, 10, 15, 20, 30, 40]× 10−6 m, Rna = 0. It should
be noted that only when considering the fluctuation of normal
force, will Rtanm be greater than the sliding friction coefficient
µ , otherwise Rtanm ≤ µ . Figures 18(a) and 18(b) show the
hysteresis curves corresponding to different values of Ft,a/Fn,a

when the normal force fluctuates and when the normal force is
constant.

It can be found that when Rtanm ≤ µ , the area enclosed
by the hysteretic curve increases due to the fluctuation of the
normal force, which is mainly due to the stress distribution
leading the tangential stiffness to slow down gradually with
the increase of the tangential force. When the normal force
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fluctuates, the larger the normal force, the larger the tangential
stiffness of the negative viscous section is, which results in the
larger deformation of the negative section curve, thereby in-
creasing the energy dissipation. Figure 18(c) shows the energy
dissipation of different values of Rtanm in two cases: constant
normal force and variable normal force. When Rtanm≤ µ , con-
sidering the fluctuation of normal force, the energy dissipation
is less than the value when the normal force is constant; when
Rtanm > µ , the energy dissipation of normal force fluctuation
is larger than that of constant normal force, which is consis-
tent with the experimental phenomenon. This is the first time
that this phenomenon has been explained based on the fluc-
tuation of stress distribution. Figure 18(d) shows the energy
dissipations for different driving displacements under constant

normal force and variable normal force. When the driving dis-
placement is small, the fluctuation of normal force can cause
greater energy dissipation. When the driving displacement is
large, the influence of normal force fluctuation on energy dis-
sipation is small. It should be noted that this phenomenon
mainly occurs in the heavy load contact of soft materials or
hard materials. Because the tangential stress distribution of
softer material fluctuates more obviously with the fluctuation
of normal force, the distribution of harder material (stainless
steel) is mainly linear under light load. Only under heavy load,
will the stress distribution show obvious uneven fluctuation,
which will affect the change of energy dissipation. Based on
the above analysis, we have reason to think that the theory can
be used in the vibration analysis of blade dampers.

δ (mm)δ (mm)

F
t 
(N

)

F
t 
(N

)

-40 -20 0 20 40 -40 -20 0 20 40
-20

-10

0

10

20

30

40

50

(c) (d)

(b)(a)

Ft/Fn
δa (10-5 mm)

D
E
 (
m
J
) 

 

D
E
 (
m
J
) 

 

Rtanm/.

Rtanm/.

Rtanm/.

Rtanm/.

Rtanm/.

Rtanm/.

Rtanm/.

Rtanm/.

-20

-10

0

10

20

30

40

50

Fig. 18. Energy dissipation. (a) Hysteretic curves of different values of Rtanm in variable normal force experiment, (b) hysteretic curves of
different values of Rtanm in constant normal force experiment, (c) logarithmic graph of Rtanm and energy dissipation, and (d) logarithmic graph
of δa and energy dissipation.

5. Conclusions
In this work, based on the experimental analysis, a micro

sliding friction model considering the influence of stress dis-
tribution fluctuation is established. The main conclusions are
as follows.

(i) The fluctuation of normal force will lead to hystere-
sis of friction coefficient. The friction coefficient of the neg-
ative sliding section is greater than that of the positive slid-
ing section. When the normal force is constant, the energy

dissipation increases linearly with the increase of relative dis-
placement amplitude, and the contact interface stress has little
effect on the linear relationship. When the ratio of the ampli-
tude of tangential force to the initial value of normal force is
larger than the friction coefficient, the fluctuation of normal
force will lead the sliding distance dslip and energy dissipation
ED to decrease, which will be more obvious with the increase
in the ratio of the amplitude of tangential force to initial value
of normal force; when the ratio of the amplitude of tangential
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force to initial value of normal force is less than the friction co-
efficient, the fluctuation of normal force will result in greater
energy dissipation; the fluctuation of normal force will cause
the interface stress distribution to fluctuate unevenly.

(ii) The vibration angle will reduce the sliding distance
and energy dissipation, and cause and negative tangential stiff-
ness to no longer equal. The difference between positive tan-
gential stiffness and negative tangential stiffness will increase
with vibration angle increasing. The uneven fluctuation of
stress will lead the energy dissipation to decrease (increase)
when the ratio of the amplitude of tangential force to the initial
value of normal force is greater (less) than the friction coeffi-
cient .

(iii) A micro sliding friction model considering the fluctu-
ation of contact parameters caused by the fluctuation of stress
distribution is established. This friction model considers the
interface shear stiffness fluctuation, friction coefficient lag,
and uneven stress distribution fluctuation. This model can be
used to analyze the influence of various nonlinear contact pa-
rameters on contact behavior. By comparing the experimen-
tal results with the simulation results of proposed model, we
find that considering the nonlinear effect of a certain contact
parameter alone may bring greater error to the prediction of
friction. The accuracy of friction prediction can be improved
by integrating multiple contact parameters.
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