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The law of vehicle movement has long been studied under the umbrella of microscopic traffic flow models, especially
the car-following (CF) models. These models of the movement of vehicles serve as the backbone of traffic flow analysis,
simulation, autonomous vehicle development, etc. Two-dimensional (2D) vehicular movement is basically stochastic and
is the result of interactions between a driver’s behavior and a vehicle’s characteristics. Current microscopic models either
neglect 2D noise, or overlook vehicle dynamics. The modeling capabilities, thus, are limited, so that stochastic lateral
movement cannot be reproduced. The present research extends an intelligent driver model (IDM) by explicitly considering
both vehicle dynamics and 2D noises to formulate a stochastic 2D IDM model, with vehicle dynamics based on the stochas-
tic differential equation (SDE) theory. Control inputs from the vehicle include the steer rate and longitudinal acceleration,
both of which are developed based on an idea from a traditional intelligent driver model. The stochastic stability condition
is analyzed on the basis of Lyapunov theory. Numerical analysis is used to assess the two cases: (i) when a vehicle accel-
erates from a standstill and (ii) when a platoon of vehicles follow a leader with a stop-and-go speed profile, the formation
of congestion and subsequent dispersion are simulated. The results show that the model can reproduce the stochastic 2D
trajectories of the vehicle and the marginal distribution of lateral movement. The proposed model can be used in both a
simulation platform and a behavioral analysis of a human driver in traffic flow.
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1. Introduction
1.1. Background

Microscopic vehicular modeling is a long-term research
topic in traffic flow theory, and has received much attention
in various fields, such as physics,[1] control theory,[2] and
traffic engineering.[3] It connects microscopic behavior with
the macroscopic traffic flow, such as the stop-and-go traf-
fic phenomenon.[4] In the coming age of connected and au-
tonomous vehicles (CAVs), the microscopic level model be-
comes even more important.[5] The CAV can obtain informa-
tion about surrounding vehicles with high precision detectors,
and a precise model of each driver-vehicle unit would bene-
fit behavioral analysis, inference, and interactive predictions
about human-driven vehicles.

One of the major microscopic level behaviors is car-
following (CF). It depicts how a driver follows another car
in the same lane. Major theoretical tools include the differ-
ential equation, and cellular model or CA for single-lane[6]

or multi-lane,[7] lattice–gas model.[8] In differential types of
CF models, a stimulus–reaction framework is established to
map the system’s state in response to the driver’s reaction (in-
cluding ego vehicle state and the state of surrounding vehi-
cles). The stimuli are the states of surrounding vehicles (po-
sition, speed, acceleration, etc.), and an ego vehicle acceler-

ating according to the states of surrounding vehicles. Major
CF models[9] include the Gipps model, GM model, and intel-
ligent driver model (IDM).[10] The IDM, which may be one
of the most famous models, is used in major traffic flow sim-
ulation software. However, conventional CF models neglect
the lateral movement,[11] which has proven unrealistic.[12–15]

To overcome this drawback, two types of models, non-lane
based[11] and 2D CF models,[13] are proposed. The former
adds a lateral gap to the conventional CF model, and the latter
explicitly considers the lateral movement. Although the above
achievements provide significant insight into traffic flow evo-
lution mechanism, two important aspects of the driver-vehicle
unit dynamics , i.e., 2D noise and the vehicle model, have not
yet been considered. We used the generative process of vehi-
cle trajectories (as shown in Fig. 1) to describe the necessity of
the above two aspects in vehicle behavior modeling. A driver
senses the traffic flow environment (such as the distance to a
leading vehicle), decides on the best acceleration/steering, and
then executes that decision (i.e., to control the vehicle). Typ-
ically, a driver controls a vehicle by steering and accelerating
and, if the vehicle deviates from the middle lane to the left,
then the driver tends to steer right, and vice versa. By control-
ling the input, the vehicle moves and produces dynamic be-
havior. The end output of this process is real-time trajectory.
In the microscopic traffic flow analysis, the trajectory is typi-
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cally defined as being located at the middle point of the front
bump. This process is influenced by many stochastic factors,
including: (i) characteristics of the driver, such as age, driving
level, emotional state; (ii) randomness of the road, and result-
ing road-vehicle interaction. For instance, the flatness of a
road influences vehicle dynamics; (iii) the surrounding traffic
flow dynamics is basically stochastic; (iv) environmental fac-
tors, such as rain and snow; (v) other stochastic factors, such
as aging of the vehicle body. Traditional CF models can deal
with partial elements of the above process (such as the stochas-
tic acceleration). A full 2D stochastic microscopic model re-
mains to be developed. To analyze the vehicle’s final move-
ment, vehicle dynamics and stochastic factors should be taken
into account. Without the vehicle dynamics model, the gener-
ated trajectory may not be drivable and, without the stochas-
tic consideration, the generated traffic flow dynamics may not
be realistic. Currently, a model that considers the above two
components remains to be developed, and such a development
will make traffic flow simulation more realistic. Figure 2(b)
shows the SUMO traffic flow simulation of vehicle dynamics
and real world data. The vehicle trajectory almost does not
fluctuate along the lane (3.7-m wide). The middle line of the
lane is defined at y = 1.85 m. In Fig. 2(c), the real world high
D dataset shows that even when keeping in a lane, the vehicles

move in a stochastic way. This deviation reaches about 4m and
its distribution is given in Fig. 2(a). For a single vehicle, the
deviation in the trajectory is continuous. The driver constantly
applies controls to the vehicle, so that the vehicle operates in
an equilibrium way, both laterally and longitudinally. Current
CF models mainly describe 1D movement (i.e., longitudinal
direction) by using the acceleration as input. Some extensions
toward the 2D case are still lacking in vehicle dynamics and
stochasticity considerations. As such, real world phenomena
cannot be analyzed or reproduced by using those current mod-
els.

To remedy the above issues in this work, we combine
the intelligent driver model framework, vehicle dynamics,
and stochastic factors to formulate a stochastic 2D intelligent
driver CF model with vehicle dynamics, based on the stochas-
tic differential equation theory. The driver’s control inputs in-
clude steering and acceleration, both of which are developed
based on the idea of an intelligent driver model and an optimal
velocity model. The 2D randomness is explicitly embedded
since such considerations will make the model more realistic.
Thus, compared with those current microscopic traffic mod-
els, the present model can reproduce realistic lateral stochastic
movements that satisfy the physical constraint of the vehicle
model.
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Fig. 1. Generation process of vehicular trajectories.
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Fig. 2. Deviations of lane keeping trajectories in high D dataset, showing (a) lateral deviation distribution, (b) lateral evolution of simulation in
SUMO, and (c) lateral evolution in high D dataset.
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1.2. Literature review

1.2.1. CF model and its 2D extension

The CF model may-be is a most studied theoretical micro-
scopic traffic flow behavior model. Typically, it is formulated
by one or several ordinary differential equations. In the CF
model, each vehicle is regarded as a single point, which is a
reference point on the vehicle body. This reference point was
typically defined as being located at the middle point of the
front bumper.[16] Traditional CF was constructed on the basis
of the stimulus–reaction framework (i.e., the driver reacts to a
change in the state of the leading vehicles, either in the current
lane, or in a neighboring lane), by adjusting the ego vehicle’s
speed (or equivalent, through acceleration). Different models
have been developed, based on different assumptions under
this stimulus–reaction framework, including Pipes model,[17]

GM model,[18] Gipps model,[19] and IDM model.[20] An ap-
propriate microscopic traffic model should replicate the char-
acteristics of macroscopic traffic flow.[21] For instance, the
flow–density relationship, generated by the model, should be
consistent with empirical observations.

The basic CF model only describes longitudinal dimen-
sion movement, while the lateral counterpart is totally ne-
glected. On the other hand, with the development of CAV
technology, the demand for detailed 2D vehicular modeling
is increasing. To deal with this issue, the basic CF frame-
work is extended toward a 2D model, or is enhanced with
weak-lane discipline. The former one equips the traditional
CF model with lateral dimensional dynamics (lateral accelera-
tion or speed), while the latter counterpart mainly refers to the
non-lane based model, with weak lane discipline. Regarding
the former type, Delpiano et al.[22] proposed a 2D car model
that considers the lateral friction effect. Sharath and Velaga[13]

extended the 1D IDM model to a 2D case. The effective lat-
eral gap is defined. Basically, the input–output structure is the
same as that of IDM model: the outputs of the model are accel-
erations, although the lateral and longitudinal components are
decomposed. For the weak-lane-based models, the common
CF framework is also inherited. The lateral gap was defined
in Ref. [23]. These models partly solve the problems of tra-
ditional CF models. However, vehicular dynamics were not
considered in these models. The reference point of the model
is defined to be located at the middle point in the front bumper.
Thus, the results from the model may be unsuitable for the ve-
hicle because the vehicle has a certain physical size and its
movement is implemented by manipulating steering and ac-
celeration s. Besides, the stochasticity is still not embodied
very well in the model framework. The simulation platform,
such as SUMO or Carla, cannot replicate traffic-flow charac-
teristics, as shown in Fig. 2(b). It is concluded that to bet-
ter understand traffic phenomena, a microscopic traffic-flow

model, with vehicle dynamics and stochasticity embodied, is
necessary.

1.2.2. Stochastic microscopic traffic-flow model

It is obvious that the road traffic flow is stochastic[24]

and major cars that follow models are developed as a
deterministic system. However, some macroscopic level
phenomena are closely related to stochasticity,[25] such as
oscillation,[10] packet loss,[26] and instability.[27,28] Some re-
searchers extended traditional models with a different random-
ness consideration. These extensions included white acceler-
ation noise,[10] Brownian motion,[29,30] geometric Brownian
motion,[31] and OU process.[14] The basis models may be ei-
ther simple models with different regimes or complex IDM
models. With these stochasticity considerations, some phe-
nomena, including speed–density relationship and oscillation
can be explained or reproduced. However, it should be noted
that noise exits at both lateral dimension and longitudinal di-
mension, while a majority of the stochastic models focused on
a single dimension noise. On the other hand, just like the tradi-
tional microscopic traffic-flow model, a vehicle is represented
by a single point, which neglects vehicular model and control
input, such as a driver’s steering manipulations.

1.3. Objectives, manuscripts, and contributions

It can be seen that the current microscopic traffic-flow
behavior model either neglects the vehicle dynamics factor,
or overlooks 2D noise. To fill this gap, we consider the fol-
lowing three components simultaneously: 2D noise, vehicle
model with acceleration and steering input, and intelligent
driver idea. The 2D movement is then formulated as a stochas-
tic differential equation system. Contributions include the fol-
lowing points.

(I) A 2D driver-vehicle unit model is constructed that ex-
plicitly considers 2D noise.

(II) Control inputs include steering and acceleration, and
both are constructed from the ideas in a conventional IDM
model and an optimal velocity model.

(III) Stochastic stability is analyzed by using the Lya-
punov method.

The remainder of this paper is organized as follows. The
model is presented in Section 2, and the stochastic stability
condition is analyzed in Section 3. In Section 4, the behav-
ior of the model is examined by using numerical simulation
method. The last section is devoted to the remarks concerning
future model development and applications.

2. Model development
2.1. Notations

Symbols are given below in the following descriptions.
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lf(lr), lF(lR) are the distance of front (rear) wheel and front
(rear) bumper to the CG.

[xi,yi,ψi] is the vehicle state vector for vehicle i. x and y
are coordinates of CG, and ψ is heading angle.

ψE
i is the desired (or expected) heading angle of vehicle

i; δ *
i is the desired steering rate of vehicle i.
[ai,γi]

T is the control input of vehicle i, speed and steering
rate of front wheel.

Q = [q1,q2,q3,q4,q5,q6,q7] =
[
x,y,ψ,v,δ ,zlat,zlong

]
, Q

is the extended state vector of one vehicle. zlat and zlong each
are 2D noise.

dQ = F (Q) dt +L(Q) dW , F and L are drift and diffu-
sion terms. F = [ f1, f2, . . . , f7]

T and L = [l1, l2, . . . , l7]
T.

θ , µ , and σ are parameters of Ornstein–Uhlenbeck pro-
cess.

Γacc and Γsteer are functions that map the control input to
a reasonable interval.

K and Zbnd are meta noise and bounded noise.
σlon and σlat are noise level of two dimensions.
Zlat and Zlong are 2D tire noise.
ηlong and ηlat are sensitivities to 2D noise of the system

state.
si is the gap between vehicles i and its leading vehicle

i−1. s*i is the desired gap. s0 is the minimum gap.
aMAX is the maximal acceleration, b is the comfortable

deceleration of follower, T is safe time headway, vd is the de-
sired speed.

τ is the parameter in IDMsteering.
IDMacc and IDMsteer are shortcuts of functions that calcu-

late acceleration and steering rate by using an idea borrowed
from IDM model.

O(δ *
i ) is the optimal steering angle. δ *

i is the desired
steering angle.

∆ξ1 and ∆ξ2 are angle difference between current position
and desired position.

V (Q) and LV (Q) are Lyapunov function and drift term of
the V respectively.

∆t is the time step for simulation and ∆W is the bivariate
Gaussian variable.

2.2. Model framework

The basic setting of the model is given in Fig. 3. In
Fig. 3(a), a single track model is used to illustrate a descrip-
tion of vehicle dynamics, while in Fig. 3(b), there are a leader
vehicle and a follower vehicle within the lane. Traditional
models assume that the two are located exactly in the mid-
dle line, with a heading angle of zero (i.e. points are exactly in
the longitudinal direction). In our model framework, the ve-
hicles move freely in the x–y plane, under physical constraints
(such as maximal steering angle). Given the above basic set-
ting, the model framework is given in Fig. 3(c). We use a
single track model (in Fig. 3(a)) as a default vehicular dynam-
ics model. Our framework can accommodate other vehicular
models. Control input of the single track model includes the
steering rate and the acceleration, with both being modeled by
using ideas borrowed from the IDM and optimal velocity mod-
els. The 2D randomness is taken into account by the Brownian
motion in Subsubsection 2.3.3. These considerations finally
lead to the stochastic 2D IDM model with vehicular dynamics
in Subsection 2.4. Figure 3(c) also denotes the corresponding
sections where the model development is located.

LeaderFollower

llane

Subsection 2.3.3

Subsection 2.3.1
Subsection 2.4

Subsection 2.3.2

Intelligent driver
model idea

Stochastic
two dimensional
IDM model with
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vehicle dynamics
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Fig. 3. Basic setting: (a) definition of state of typical vehicle; (b) modeling scenario, and (c) manuscript organization.

2.3. Model components

2.3.1. Basic vehicular dynamics model

There are many vehicle models available, from a point
mass model[32] to a multi-body vehicle dynamics model.[33]

These models differ in the abstraction level. This research
mainly focuses on the enhancement of the conventional CF
model with lateral dynamics. Thus, a vehicle model with ac-

celeration and steering control input is appropriate. The Ra-
jamani vehicle model[34] is employed here. More complex
vehicle models may lead to analytical burdens or undesired
complexity.[35] For the Rajamani model, a vehicle’s physical
configuration is given in Fig. 4. The coordinate of the vehicle
is given by the location of center of gravity (CG), i.e. (xi,yi).
The distance from the CG to the front bumper and the rear
bumper are given by lF and lR, respectively, while the distance
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from the CG to the front axle and the rear axle are denoted by
lf and lr, respectively. Its heading angle is ψi. For simplicity,
so no confusion, we will sometimes omit the vehicle index j
or time dimension, i.e., we adopt x(t), y(t), and ψ(t) or xi,
yi, and ψi. Therefore, the state of the vehicle is given by the
vector [x,y,ψ]. The original control input is the front wheel
steering angle δ and speed v. They will be formulated later by
using an idea borrowed from the IDM model. The Rajamani
model is given in Eq. (1).

lF

lR

lr

lf ψj

wweh

↼xi↪yi↽

B

C

A

D

Fig. 4. Vehicle illustration.

ẋ = vcos(ψ +β ), (1a)

ẏ = vsin(ψ +β ), (1b)

ψ̇ =
vcos(β ) tan

(
δ f
)

lf + lr
. (1c)

The β in Eq. (1) is given by

β = tan−1
(

lr tanδ f

lf + lr

)
. (2)

The above model uses speed and the steering angle as
control input. The difference between the two control inputs
lie in the acceleration along and the steering rate vδ . We can
further use the two variables as control input to the model.
The model in Eq. (1) is formulated as follows:

ẋ = v · cos
(

ψ+ tan−1
(

lr tanδ

lf + lr

))
, (3a)

ẏ = v · sin(ψ+ tan−1
(

lr tanδ

lf + lr

)
), (3b)

ψ̇ =
v · cos

(
tan−1

(
lr tanδ

lf+lr

))
tan(δ )

lf + lr
, (3c)

v̇ = along, (3d)

δ̇ = vδ . (3e)

The control input of the vehicle includes the steering rate (i.e.,
vδ

def
= δ̇ ) and the longitudinal acceleration along. The control in-

put and state variable are bounded. The constraint of the steer-
ing angle, speed, acceleration, and steering rate are bounded
from both sides:

δ ∈
[
δ ,δ

]
, v ∈ [v,v] , along ∈ [a,a] , vδ ∈

[
vδ , vδ

]
. (4)

The final acceleration input a should satisfy the above maneu-
ver limits, and is formulated as follows:

a = Γacc
(
v,along

)

=


0, for

(
v ≤ v∧along ≤ 0

)∨(
v ≥ v∧along ≥ 0

)
(C2),

a, for C2∧along ≤ a,
a(v) , for C2∧along ≥ a(v) ,
along, otherwise.

(5)

Similarly, the steering rate γ is formulated as follows, with the
maneuver limit considered:

γ = Γsteer (δ ,vδ )

=


0, for (δ ≤ δ ∧ vδ ≤ 0)∨(

δ ≥ δ ∧ vδ ≥ 0
)
(C1),

vδ , for ¬C1∧ vδ ≤ vδ ,

vδ , for ¬C1∧ vδ ≥ vδ ,
vδ , otherwise.

(6)

2.3.2. Driver behavior modeling

The driver manipulates the vehicle by steering and accel-
eration, so that the vehicle is centered within a lane and, at the
same time, a suitable gap from leading vehicle is maintained.
Owing to stochasticity, the vehicle is disturbed continuously
from its equilibrium, and control input should be constantly
implemented. We assume that the theoretical structures for
the two control inputs (steering rate γ and acceleration a) are
similar to each other. For acceleration, we revise the conven-
tional IDM model to accommodate the 2D case; for steering,
we borrow an idea from the optimal velocity model, and for-
mulate the steering rate. The two behaviors will be invesigated
later.

(i) Control input of the acceleration
For the acceleration control input, we use the traditional

form of IDM, but with some revisions so that it can adapt
to the 2D case. The conventional formulation of IDM is as
follows:[36]

ai = aMAX

[
1−
(

v
vd

)4

−
(

s*

si

)2
]
,

s* = s0 + vT +
v∆v

2
√

ab
. (7)

Suppose that lF + lR is the length of a vehicle. Without loss
of generality, we assume that the vehicles have all this same
length, but this length can be easily adjusted. We define the
gap (i.e., si) and the relative speed in a 2D case as follows:

s =
√
(xi − xi−1)

2 +(yi − yi−1)
2 − (lF + lR) ,

∆v = vi − vi−1. (8)

Equation (8) is basically the extension of a gap to the 2D case.
We replace the gap and the relative speed in the original IDM
model and, then, we have a new formulation of acceleration in
a 2D case:
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a = aMAX

1−
(

v
vd

)4

−

 s0 + viT +
vi(vi−vi−1)

2
√

aMAXb√
(xi − xi−1)

2 +(yi − yi−1)
2 − (lF + lR)

2
def
=IDMacc (xi,yi,vi) , (9)

where IDMacc (·, ·, ·) is shorthand for the function for calculat-
ing the acceleration input.

(ii) Control input of steering
The basic role of steering control is to center a vehicle

within a lane and to make sure that the vehicle will not de-
viate too much from the middle line of that lane. Once the
vehicle is located on the left of a middle line, then that ve-
hicle should steer to the right, or vice versa. Following the
stimulus–reaction analysis framework, we assume that there
are two basic stimuli for the steering maneuver, which are il-
lustrated in Fig. 5. We assume that there is an ideal (or target)
location for the vehicle (target position in Fig. 5). Such a tar-
get position is the equilibrium state, if the speed of the leading
vehicle (leader in Fig. 5) remains unchanged. The speed of the
leader vehicle is indicated by vi−1. The equilibrium headway
is given by

sequi=(s0 + vi−1T )
(

1− vi−1

vd

)−1/2

. (10)

The target position can be calculated to be xi−1 + sequi, thus

xd
i = xi−1 +(s0 + vi−1T )

(
1− vi−1

vd

)−1/2

. (11)

The heading angle of the target position is ψE
i for vehicle i.

Here, superscript ‘E’ indicates the expectation. In our case
where the middle line of the lane overlaps the x-axis, ψE

i is
zero exactly. Two stimuli (∆ξ1 and ∆ξ2 in Fig. 5) exist for
the steering manipulation of the driver. i) Under ideal condi-
tions, ψi will converge to ψE

i by the steering operation, and
the difference between the two is the first stimulus; ii) there is
a certain difference in angle between the expected heading an-
gle and the angle between the lines connecting the CGs of the
two positions (i.e., current position and target position). The
line should overlap the middle line of the lane. The difference
between the two angles is regarded as the second stimulus. If

any of the above two stimuli deviates from ideal conditions,
the driver has motivation to steer the vehicle to the left or to
the right. The definitions of ∆ξ1 and ∆ξ2 are as follows:

∆ξ1 = ψ
E
i −ψi, (12a)

∆ξ2 = ψ
E
i −acos

 xi − xd
i√(

xi − xd
i

)2
+
(
yi − yd

i

)2

 . (12b)

Leader

Equilibrium

headway

Target position
FollowerMiddle

line
Dξ1

Dξ2

Fig. 5. Intelligent steering model.

Equation (12a) is the heading angle difference, and equa-
tion (12b) is basically the difference between the lane’s mid-
dle line and the line connecting the CGs of the two positions.
When ∆ξ1 = 0 and ∆ξ2 = 0, the driver has no incentive to ma-
nipulate steering. Therefore, we define the ideal steering angle
as follows:

δ
*
i = 1− exp

(
∆ξ1 +∆ξ2

τ

)
, (13)

where τ is a parameter. We borrow the idea from the optimal
velocity model,[8] and define the steering rate γi as follows:

γi = O(δ *
i )−δi

def
=IDMsteer (xi,yi,ψi,δi) . (14)

The function O(δ *
i ) is constructed as O(δ *

i ) = tanh(δ *
i ),

as given by Bando et al.,[8] but with a slight revision made
here. The original formulation is tanh(δ *

i −2)− tanh(2). This
formulation will make the steering manipulation asymmetric
(steering to the left or right should be symmetrical around the
lane’s middle line). Finally, we have the steering rate formu-
lation as follows:

γi = IDMsteer (xi,yi,ψi,δi) = tanh

1− exp

[2ψE
i −ψi −acos

(
xi−xd

i√
(xi−xd

i )
2
+(yi−yd

i )
2

)
τ

] . (15)

2.3.3. Stochastic noise

We suppose that noises exist in both dimensions. Stochas-

ticity may come from road-vehicle interaction, air drag, or oth-

ers. Following Eq. (13) we use the Ornstein–Uhlenbeck (OU
process, or Vasicek model in financial modeling) to model
the noise. The OU process has the following attributes: (i)
it fluctuates around an equilibrium value (which can be used
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to mimic different expectation values of noise in traffic flow)
and (ii) unlike the Brownian motion, it has finite variance (the
noise variance in traffic flow should be finite). The OU process
Z is expressed as

dZ = θ (µ −Z) dt +σ dW. (16)

The parameters of the above OU process have clear physical
meanings: θ , which is a positive number, is the speed of rever-
sion; µ is the long-run equilibrium value of the process, and

σ is explained as the volatility. We want the equilibrium state

of the process to be zero (the driver will finally center the ve-

hicle within the lane) and, as such, we set µ to zero. Then,

the OU process becomes dZ =−θZ dt +σ dW . The resulting

Z will fluctuate around 0. The sample paths are given with

different parameters in the following figure, showing that the

parameters can be adjusted to accommodate different levels of

noise.
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Fig. 6. Simulation paths of the noise with different parameter settings.

However, since the noise in the driving process is
bounded, we need to transform the above OU noise to a certain
extent and then embed the transformed noise into the system
model. We use the hyperbolic tangent function to convert the
OU process and, then, add the noise to the control input. The
2D noise is formulated by using the OU process as follows:

dZlong =−θlongZlong dt +σlong dW,

dZlat =−θlatZlat dt +σlat dW. (17)

Now, we embed the noise into the vehicular dynamics model
in Eq. (3). We use the symbols ηlat and ηlong to indicate sen-
sitivity to the noise. As the acceleration represents the longi-
tudinal maneuver and the steering mainly represents a lateral
adjustment, we embed the noise in the model as follows:

dvi = Γacc
(
IDMacc (xi,yi,vi)+ηlong tanh

(
Zlong

))
dt,

dδi = Γsteer
(
IDMsteer (xi,yi,ψi,δi)

+ηlat tanh(Zlat)
)

dt. (18)

2.4. Stochastic 2D intelligent driver model with vehicle dy-
namics

Combine the vehicles dynamics model, the 2D noise, and
the IDM logic of steering and acceleration, then we will finally
obtain a formulation for a stochastic 2D IDM model of vehicle
I, with formula of vehicle dynamicsare as follows:

dxi =

[
vi · cos

(
ψi + atan

(
lr tanδi

lf + lr

))]
dt,

dyi =

[
vi · sin

(
ψi + atan

(
lr tanδi

lf + lr

))]
dt,

dψi =

vi · cos
(

atan
(

lr tanδi
lf+lr

))
tan(δi)

lf + lr

 dt,

dvi = Γacc
(
IDMacc (xi,yi,vi)+ηlong tanh

(
Zlong

))
dt,

dδi = Γsteer
(
IDMsteer (xi,yi,ψi,δi)+ηlat tanh(Zlat)

)
dt,

dZlong =−θlongZlong dt +σlong dW,

dZlat =−θlatZlat dt +σlat dW. (19)

The undetermined parameters (except the parameters in the
IDM model, which can be borrowed from existing research)
include θlong, θlat, σlong, σlat, ηlong, and ηlat. We formulate the
above complex equation as a matrix form as follows:

dQ = F (Q) dt +L(Q) dW =

 f1
· · ·
f7

 dt +

 l1
· · ·
l7

 dW. (20)

The functions of f1– f7, and l1–l7 are obvious from Eq. (19).
In the numerical section, we needed a discretization scheme
to simulate the system dynamics. Here, we use the Euler dis-
cretization scheme for SDE as follows:

Q(k+1)= Q(k)+F (Q(k))∆t +L(Q(k))∆W, (21)

where ∆t is the time step duration, ∆W is a 2D Gaussian vari-
able with zero mean. The two dimensions refer to longitudinal
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direction and lateral direction . The covariance matrix is given

by
[

∆t 0
0 ∆t

]
. Given an initial state Q(0), the system evolution

can be simulated.

3. Stochastic Lyapunov stability analysis
The system i.e., equation (19) describes the 2D movement

of the vehicle and is an SDE driven by the Brownian motion.
We, then, analyze the stability of the SDE. Unlike a determin-
istic ODE, the stability of an SDE is explained from a proba-
bilistic view point. First, we analyze the equilibrium point by
assuming that a leader vehicle (labeled as i−1) is driving at a
constant speed vi−1. Under equilibrium conditions, the speed
of the follower vehicle, i.e., vehicle i is also vi−1, and the ac-
celeration rate and steering rate are both zero. The heading
angles ψi and yi should be zero also. Assuming that the lead-
ing vehicle travels at a constant speed, the equilibrium points
are expressed as

QEQU = [vi−1t, 0, 0, 0, 0, 0, 0]T . (22)

We denote error vector as M = Q−QEQUdef
= [m1,m2, . . . ,m7].

As Q is a stochastic process that is described by Eq. (19), the M
is a stochastic process also. Clearly, each component of M is
differentiable two times. Hence, according to the Ito formula,
we have the formulation of M as shown in equations (23). The
derivation is common and, thus, we omit the process. Note that
Eq. (23b)–(23e) can be directly inherited from Eq. (19), as the
function component in M is just the variable itself. The major
difference between Eq. (19) and Eq. (23) lies in Eq. (23a).

dm1 =

[
− vi−1 +(m4 − vi−1)

·cos
(

m3 + atan
(

lr tanm5

lf + lr

))]
dt, (23a)

dm2 =

[
(m4 − vi−1) · sin

(
m3 + atan

(
lr tanm5

lf + lr

))]
dt, (23b)

dm3 =

[
(m4 − vi−1) · cos

(
atan

(
lr tanm5

lf+lr

))
tan(m5)

lf + lr

]
dt, (23c)

dm4 =Γacc
(
IDMacc (m1,m2,m4)+ηlong tanh(m6)

)
dt, (23d)

dm5 =Γsteer
(
IDMsteer (m1,m2,m3,m5)

+ηlat tanh(m7)
)

dt, (23e)

dm6 =−θlongm6 dt +σlong dW, (23f)

dm7 =−θlatm7 dt +σlat dW. (23g)

We express Eq. (23) by using matrix form dM = ℱ (M) dt +
ℒ(M) dW . ℱ and ℒ should be clear from the context. With
the above formulation, the stochastic stability can be defined
as follows.

Definition 1 stochastic stability. The system is stochas-
tically stable if there exists δ = δ (r,ξ )> 0, for any r > 0

and ξ > 0 so that for any initial condition M (0)∈Sδ (where
Sδ = {|M|< δ}), the following condition holds:

p{ω : |M (t)|< δ∀t ≥ 0}> 1−ξ . (24)

To analyze the stability, we construct the Lyapunov function
V (M) as follows:

V (M) =
∑
i
(mi)

2

2
. (25)

The scale factor 1/2 is just for simplifying derivation.
The first order differential VM and the second order differential
VMM of the function V (M) are

VM = (mi)
T and VMM = E, (26)

where E is the identity matrix. As M is a stochastic process as
described by Eq. (23), Lyapunov function V is also a stochas-
tic process, which can be derived based on Ito theorem and
given by

dV = LV (M) dt +VM (M) ·ℒ(M) dW. (27)

In the above equation

LV (M) = Vt +VMℱ +
1
2

trace
(
ℒTVMMℒ

)
=

1
2 ∑

i
ℒ2

i +∑
i

miℱi. (28)

Using the Lyapunov function and LV (M), the stability con-
dition can be specified as follows. Let 𝒦 denote the fam-
ily of all continuous non-decreasing functions µ : R+ → R+

such that µ (0) = 0 and µ (r) > 0 if r > 0; and 𝒦∞ de-
notes the family of all functions µ ∈ 𝒦 such that µ (r) = ∞.
For h > 0, let Sh =

{
M ∈ R7 : |M|< h

}
. Then, according to

Ref. [37], if there exist a Lyapunov function V and µ ∈ K
such that V (0, t) = 0, then µ (|M|)≤V (Mt) and LV (M, t)≤ 0
for all (M, t) ∈ Sh ×R+. Therefore, the solution of the SDE
is stochastically stable. We can set the function µ (r) = r/3.
Then, all requirements for the stochastic stability conditions
are satisfied but for LV (M) ≤ 0. To maintain stability, we re-
quire that the function LV (M) be non-positive and, hence

LV (M)≤ 0=⇒1
2 ∑

i
ℒ2

i +∑
i

miℱi ≤ 0, ∀M. (29)

The parameter set (which includes θlong, θlat, σlon, σlat, ηlon,
and ηlat) is adjusted so that the stability condition of the sys-
tem is maintained. Because sin(·), cos(·), and tanh(·) are
smaller than 1, then we have the following relationship:

∑
i

miℱi ≤ m1m4 +m2 (m4 − vi−1)+m3 (m4 − vi−1)

+m4
(
aMAX +ηlong

)
+m5(1+ηlat)

+m6
(
−θlongm6

)
+m7 (−θlatm7)
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= −θlongm2
6 −θlatm2

7 +m1 (−vi−1 +m4)

+m2m4 +m3m4 +m4
(
aMAX +ηlong

)
+m5(1+ηlat)−m2vi−1 −m3vi−1. (30)

On the other hand,

1
2 ∑

i
ℒ2

i =
1
2
[
σ

2
long +σ

2
lat
]
. (31)

Then,

1
2 ∑

i
ℒ2

i +∑
i

miℱi

≤ −θlongm2
6 −θlatm2

7 +m1m4 +m2m4 +m3m4

+m4
(
aMAX +ηlong

)
+m5(1+ηlat)−m2vi−1

−m3vi−1 +
1
2
[
σ

2
long +σ

2
lat
]
. (32)

The sum of the first term and the second term on the right-
hand side (RHS) of Eq. (32), i.e., −θlongm2

6−θlatm2
7, is always

negative. Obviously, there exist sufficiently large positive con-
stants: θlong and θlat ( they both are positive by default, so the
noise fluctuates around 0), so that the RHS is negative, while
this ensures that LV (M) is negative, and a stability condition
is achieved.

4. Numerical study
In this study, we use the following parameters: lf and lr

are 1.1 m and 1.3 m, respectively; aMAX and b are set to be
3.0 m/s2 and 3.21 m/s2, respectively. T in the IDM model is
set to be 1.5 s. vd is set to be 60 km/h or 16.6 m/s.

4.1. Stability analysis

We use the following state in simulation to in-
vestigate stability conditions:

[
y,ψ,v,δ ,Zlong,Zlat

]
=

[−1.01,1,16.7,1,0.97,−0.96]. We first investigate the sta-
bility evolution given different ψ and the δ , by examining the
function LV (M), while keeping other parameters unchanged.
The condition y = −1.01 means that a vehicle is located on
the right of the middle line of a lane. The contour plot of
LV (M) is illustrated in Fig. 7. From Fig. 7(a) to Fig. 7(d),
the parameters θlong and θlat keep increasing from 0.5 to 3.
When the function LV (M) is negative, the system is stable.
The isogram with LV (M) = 0 can be identified from the fig-
ure. In Fig. 7(a), when ψ is about −0.3 (or approximately
17∘), and the δ is about 0.25 (approximately 17∘ also), the
system becomes unstable, as the LV (M) tends to be positive.
As concluded from Eq. (32), the increase of θlong and θlat will
stabilize the system, as the LV (M) decreases. This can be
observed in Figs. 7(b)–7(d), where the isogram of LV (M) = 0
tends to move down to theleft. The stable region increases
with the augment of two parameters θlong and θlat.
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Fig. 7. LV function values for different parameters. (a) θlong = 0.5 and
θlat = 0.5; (b) θlong = 1 and θlat = 1; (c) θlong = 2 and θlat = 2; (d) θlong = 3
and θlat = 3.

To investigate the influence of the parameters on the
LV function, which is a direct measure of stochastic sta-
bility, we present the contour given different model pa-
rameters. The state is fixed at

[
y,ψ,v,δ ,Zlong,Zlat

]
=

[−1.01,1,16.7,1,0.97,−0.96]. The results are presented in
Fig. 8. The influence of θlong and θlat are given in Fig. 8(a)
and those of σlong, σlat are given in Fig. 8(b). Figure 8(a)
shows that by increasing both θlong and θlat the system can be
stabilized, as the LV function value keeps decreasing. This is
because greater θ means greater regression speed of the noise
toward equilibrium point (0 in our case), which leads to less
noise in the system. While from Fig. 8(b), it can be concluded
that by increasing both noise levels (i.e., increasing σlong and
σlat), the system will be destabilized.

σlongθlong

θ
la
t

σ
la
t

Fig. 8. LV function values for different model parameters.

4.2. Single vehicle acceleration from standstill

First, we place a vehicle at x = −3 km, and the vehicle
accelerates from zero speed to free-flow speed (60 veh/h). Fig-
ure 9 shows the simulation states by using the Euler discretiza-
tion scheme in Eq. (21). The time step length is 0.5 s and the
simulation horizon is 600 s, or 10 min. Figure 9(a) shows
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the 2D path. It can be seen that the trajectory does not ex-
actly follow the middle line (y = 0), but fluctuates. Figure 9(b)
displays the heading angle; figure 9(c) shows the variation of
speed with time, and figure 9(d) exhibits the steering angle
varying with time. The speed profile is relatively smooth, as
the vehicle tries to accelerate to the speed limit. The steering
angle in Fig. 9(d), on the other hand, keeps changing and fluc-
tuating around zero. It can be concluded that the simulated
vehicle driver tries to center himself within the lane. How-
ever, owing to the randomness, the heading angle fluctuates,
which is consistent with the driver’s intuition that will use the
steering angle to relocate the vehicle in the middle of the lane.

We simulate the system paths 300 times with the same ini-
tial state for 1 min, and show 50 of the system paths in Fig. 10
(too many simulation paths will overlap and the curves cannot
be distinguished). The setting in this figure is the same as that
in Fig. 9. It is observed that only the acceleration in Fig. 10(c)

displays little fluctuation. Other trajectories all show various

fluctuations. Given a specific moment, the state obeys a certain

distribution. Distributions of the lateral location (i.e., y), the

steering angle (δ ), and heading angle (ψ) are given in Fig. 11,

Figure 11(a) shows the lateral distribution at several moments.

The initial state is 0 (i.e., the vehicle is initially located ex-

actly on the middle line of the lane). After about 50 s (exactly

49.04 s in the plot), the deviation in the lateral location reaches

about 0.6 m (±0.3 m). The distribution of the lateral location

continuously evolves toward a greater variance. The said dis-

tribution also exists for the steering angle in Fig. 11(b) and the

heading angle is shown in Fig. 11(c) subplot. Figure 12 shows

the comparison of the standard deviation of the marginal distri-

bution between the simulation result and the real world dataset

(NGSIM, us101 case). It can be seen that the general trend of

the standard deviation follows the real-world dataset.
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Fig. 9. States of evolution of single sample: (a): spatial trajectory, (b) heading angle, (c) longitudinal speed, and (d) steering angle.
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4.3. A platoon with a leading vehicle

In this example, we use a leading vehicle at a fluctuating
speeds that mimic a stop-and-go traffic flow subject to a state
of congestion. There are five vehicles in the platoon, including
the leading vehicle, whose state is given by the model input.
The speed profile of the leading vehicle is given in Fig. 13.
We use a sin function to generate acceleration. and then the
speed profile and longitudinal location are calculated. The ve-
hicle accelerates from a standstill to a free-flow speed, and
then stops completely. This process iterates several times.

We simulate five vehicles. The initial space headways
among the five vehicles are all 30 m. The leading vehicle
is located at x = 0 at the initial moment t = 0. Each vehicle
accelerates from a standstill. The state evolution of the sec-
ond vehicle (the vehicle just behind the leader vehicle) and the
fifth vehicle are given in Figs. 14 and 15, respectively. The

basic layouts of these figures are the same as the layout in
Fig. 10. Although we simulate the path 300 times, each figure
presents the paths of 30 simulations using the Euler scheme, as
too many paths will overlap. Figure 14(a) shows the x–y tra-
jectories. Figure 14(b) displays the heading angle evolutions.
The behaviors in Figs. 14(b)–14(d) are different from the case
of free driving without a leader (i.e., the case in Fig. 10). Fig-
ure 14(c) shows that the speed profile is very like that of the
leader vehicle in Fig. 13. When the speed is zero, the vehicle is
at a standstill and the steering will not change. This is demon-
strated in Fig. 14(d). For instance, during the interval from
about 300 s to 400 s, the speed of the vehicle is nearly zero,
and the steering angle is nearly unchanged without fluctuation
(for a single line in Fig. 14(d), the steering angles almost re-
main unchanged during this interval, i.e., from 300 s to 400 s),
as it is calculated based on a pair of vehicles, both of which
are standing still. As a result of the zero speed, the heading
angle in Fig. 14(b) also remains unchanged during this inter-
val. Similar results can be observed for the fifth vehicle in
Fig. 15.

In Fig. 16, we arrange the trajectories of the five vehicles
together. The speed profile propagation along the platoon can
be observed in Fig. 16(c), where the follower vehicle’s speed
profile is always lagging, compared with that of the leading
vehicle. The lateral positions of the five vehicles change all
the time and are not aligned with the middle line of a lane,
which is consistent with empirical observations.
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Fig. 13. Curve of acceleration, speed, and location versus time of leading vehicle: (a) acceleration curve, (b) speed curve, and (c) longitudinal distance.
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Fig. 14. State of the first vehicle in platoon: (a) spatial trajectory, (b) time-dependent heading angle, (c) time-dependent longitudinal speed,
(d) time-dependent steering angle.

044501-11



Chin. Phys. B 32, 044501 (2023)

(a)

x (m)

(c)

y
 (

m
)

S
p
e
e
d
 (

m
/
s) (d)

(b)

S
te

er
 (

1
0

-
5
 r

a
d
)

H
ea

d
in

g
 a

n
g
le

 (
ra

d
)

Time (s)Time (s)

Time (s)

Fig. 15. State of the fifth vehicle in the platoon: (a) spatial trajectory, (b) time-dependent heading angle, (c) time-dependent longitudinal speed,
and (d) time dependent steering angle.
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Fig. 16. Platoon dynamics evolution: (a) spatial trajectory, (b) time-dependent heading angle, (c) time-dependent longitudinal speed, and
(d) time-dependent steering angle.

5. Conclusions and remarks
Vehicular modeling becomes an indispensable compo-

nent for traffic flow studies in an era of connected and au-
tonomous vehicles. Traditional models, mainly at a micro-
scopic level, focus on drivers’ reactions to leading vehicles,
and neglect vehicle dynamics, or overlook 2D stochasticity.
Some famous traffic flow or autonomous vehicle simulators,
which are based on a driver behavior model, cannot repro-
duce real world characteristics. To deal with this issue, we
use the merits of the famous intelligent driver model, and de-
velop a stochastic 2D IDM model, with vehicular dynamics.
Control inputs of the model include longitudinal acceleration
and steering rate, with both developed based on ideas of the
IDM and optimal velocity models. Both longitudinal noise
and lateral noise are embedded in the model. The numeri-
cal simulations show that this model can reproduce stochastic
driver-vehicle unit behavior.

This model can be extended or applied to the following
ways. (i) In the era of CAV, the information comes from both

a leader vehicle and road sides, which can inform the vehicle’s
driver of downstream traffic flow states. Hence, a more com-
plex stimulus–reaction formulation can be derived. (ii) The
proposed model can be applied to stochastic vehicular trajec-
tory inference or predictions. Major prediction methods use
deep network as a tool, but training is needed before applying
it. In our model, the parameters can be adjusted and the model
can predict a vehicle’s dynamics in more detail. (iii) In the
model, noise is constructed from the Brownian motion. Some-
times a more complex noise structure may be considered, such
as the fractal Brownian motion.[4] (iv) In the proposed frame-
work, the Rajamani vehicle model is used. As there are many
levels of vehicle dynamic models, more complex ones can be
employed. The resulting models may have more capabilities
for describing the driver–road–vehicle–environment system.
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