
Chin. Phys. B 32, 054203 (2023)

Adjusting amplitude of the stored optical solitons by inter-dot
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We study the propagation properties of a probe field in an aligned asymmetric triple quantum dot molecule with both
sides inter-dot tunneling coupling effect. It is shown that the probe field can form optical soliton due to the destructive
quantum interference induced by the quantum inter-dot tunneling coupling effect. Interestingly, these optical solitons can
be stored and retrieved by adjusting single or double inter-dot tunneling coupling effect, different from that light memory
in the ultra-cold atom system. Furthermore, we also find that the amplitude of the stored optical soliton can be adjusted by
the strength of the single or double inter-dot tunneling coupling. It is possible to improve the stability and the fidelity of the
optical information in the process of the storage and retrieval in semiconductor quantum dots devices.
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1. Introduction
Quantum information is easily transmitted by lights,

however the lights need to be stored locally to process the
information.[1,2] Fleischhauer and Lukin[3] confirmed that the
probe field can be stored by switching off and on control field
in the ultra-cold atomic electromagnetically induced trans-
parency (EIT) media. So, it’s quite beneficial for the storage
and retrieval of the quantum information.[4–10] However, in the
process of the storage and retrieval of the light propagation,
the diffraction and dispersion effect of light bring about distor-
tion of quantum information in some degree. Comparing with
light, the optical solitons,[11] which are from the nonlinear ef-
fect of the system being balanced with the diffraction (disper-
sion) effect, have higher stability and fidelity, and have gained
considerable attention in ultra-cold atomic EIT media.[12–18]

For the ultra-cold atomic EIT media, the storage and
retrieval properties of the probe field in ladder-type three-
level atomic system was firstly investigated.[19] Due to the
existence of the dark state,[3] the control field can control
the probe field to realize storage and retrieval of the probe
optical solitons.[19,20] In reality, there is a lot of informa-
tion coexisting in quantum information processing and trans-
mission. Correspondingly, the storage and retrieval of two-
component even N-component optical solitons are considered
and investigated.[21,22] Furthermore, by considering the op-
tical quantum memory, Chen et al.[23] found that the high-
dimensional light pulses can also be stored and retrieved by
switching off and on a control field. For the practical applica-
tion, however, it is a large challenge to control accurately the
optical solitons storage in the atomic EIT media due to its low

temperature (which approaches to absolute zero) and rarefac-
tion.

Fortunately, with the maturity of semiconductor quan-
tum technology, quantum dots (QDs) have extensively ap-
plying prospect in quantum information processing and
transmission.[24,25] This is mainly because the QDs have not
only similar optical properties to atomic system, but also
the characteristics of high nonlinear optical coefficient, con-
trollable parameters and easy integration.[26–28] Thereby, the
studies on the quantum information processing and trans-
mission of quantum dot systems have begun to attract ones’
attention.[29–35] In general, two and more QDs, of which inter-
dot couplings are realized by placing a gate electrode experi-
mentally, are called as double quantum dot (QD) and multi-
quantum dot molecules, respectively. For the double QD
molecules, the quantum destructive interference caused by
inter-dot tunneling coupling leads to the transparency of the
medium, which is called as quantum inter-dot tunneling in-
duced transparency (TIT).[36,37] This is similar to the EIT ef-
fect in a three-level ultra-cold atomic medium. She et al.[38]

studied the linear optical and Kerr nonlinear properties of dou-
ble QD system. They found that there exist two transparent
windows and the type of the optical soliton can also be con-
trolled by changing the intensity of the control field.[38] Exper-
imentally, the triple quantum dot (TQD) molecules have been
obtained by molecular beam epitaxy or in-situ atomic layer
precision etching schemes.[39–42] Compared with the double
quantum dot system, the TQD system has more flexible and
controllable geometry configuration and extra control param-
eters. Especially, the TQD molecules possess double quantum
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inter-dot tunneling coupling effect. After the double quantum
inter-dot tunneling couplings are considered, the nonlinear re-
sponse of the system is enhanced largely.[43,44] Luo et al.[45,46]

also confirmed that the Kerr nonlinearity of the TQD system
can dramatically be enhanced compared to that of double QD
system. This means that there exhibit a series of novel nonlin-
ear properties in TQD molecule device. We[47] found that the
propagating velocity of the optical soliton can be controlled by
the two tunneling coupling strengths. To our knowledge, there
are few reports on the storage and retrieval of optical solitons
in the QD systems by far.

Inspired by this, in the paper, we study how both sides
inter-dot tunneling control the propagation of optical field in
an aligned asymmetric TQD molecular model. Especially, we
demonstrate that optical solitons can be stored and retrieved by
switching off and on single (two) quantum inter-dot tunneling
coupling effect. That is to say, both the formation of optical
solitons and their storage and retrieval in an TQD molecule are
caused by inter-dot tunneling coupling effect, different with
that by the strong control optical field in ultra-cold atomic
EIT media. Our scheme avoids the noise problem because the
system has only one probe field.[27,48,49] The threshold power
(P̄max) for generating optical solitons is extremely low, that is,
about P̄max≈ 2.37×10−7 W. Such a low power can enhance the
nonlinearity of the system, which is mainly due to the double
TIT caused by the two inter-dot tunneling coupling. Addi-
tionally, in the case that one (the another) inter-dot tunneling
coupling is turned on (off), with the increasing strength of the
inter-dot tunneling coupling, the amplitude of the stored op-
tical soliton increases monotonously. For the case that two
inter-dot tunneling coupling are turned on, with the increasing
strength of the two inter-dot tunneling coupling, the amplitude
of the stored optical soliton emerges a trend of first decreasing
and then increasing. Our results may improve the stability and
fidelity for the storage and retrieval of optical information in
semiconductor quantum dot devices.

2. The Maxwell–Bloch equations and asymp-
totic expansion

2.1. The model

Based on the current experiment reports on quantum dot
molecules,[39–42] triple QD system can be produced on the n+-
doped GaAs (001) substrate by molecule beam epitaxy or in-
situ atomic layer precise etching, and thus enables a homoge-
neous triple QD aligned along the [11̄0] direction. We here
consider a self-assembled GaAs TQD molecular system as
shown in Fig. 1(a). Among them, a weak probe laser filed with
the frequency ωp is nearly resonant with the direct excitonic
transition |1⟩ ↔ |4⟩. The three QD are aligned, and their sizes
appear different, so that the system is an asymmetric TQD

molecule. We consider a structural asymmetry, which is to
inhibit the hole tunneling. Both QD2 and QD3 are coupled to
QD1 by inter-dot tunneling coupling, of which the strength are
Te1 and Te2, respectively. Such a phenomenon can be realized
by applied gate voltages in the experiment. Without the gate
voltage, the conduction-band levels are out of resonance and
the electron tunneling is very weak. On the contrary, after the
gate voltages are applied, as shown in Fig. 1(b), conduction-
band levels could get closer to resonance and the electron tun-
neling between the QDs becomes strong, while valance-band
levels become even more off-resonance.
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Fig. 1. (a) Schematic diagram of an aligned asymmetric TQD system
without gate voltage. An optical field transmits in QD1. (b) When gate
voltages are applied respectively between QD1 with QD2, and QD1
with QD3, the conduction-band levels could get closer to resonance.
Te1 and Te2 are the strength of inter-dot tunneling coupling of between
QD1 with QD2, and QD1 with QD3, respectively. (c) The excitation
scheme of the TQD system. |1⟩ is the exciton vacuum state, which de-
notes that there are no excitons inside the TQD. Under the excitation
of the optical field, electrons are excited from the valence band to the
conduction band, forming a direct exciton state |4⟩ in QD1. Due to
that the gate voltages are applied, electrons tunnel from QD1 to QD2
or QD3, forming indirect exciton states |2⟩ or |3⟩, respectively. ω4m
(m = 1, 2, 3) denotes the energy-level difference between |4⟩ and |m⟩.
∆p = ωp −ω41 represents the detuning of the optical field. Γ1n (n = 2,
3, 4) are the energy relaxation rates from state |n⟩ to state |1⟩.

As shown in Fig. 1(c), without the optical field excitation,
there is no electron and hole inside all QDs, and this condi-
tion can be described by the exciton vacuum state |1⟩. Ap-
plying the optical field, one can excite an electron–hole pair
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in QD1, which corresponds to the direct exciton state |4⟩. We
set the optical field to propagate along the z direction. Then,
the electric field vector of the optical field can be written as
𝐸 = 𝑒pℰpexp

[
i(𝑘p ·𝑧−ωpt)

]
+ c.c. Here, 𝑒p is the polariza-

tion direction of the optical field, ℰp is the envelope amplitude
of the optical field, and 𝑘p is the wave number of the opti-
cal field. The external electric fields modify the band profiles
alignment, allowing the electron to tunnel from QD1 to QD2
or QD3 that form the indirect exciton states |2⟩ or |3⟩, respec-
tively.

Under electric-dipole and rotating-wave approximation,
the Hamiltonian of the system, in the interaction picture, is

Hint = −h̄∆ 2|2⟩⟨2|− h̄∆3|3⟩⟨3|− h̄∆p|4⟩⟨4|

− h̄(Ωp|4⟩⟨1|+Te1|4⟩⟨2|+Te2|4⟩⟨3|+h.c.), (1)

where h.c. represents the Hermitian conjugation. Here ∆p =

ωp−ω41 denotes the detuning of the optical field, and ∆2(12) =

∆p +ω42(43), with ω42(43) denoting the frequency difference
between state |4⟩ and state |2⟩ (|3⟩). Experimentally, ω42(43)

can be modulated by applying a gate field F along the growth
direction, leading to the energy-level shift ∆ω42(43) = eFd,
with d being the width of the barrier between the neighbor-
ing dots.[46,50,51] The half-Rabi frequency of the optical field
is Ωp = εpP14/(2h̄), with P14 the electric dipole matrix ele-
ment related with the transition between |1⟩ and |4⟩. Te1 and
Te2 are corresponding inter-dot tunneling strengths of between
QD1 with QD2 and QD1 with QD3, respectively.

Then, the semi-classical theory is used to solve the phys-
ical properties of the system. For the quantum dots, the Bloch
equation of quantum mechanics is adopted. Accordingly, the
density matrix elements of Bloch equations, in the interaction
picture, read

∂ρ11

∂ t
= iΩ *

p ρ41 − iΩpρ
*
41 +Γ12ρ22 +Γ13ρ33 +Γ14ρ44, (2a)

∂ρ22

∂ t
= iTe1ρ42 − iTe1ρ

*
42 −Γ12ρ22, (2b)

∂ρ33

∂ t
= iTe2ρ43 − iTe2ρ

*
43 −Γ13ρ33, (2c)

∂ρ44

∂ t
= iΩpρ

*
41 + iTe1ρ

*
42 + iTe2ρ

*
43 − iΩ *

p ρ41

− iTe1ρ42 − iTe2ρ43 −Γ14ρ44, (2d)
∂ρ21

∂ t
= i∆2ρ21 + iTe1ρ41 − iΩpρ

*
42 − γ21ρ21, (2e)

∂ρ31

∂ t
= i∆3ρ31 + iTe2ρ41 − iΩpρ

*
43 − γ31ρ31, (2f)

∂ρ32

∂ t
= i∆3ρ32 + iTe2ρ42 − i∆2ρ32

− iTe1ρ
*
43 − γ32ρ32, (2g)

∂ρ41

∂ t
= iΩpρ11 + iTe1ρ21 + iTe2ρ31

+ i∆pρ41 − iΩpρ44 − γ41ρ41, (2h)

∂ρ42

∂ t
= iΩpρ

*
21 + iTe1ρ22 + iTe2ρ32 + i∆pρ42

− i∆2ρ42 − iTe1ρ44 − γ42ρ42, (2i)
∂ρ43

∂ t
= iΩpρ

*
31 + iTe1ρ

*
32 + iTe2ρ33 + i∆pρ43

− i∆3ρ43 − iTe2ρ44 − γ43ρ43, (2j)

where γi j = (Γi +Γj)/2 denotes the coherence decay rate be-
tween state |i⟩ and state | j⟩, with Γj = ∑i< j Γi j being the total
decay rate of state | j⟩. Γi j are the energy relaxation rates from
state | j⟩ to state |i⟩. For simplicity, here we do not consider
effects of pure dephasing.[39,44]

For the light field, the classical Maxwell equation is used.
Under a slowly varying envelope approximation, the evolution
equation of the classical Maxwell[14,52] is

i
(

∂

∂ z
+

1
c

∂

∂ t

)
Ωp +κ14ρ41 = 0, (3)

where κ14 = Nωp |𝑃14|2/(2ε0ch̄) is the propagation coeffi-
cient, ε0 is the permittivity of vacuum, and N denotes the
atomic concentration. Thereby, only if solving Maxwell–
Bloch (M-B) Eqs. (2) and (3), the linear and nonlinear proper-
ties of the system can be well obtained.

2.2. Linear properties

In general, the analytic solution of the M-B Eqs. (2)
and (3) cannot be obtained directly. To explore the lin-
ear and nonlinear properties, the multiple-scale method[14]

is a good approximation method for solving nonlinear dif-
ferential equations and is widely used in applied mathemat-
ics and physics. Therefore, we make the asymptotic expan-
sion ρi j = ρ

(0)
i j + ερ

(1)
i j + ε2ρ

(2)
i j + ε3ρ

(12)
i j + · · · , and Ωp =

εΩ
(1)
p + ε2Ω

(2)
p + ε3Ω

(3)
p + · · · . Here, ρ

(0)
i j = δi1δ j1 means

the electron population, which was concentrated at the ground
state |1⟩ with the first time, and ε is a dimensionless small
parameter characterizing the amplitude of Ωp. At the same
time, we set that the expansion terms are functions of the mul-
tiscale variables zl = ε lz (l = 0,1,2) and tl = ε lt (l = 0,1).
Subsequently, substituting them into the M-B equations and
comparing the coefficients of ε l (l = 1,2,3, . . .), we obtain the
first-order solution

Ω
(1)
p = F e iθ , (4a)

ρ
(1)
41 =

F e iθ (d21 +ω)(d31 +ω)

D(ω)
, (4b)

ρ
(1)
21 =

−Te1

d21 +ω
ρ
(1)
41 , (4c)

ρ
(1)
31 =

−Te2

d31 +ω
ρ
(1)
41 , (4d)

with other ρ
(1)
i j = 0. Here D(ω) = T 2

e1 (d31 +ω) +

T 2
e2 (d21 +ω)−(d21 +ω)(d31 +ω)(d41 +ω), θ = K (ω)z0 −

ωt0, d21 = ∆2 + iγ21, d31 = ∆3 + iγ31, and d41 = ∆p + iγ41. F
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is the envelope function of the variables z1, z2, t1. Meanwhile,
we obtain that the linear dispersion relation K(ω) is

K (ω) =
ω

c
+κ14

(d21 +ω)(d31 +ω)

D(ω)
. (5)

In most case, by applying the Taylor expansion, K(ω) can
be expressed as K (ω) = K0 +K1ω + 1

2 K2ω2 + · · · with K j =(
∂ jK (ω)/∂ω j

)∣∣
ω=0 ( j = 0,1,2, . . .). Due to K j is a complex

number, it can be written as K j = K jr + iK ji. So K0r, K1r and
K2r represent the real parts of K0, K1 and K2, respectively. Sim-
ilarly, K0i, K1i and K2i represent the imaginary parts of K0, K1

and K2, respectively. In fact, K0i determines the linear absorp-
tion of the probe field. In order to obtain the linear absorption
properties of the optical field in the system, we plot K0i as a
function of the ∆p shown in Fig. 2. From Fig. 2(a), when the
two inter-dot tunneling coupling are absent, i.e., Te1 = Te2 = 0
[see the black dotted curve in Fig. 2(a)], there only appears a
Lorentz line-shape absorption peak. This means that when the
gate voltage is turned off, the optical field is largely absorbed
in the area of its detuning. When the gate voltage between
QD1 with QD2 (QD1 with QD3) is turned off (on), i.e., Te1 = 0
and Te2 = 20 µeV [see the red solid curve in Fig. 2(a)], the ab-
sorption profile is split into two separate peaks, and the single
quantum inter-dot TIT window appears in the system. Due to
that the optical field is hardly absorbed in the quantum inter-
dot TIT window, in the following, we will study the nonlinear
properties in the area of the transparent window. When the sin-
gle inter-dot tunneling coupling Te2 is enhanced, i.e., Te1 = 0
and Te2 = 40 µeV [see the blue dashed curve in Fig. 2(a)], the
width of the quantum inter-dot TIT window becomes wider
by comparing with the red solid curve. When the gate volt-
age between QD1 with QD2 (QD1 with QD3) is turned on
(off), it is also found that the width of the transparency window
increases with the increasing strength of tunneling coupling.
Its phenomenon is similar to that in Fig. 2(a). Subsequently,
when the two inter-dot tunneling coupling are present, i.e.,
Te1 = Te2 = 20 µeV [see the red solid curve in Fig. 2(b)], the
double TIT window appears in the system, which is different
from the single quantum inter-dot TIT window in double QD
molecule. The single (double) TIT window is due to the quan-
tum destructive interference effect induced by single (double)
inter-dot tunneling coupling effect, which is different from the
EIT window caused by control field in the ultra-cold atomic
system. When both tunneling couplings are enhanced, i.e.,
Te1 = Te2 = 40 µeV [see the blue dashed curve in Fig. 2(b)],
the width of the double TIT windows become wider than that
of the red solid curve. In addition, from the red solid curve
of Fig. 2(a) [Te1 = 0, Te2 = 20 µeV], ones see that the center
position of the TIT window is not at ∆p = 0, which is due to
Te1 ̸= Te2. Only if Te1 = Te2 [see the Fig. 2(b)], the TIT win-
dow exhibits symmetric distribution. The width of both single

and/or double quantum inter-dot TIT windows becomes wider
with the increasing strength of single and/or double inter-dot
tunneling coupling. And in the case of the strength of the dou-
ble inter-dot tunneling coupling effect being not equal, i.e.,
Te1 ̸= Te2, two TIT windows exhibit asymmetric distribution.
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Fig. 2. The linear absorption coefficient K0i as a function of the detun-
ing ∆p with different Te1 and Te2. (a) When Te1 = 0, the black dotted, red
solid and blue dashed curve represent Te2 = 0, Te2 = 20 µeV and Te2 =
40 µeV, respectively. (b) The red solid curve and blue dashed curve
represent Te1 = Te2 = 20 µeV and Te1 = Te2 = 40 µeV, respectively.
The other parameters used are γ41 = 3.3 µeV, γ21 = γ31 = 10−4

γ41,
−h̄ω42 = h̄ω43 = 10 µeV, κ14 = 1976 cm−1 ·µeV.

2.3. Nonlinear properties

Since the linear properties are obtained, we here probe the
nonlinear properties of the system, namely, in the case of the
second and third order of the M-B equation. For second order,
the divergence-free condition requires that

∂F
∂ z1

+
1

Vg

∂F
∂ t1

= 0, (6)

with Vg = (∂K/∂ω)−1 is the group-velocity of wave packet F .
The second order solution is

ρ
(2)
41 =

(
K1 −

1
c

)
i

κ14

∂

∂ t1
F e iθ , (7a)

ρ
(2)
21 =

[
Te1 (d31 +ω)

D(d21 +ω)
− Te1

κ14 (d21 +ω)

(
K1 −

1
c

)]
× i

∂

∂ t1
F e iθ , (7b)

ρ
(2)
31 =

[
Te2 (d21 +ω)

D(d31 +ω)
− Te2

κ14 (d31 +ω)

(
K1 −

1
c

)]
× i

∂

∂ t1
F e iθ , (7c)
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ρ
(2)
33 = A(2)

33 |F |2 e−2Im(K)z, (7d)

ρ
(2)
22 = A(2)

22 |F |2 e−2Im(K)z, (7e)

ρ
(2)
11 = A(2)

11 |F |2 e−2Im(K)z, (7f)

ρ
(2)
42 = A(2)

42 |F |2 e−2Im(K)z, (7g)

ρ
(2)
43 = A(2)

43 |F |2 e−2Im(K)z, (7h)

ρ
(2)
32 = A(2)

32 |F |2 e−2Im(K)z, (7i)

where the detailed expressions of A(2)
33 , A(2)

22 , A(2)
11 , A(2)

42 , A(2)
43

and A(2)
32 are given in the Appendix. Next, for the third order,

we have the nonlinear equation for F by the divergence-free
condition

i
∂F
∂ z2

− 1
2

K2
∂ 2F
∂ t2

1
−WF |F |2 e−2Im(K)z = 0, (8)

where K2 is the group-velocity dispersion coefficient, and W =
κ14(d21+ω)(d31+ω)

D [Te1A(2)*
42 /(d21 +ω) + Te2A(2)*

43 /(d31 +ω) +

2A(2)
11 +A(2)

22 +A(2)
33 denotes Kerr nonlinear coefficient.

After returning Eq. (8) to the original variable, we get the
nonlinear Schrödinger (NLS) equation

i
∂U
∂ z

− 1
2

K2
∂ 2U
∂τ2 −W |U |2 U = 0, (9)

where τ = t − z/Vg and U = εF e− Im(K)z. Due to that the co-
efficients of the NLS Eq. (9) are complex number, in gen-
eral, the NLS equation has no analytical soliton solution.
So, we here choose appropriate parameters in the area of
the transparent window. According to Refs. [35,43] the pa-
rameters of the system can be chosen as h̄ω41 = 1.6 µeV,
Γ14 = 6.6 µeV, Γ12 = Γ13 = 6.6× 10−4 µeV, γ41 = 3.3 µeV,
γ21 = γ31 = 10−4

γ41, −h̄ω42 = h̄ω43 = 10 µeV and κ14 =

1976 cm−1 ·µeV. When Te1 = Te2 = 7.5×1010 s−1 ≈ 50 µeV
and ∆p = 1.516×1010 s−1, we obtain

K0 = (−0.013+2.680×10−4 i) cm−1,

K1 = (5.675×10−10+4.003×10−14 i) cm−1 · s,
K2 = (−3.242×10−20+9.580×10−22 i) cm−1 · s2,

W = (−7.102×10−13−4.974×10−15 i) cm−1 · s2.

One may see that |K2i | ≪|K2r| and |Wi| ≪|W r|, so that K2 =

K2r +K2i ≈ K2r and W = Wr +Wi ≈ Wr. Thereby, Eq. (9) in
the dimensionless case is transformed into

i
∂u
∂ζ

+
∂ 2u
∂σ2+2|u|2u = 0, (10)

where the dimensionless parameters ζ = −z/2LD, σ = τ/τ0

and u=U/U0. Here τ0 is the characteristic optical field length.
U0≡

√
|K2r|/|Wr|/τ0 is the Rabi frequency of the optical field,

and its magnitude depends on the initial value. In addition,
we introduce LD = τ2

0/|K2r| and LNL = 1/(|Wr|U2
0 |). Here, LD

and LNL represent the dispersion and nonlinear length, respec-
tively. According to the condition of soliton formation, i.e.,

LD = LNL, this means the balance of the interplay between the
group-velocity dispersion and nonlinear effect. Equation (10)
has a simple bright soliton solution u = sech(σ)exp(iζ ),
which is written in terms of the optical field as

Ωp (z,t) =
1
τ0

√
K2r

Wr
sech

[
1
τ0

(
t − z

Vg

)]
× exp

[
iK0rz−i

z
2LD

]
. (11)

In order to test the stability of the optical soliton in the process
of propagation, we plot the wave shape |Ωp/U0|2 of the bright
optical soliton as a function of z/LD and t/τ0 in Fig. 3. Ones
can see that with the evolution of time and distance, the ampli-
tude, width and velocity of the optical soliton keep unchange,
hence the optical soliton is robust in the propagation process.

Subsequently, we calculate the optical power density
threshold P̄max of generating optical solitons by Poynting’s
vector[14]

P̄max = 2ε0cnpS0(h̄/P14)
2K2r/(Wrτ

2
0 ). (12)

Here, P14/e = 2.1 nm, and np = 1+ cK0/ωp is the refractive
index. The cross-sectional area of the optical field takes the
value S0 = 1× 10−2 cm2, and we can calculate that P̄max ≈
2.37×10−7 W. Thus, the very low input power is needed for
generating optical solitons in this TQD system. Such a low
power can enhance the nonlinearity of the system, which is
mainly due to the double TIT caused by the two inter-dot tun-
neling coupling.
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Fig. 3. The propagation of the bright soliton. Wave shape |Ωp/U0|2 of
the optical soliton as a function of z/LD and t/τ0.

3. Storage and retrieval of the optical field
Since the optical soliton can propagate steadily, we here

explore whether it can be stored and retrieved. Using Runge–
Kutta method, we simulate numerically the M-B equations. In
order to realize the memory, it is needed to control the two
quantum inter-dot tunneling coupling effects. Their switching
off and on is modeled by two combined hyperbolic tangent
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functions

Te1 (t) = Te10

{
1− 1

2
tanh

[
t −Toff

Ts

]
+

1
2

tanh
[

t +Ton

Ts

]}
, (13a)

Te2 (t) = Te20

{
1− 1

2
tanh

[
t −Toff

Ts

]
+

1
2

tanh
[

t +Ton

Ts

]}
, (13b)

where Te10 and Te20 are constants. Ton and Toff are switching-
on and switching-off, respectively. Ts is the approximate time
of switching.

3.1. Double inter-dot tunneling coupling case

The initial condition of the optical field can be chosen
as the hyperbolic secant function, Ωp (0,t) = Ωp0 sech(t/τ0).
To obtain the storage and retrieval of optical field under dif-
ferent cases, we plot the optical field evolution of |Ωpτ0|
and |Te1(2)τ0| as a function of time t with different propaga-
tion distance z for different input light intensities Ωp0 in the

Fig. 4. The parameters used are τ0 = 1 × 10−9 s, Te10 =

Te20 = 7.5×1010 s−1 ≈ 50 µeV, Te10τ0 = Te20τ0 = 75, κ14τ0 ≈
3×103 cm−1, Ts/τ0 = 0.2, Toff/τ0 = 5 and Ton/τ0 = 10.

Figure 4(a) shows the storage and retrieval of a weak (i.e.,
linear) optical field. In this case, the dispersion effect of the
system is not balanced with the nonlinear effect, in which the
dispersion effect is dominant. Although the storage and re-
trieval of optical field can be realized, the wave shape will
widen gradually with the evolution of t and z, which will lead
to the distortion of information. This leads to loss of informa-
tion in quantum information processing and transmission and
is not suitable for practical application.

Figure 4(b) shows the storage and retrieval of an optical
soliton. In this case, the dispersion and nonlinear effects of
the system are balanced. Firstly, the optical field evolves into
optical soliton before the storage. Then, the optical soliton is
stored in the TQD medium. Finally, the optical soliton is re-
trieved after the storage. We found that the wave shape of soli-
ton before storage and after retrieval are almost the same. It is
proved that storage and retrieval by optical soliton have high
fidelity in quantum information processing and transmission.
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Fig. 4. Storage and retrieval of optical field. (a) Storage and retrieval of a weak optical field, with Ωp (0, t) = 16sech(t/τ0). (b) Storage and
retrieval of an optical soliton, with Ωp (0, t) = 26sech(t/τ0). (c) Storage and retrieval of a strong optical field, with Ωp (0, t) = 36sech(t/τ0).
|Te1τ0| and |Te2τ0| represent the switching off and on of the two quantum inter-dot tunneling coupling effects, respectively.

Figure 4(c) shows the storage and retrieval of a strong op-
tical field. In this case, the dispersion effect and the nonlinear
effect of the system are not in balance, in which the nonlinear
effect is dominant. Comparing the wave shape of the optical
field before storage and after retrieval, we can see that the wave
shape of the optical field has undergone obvious deformation
and even generated some new peaks. This also leads to the loss
of information and is not suitable for practical applications.

We here may conclude that optical soliton has better stor-
age and retrieval performance than linear optical field and
strongly nonlinear optical field. Therefore, optical soliton has
more practical application value than the other two in quan-
tum information processing and transmission. One may ask
the question how the optical soliton is stored in the TQD sys-
tem when both the probe field and the quantum inter-dot tun-
neling coupling strength have a vanishing value. In fact, in
the process of the light storage, the probe-field energy is con-

verted into the energy level coherence of the quantum inter-
dot.[53] That is, the probe light is stored in the form of energy
level coherence between quantum dots. For our original phys-
ical model (1), when the inter-dot tunneling coupling effect
Te1 (Te2) (which can be realized by applying the applied gate
voltages experimentally) is switched off and is retained until
the Te1 (Te2) is switched on again, the energy level coherence
ρ12 (ρ13) of the quantum inter-dot can be taken as the inter-
mediary for the storage and retrieval of the probe pulse.

Since the storage and retrieval of optical soliton can be
controlled by two inter-dot tunneling coupling effect, we fur-
ther explore how the strength of two inter-dot tunneling cou-
pling adjust the amplitude of the stored optical soliton. We
plot the amplitude of optical soliton as a function of two inter-
dot tunneling strengths in Fig. 5. At ∆p = 1.516× 1010 s−1,
ones can see that the amplitude of the stored optical soliton
first decreases and then increases with the increasing strengths
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of the two inter-dot tunneling coupling. So, we conclude that
the amplitude of the stored optical soliton can be adjusted by
the strength of two quantum inter-dot tunneling coupling.

20 40 60 80 100

1.0

1.5

2.0

2.5

3.0

3.5

A
m

p
li
tu

d
e
 (

1
0

5
)

Te1=Te2 (meV)

Fig. 5. The amplitude of optical soliton as a function of the strength
of two inter-dot tunneling. Both Te1 and Te2 control the system with
∆p = 1.516×1010 s−1.

3.2. Single inter-dot tunneling coupling case

Since two quantum inter-dot tunneling coupling effect
can control the storage and retrieval of optical soliton, can
single quantum inter-dot tunneling coupling effect control the
storage and retrieval of optical soliton. In Fig. 6, when Te1

is absent and Te2 is present, i.e., Te10 = 0 and Te20 = 6 ×
1010 s−1 ≈ 40 µeV, we plot the evolution of |Ωpτ0| as a func-
tion of time t with different propagation distance z. From
Fig. 6, ones can find that the storage and retrieval of optical
soliton can be controlled by single quantum inter-dot tunnel-
ing coupling strength Te2. Firstly, the optical soliton can be
formed based on a single quantum inter-dot TIT effect. Then,
the optical soliton is stored in the TQD medium. Finally, the
optical soliton can be retrieved after the storage. In another
case, when Te1 is present and Te2 is absent, it is also found that
Te1 can also control the optical soliton to realize their storage
and retrieval.

|Ωpτ0|

t/τ0
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Fig. 6. In case of Te10 = 0, only Te2 controls the storage and retrieval
of optical solitons. Ωp (0, t) = 12sech(t/τ0), Te20 = 6 × 1010 s−1 ≈
40 µeV. |Te2τ0| represents the switching off and on of the tunneling
coupling effect which between QD1 with QD3.

Subsequently, we here explore how the strength of sin-
gle quantum inter-dot tunneling coupling adjust the amplitude

of the stored optical soliton. We plot the amplitude of optical
soliton as a function of single inter-dot tunneling strength, as
shown in Fig. 7. Ones see that the amplitude of the stored
optical soliton increases monotonously with the increasing
strength of single quantum inter-dot tunneling coupling.
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Fig. 7. The amplitude of optical soliton versus the strength of sin-
gle quantum inter-dot tunneling. Only Te2 controls the system with
∆p =−9×109 s−1.

On the basis of discussion above, we conclude that the op-
tical soliton can be stored and retrieved by switching off and
on single or two quantum inter-dot tunneling coupling effect,
different from that by switching off and on control field in the
ultra-cold atomic system. And the amplitude of the stored op-
tical soliton can be adjusted by the strength of single or two
quantum inter-dot tunneling coupling.

4. Conclusions
In summary, we have studied the propagation properties

of optical field in an aligned asymmetric TQD molecule with
both sides inter-dot tunneling coupling effect. The interac-
tion properties between the optical field and TQD molecule
in the system are described by using the semiclassical theory.
The physical properties of the optical field are described by
Maxwell equation, while the TQD molecule is described by
the Bloch equation of quantum dynamics. So, we obtained the
M-B equations governing the linear and nonlinear properties
of the system. Due to that the analytic solution of the M-B
equations, in general, cannot be obtained directly, we apply
the multiple-scale method to solve M-B equations. For the
linear case, there appears single (double) TIT window caused
by single (two) inter-dot tunneling coupling effect, which is
completely different from the EIT window caused by control
field in ultra-cold atomic system. Meanwhile, we also found
that the width of both single and/or double TIT windows be-
comes wider with the increasing strength of single and/or dou-
ble inter-dot tunneling coupling.

For the nonlinear case, by choosing appropriate parame-
ters in the area of the TIT window, the stable propagation of
soliton can be realized. We calculated that the threshold power
of generating optical solitons is extremely low, that about is
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2.37×10−7 W. Such a low power can enhance the nonlinearity
of the system, which is mainly due to the double TIT caused
by the two inter-dot tunneling coupling. Especially, we have
demonstrated that the storage and retrieval of optical solitons
can be controlled by switching off and on single (two) inter-
dot tunneling coupling effect, different from that by switching
off and on control fields in the ultra-cold atomic system. In ad-
dition, we found that the amplitude of the stored optical soliton
can be adjusted by the strength of quantum inter-dot tunneling
coupling. For the case that one (the another) quantum inter-dot
tunneling coupling is turned on (off), the amplitude of opti-

cal soliton increases monotonously with the increasing single
tunneling strength. For the case that two quantum inter-dot
tunneling coupling are turned on, the amplitude of the optical
soliton emerges a trend of first decreasing and then increas-
ing with the increasing strengths of the two inter-dot tunnel-
ing coupling. The aligned asymmetric TQD structure can pro-
vide two tunneling channels and multiple tunable parameters
to support the storage and retrieval of optical solitons, so it will
be very flexible in practical applications. This work is possi-
ble to improve the fidelity for the storage and retrieval of the
optical information in semiconductor QD devices.

Appendix A
The detailed expressions of the coefficients of Eq. (7) are

A(2)
33 =

−iI5 − iI8

(
− d21d31

D +
d*21d*31

D*

)
− iI4I7

(
− d21d31

D +
d*21d*31

D*

)
+ i I1I7

I2

I6 + I3I7
,

A(2)
22 = iI3A(2)

33 + iI4

(
−d21d31

D
+

d*
21d*

31
D*

)
− i

I1

I2
,

A(2)
11 = i

d21d31
D − d*21d*31

D* +(Γ12 −Γ14)A(2)
22 +(Γ13 −Γ14)A

(2)
33

Γ14
,

A(2)
42 = i

Te1T 2
e2d21d31 i

D +Te1T 2
e2d32(A

(2)
11 +A(2)

22 +2A(2)
33 )

T 2
e1+d32d*43

−Te1d32

(
A(2)

11 +2A(2)
22 +A(2)

33

)
− Te1d*31d32 i

D*

β * ,

A(2)
43 = i

d*32T 2
e1Te2

(
A(2)

11 +2A(2)
22 +A(2)

33

)
−i

Te1d*31d*32
D

T 2
e2−d*32d*42

−Te2d*
32

(
A(2)

11 +A(2)
22 +2A(2)

33

)
− i Te2d*21d*32

D*

β * ,

A(2)
32 = i

−Te1A(2)*
43 −Te2A(2)

42
d32

,

where

d32 = ∆3 −∆2 + iγ32, d42 = ∆p −∆2 + iγ42, d43 = ∆p −∆3 + iγ43,

α = d32d42 −T 2
e2 −

T 2
e1T 2

e2

T 2
e1 +d32d*

43
, β = d32d*

43 +T 2
e1 −

T 2
e1T 2

e2

T 2
e2 −d32d42

,

I1 = Te1[

−Te1T 2
e2d32d21

D(T 2
e1+d32d*43)

+
Te1d*31d32

D*

α
−

−Te1T 2
e2d*32d*21

D*(T 2
e1+d*32d43)

+
Te1d31d*32

D

α* ],

I2 =
id32T 2

e1T 2
e2Γ12 − iT 2

e1d32(T 2
e1 +d32d*

43)(Γ12 +Γ14)

αΓ14(T 2
e1 +d32d*

43)
−

iT 2
e1d*

32Γ12 + iT 2
e1d*

32 (Γ12 +Γ14)
(
T 2

e1 +d*
32d43

)
Γ14
(
T 2

e1 +d*
32d43

)
α* −Γ12,

I3 =−
id32T 2

e1T 2
e2 (Γ13 +Γ14)

αI2Γ14
(
T 2

e1 +d32d*
43

) + iT 2
e1d32Γ13
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+
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32 (Γ13 +Γ14)
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)
α* −
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32d43

)
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I2Γ14α* ,

I5 = Te2

[ d31d32Te1
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,
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32T 2
e1T 2
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e1T 2
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(
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I8 =−
iT 2

e1T 2
e2d*

32

Γ14
(
T 2

e2 −d*
32d*

42

)
β * +

iT 2
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