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Dynamic states in mutual-coupled mid-infrared quantum cascade lasers (QCLs) were numerically investigated in the
parameter space of injection strength and detuning frequency based on the Lang–Kobayashi equations model. Three types
of period-one states were found, with different periods of injection time delay τinj, 2τinj, and reciprocal of the detuning
frequency. Besides, square-wave, quasi-period, pulse-burst and chaotic oscillations were also observed. It is concluded that
external-cavity periodic dynamics and optical modes beating are the mainly periodic dynamics. The interaction of the two
periodic dynamics and the high-frequency dynamics stimulated by strong injection induces the dynamic states evolution.
This work helps to understand the dynamic behaviors in QCLs and shows a new way to mid-infrared wide-band chaotic
laser.
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1. Introduction

Quantum cascade lasers (QCLs) are very promising mid-
infrared semiconductor lasers, which have been proven to be
powerful and versatile.[1,2] By elaborately designing the struc-
ture of the active zone superlattice, the wavelength of QCLs
can be tailored to cover the whole mid-infrared region.[3–5] Be-
cause of the lower transmission loss and higher scattering tol-
erance in the mid-infrared atmospheric windows bands (3 µm–
5 µm and 8 µm–14 µm) compared to the well-developed near-
infrared bands, QCLs can find applications in diverse fields,
such as free space communications,[6–8] laser ranging,[9] re-
mote sensing,[10,11] and optoelectronic countermeasure.[12]

In the practical use, the stability of QCLs subject to in-
evitable external optical perturbation is very important, while
the dynamic behaviors of QCLs have not been well under-
stood. External optical perturbation can drive near-infrared
semiconductor lasers, which are based on inter-band tran-
sition, from stable state to various dynamic states, includ-
ing periodic oscillation,[13,14] chaotic laser state,[15,16] low-
frequency fluctuations,[17–19] regular pulse packages,[20] etc.
Unlike inter-band semiconductor lasers, QCLs are based on
the inter-subband electron transition,[1] with ultrafast carrier
dynamics[21] and theoretically near-zero linewidth enhance-
ment factor (α-factor).[22] As a result, QCLs seem to be more
stable to external optical perturbation.[23] However, dynamic
states of QCLs are often observed in applications and re-
searches. In 2016, Grillot et al. reported the experimental

observation of low-frequency chaotic laser in a distributed
feedback (DFB) QCL with external optical feedback.[24] Re-
cently, Wang et al. observed low-frequency oscillations in
QCLs with tilted optical feedback.[25,26] There are also some
theoretical models, based on rate equations or Maxwell–
Bloch equations, demonstrating periodic oscillations,[27] self-
pulsations,[28] low-frequency fluctuations,[24] even wide-band
chaotic laser in QCLs.[29] But these works are not enough to
understand the dynamic behaviors of QCLs. Experimental ob-
servation of high-frequency dynamic oscillations is still lack-
ing, apart from the active modulation and self-pulsations. The
wide-band chaotic laser predicted by Ref. [29] cannot be ob-
served even the feedback strength is higher than 60% in our
experiment.

The high-frequency periodic oscillation in inter-band
semiconductor lasers is always related to the relaxation os-
cillation dynamic, and the wide-band chaotic laser state is
usually resulted from the interaction of the external periodic
dynamic and the relaxation oscillation dynamic. But the re-
laxation oscillation is absent in QCLs because of the ultrafast
carrier dynamics.[30] We can deduce that the high-frequency
oscillation in QCLs should be related to a high-frequency dy-
namic, such as optical modes beating.

In this work, we numerically investigated the dynamic
states in mutual-coupled mid-infrared QCLs based on the
Lang–Kobayashi equations. The two QCLs had different op-
tical frequencies to bring in optical modes beating dynamic.
The external-cavity length between the two QCLs was L =
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1.5 m, corresponding to the injection time delay τinj = L/c.
When the injection strength kinj was as low as 0.1, three types
of period-one states with different periods were found, which
were injection time delay τinj, 2τinj, and reciprocal of the de-
tuning frequency. The evolution of dynamic states at differ-
ent frequency detuning ∆ f was also studied as kinj increased.
Several dynamic states were observed, including period-one,
square-wave, quasi-period, pulse-burst and chaos. The physics
mechanism of the dynamical evolution was discussed. It can
be concluded that: (i) external-cavity dynamic and optical
modes beating are the mainly periodic dynamics; (ii) strong
injection can stimulate strong optical nonlinear and high-order
harmonics dynamics to break the periodic oscillations; (iii) the
complex pulse-burst and chaotic states are resulted from the
interaction of the external-cavity periodic dynamic and optical
modes beating and the stimulation of optical nonlinear.

2. Theoretical model
Figure 1 shows the schematic of the two-stage band struc-

ture of a typical mid-infrared QCLs active zone and the struc-
ture diagram of the mutual-coupled QCLs. As shown in
Fig. 1(a), each stage of the QCLs active zone is composed of
an extraction/injection region and an active region. Electrons
from the last stage are injected into the energy level 3 of the ac-
tive region by the extraction/injection region. Then electrons
in the energy level 3 transit to the energy level 2 with the time
τ32, meanwhile, photons are stimulated. Subsequently, elec-
trons in the energy level 2 are scattered to the energy level 1
by longitudinal-optical phonons with the time τ21. Afterwards
electrons in the energy level 1 are extracted and injected into
the next stage with the time τout. Because τ21 and τout are
shorter than τ32, population inversion occurs between the en-
ergy level 3 and the energy level 2. Though electrons in the
energy level 3 also transit to the energy level 1 with the time
τ31, population inversion does not occur between the energy
level 3 and the energy level 1 because of the very short τ21.
Based on the band structure, the rate equations describing the
number of carriers are as follows:

dN3 1,2(t)
dt

= η
I1,2

q
−

N3 1,2(t)
τ32

−
N3 1,2(t)

τ31

−G0∆N1,2S1,2(t), (1)

dN2 1,2(t)
dt

=
N3 1,2(t)

τ32
−

N2 1,2(t)
τ21

+G0∆N1,2S1,2(t), (2)

dN1 1,2(t)
dt

=
N3 1,2(t)

τ31
+

N2 1,2(t)
τ21

−
N1 1,2(t)

τout
, (3)

where N3, N2, and N1 represent the numbers of carriers in
the energy level 3, the energy level 2, and the energy level
1, ∆N1,2 = N3 1,2−N2 1,2, η is the current injection efficiency,
I is the pump current, q is the elementary charge, G0 is the

gain coefficient. S represents the number of photons. The sub-
scripts 1,2 correspond to QCL1 and QCL2, respectively.
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Fig. 1. (a) Schematic of two-stage band structure of QCLs active zone. (b)
Structure diagram of mutual-coupled QCLs.

As shown in Fig. 1(b), the laser emitted from QCL1,2 is
collimated by lens1,2, then is focused and injected into QCL2,1

by lens2,1. The injection time delay τinj is fixed at 5 ns. Based
on the mutual-coupled structure and Lang–Kobayashi equa-
tion, the rate equations describing the number of photons and
phase in the mutual-coupled QCLs are as follows:

dS1,2(t)
dt

=

(
mG0∆N1,2−

1
τp

)
S1,2(t)+mβ

N3 1,2(t)
τsp

+2

√
kinj 21,12

τL

√
S2,1(t− τinj)S1,2(t)cosθ1,2(t), (4)

dϕ1,2(t)
dt

=
1
2

α

(
mG0∆N1,2−

1
τp

)

−
√

kinj 21,12

τL

√
S2,1(t− τinj)

S1,2(t)
sinθ1,2(t), (5)

where ϕ represents the phase of the optical field, m is the stage
number in the active zone, β is the spontaneous emission fac-
tor, τsp is the spontaneous emission time, kinj is the injection
strength, which is defined by the ratio of the injected laser
power and the intrinsic laser power, τL is the round-trip time
inside the laser cavity, α is the linewidth enhancement factor
of QCLs, which is smaller than that in traditional inter-band
semiconductor lasers. The coupling phase θ1,2 is

θ1,2(t) = ω2,1τinj∓∆ωt−ϕ2,1(t− τinj)+ϕ1,2(t), (6)

where ω2,1 = 2πc/λ2,1 is the angular frequency of QCL2,1,
∆ω = |ω1 −ω2| is the angular frequency detuning between
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QCL1 and QCL2, and frequency detuning ∆ f = ∆ω/2π . It
is noted that the internal parameters of the two QCLs are ex-
actly same, except for the central frequency of QCLs. The
descriptions of symbols and the selected values for simulation
are shown in Table 1, unless stated otherwise.[24,27,29]

Table 1. The used parameters for the simulation.

Symbol Description Value

η current injection efficiency 0.45
I pump current 2Ith

Ith threshold current 425 mA
q elementary charge 1.6×10−19 C

τ32 transition time from level 3 to 2 2.0 ps
τ31 transition time from level 3 to 2 2.4 ps
G0 gain coefficient 5.3×104 s−1

τ21 transition time from level 2 to 1 0.5 ps
τout extraction/injection time 0.5 ps
τinj injection time delay 5 ns
m stage number 30
τp photon lifetime 4.7 ps
β spontaneous emission factor 1×10−6

τsp spontaneous emission time 7 ns
τL round-trip time inside cavity 21.3 ps
α linewidth enhancement factor 1.7
c velocity of light in vacuum 3×108 m/s
λ wavelength 4.5 µm

The rate Eqs. (1)–(5) are numerically solved by using the
fourth-order Runge–Kutta method with time lag 0.1 ps. The
obtained S(t) is regarded as the time series of laser intensity.
The electric field of laser can be described by

E(t) =
√

S(t)cos[ωt +ϕ(t)], (7)

where ω is the angular frequency of QCL. The Fourier trans-
forms of S(t) and E(t) are used to describe the power spectra
and optical spectra.

3. Results and discussion
3.1. Absence of the relaxation oscillation

Firstly, we solved the rate equations of free-running QCL
and studied the response of the QCL by applying the step cur-
rent, where the current was increased from low-level current
Ith to a high-level current. Figure 2(a) shows the QCL re-
sponses with the high-level currents of 1.01Ith and 2Ith. As
shown, the photon number monotonically increases from the
low-level value to the high-level value. There is no relax-
ation oscillation occurring, which is similar to the existed
viewpoint.[30] The response times, which are defined as the
time of photon number increasing from 10% to 90%, are re-
spectively 12.18 ps and 11.31 ps when the high-level currents
are 1.01Ith and 2Ith. Figure 2(b) plots the response time as a
function of the high-level current. As the high-level current
increases, the response time decreases. This indicates that a

high current can enhance fast dynamics in QCLs. Therefore,
we chose the high pump current of 2Ith, with the α equal to
1.7, in the following work.

P
h
o
to

n
 n

u
m

b
e
r 

(1
0

8
)

2.0

1.5

1.0

0.5

0 10 20 30 40 50

Time (ps)

1.01Ith
2Ith

(a)

12.18 ps
11.31 ps

12.5

12.0

11.5

11.0
1.0 1.2 1.4 1.6 1.8 2.0

I/Ith

R
e
sp

o
n
se

 t
im

e
 (

p
s)

(b)

Fig. 2. (a) QCL response with the high-level current of 1.01Ith and 2Ith. (b)
The response time as a function of the high-level current.

3.2. Three types of period-one states

Secondly, we solved the rate equations of the mutual-
coupled QCLs with fixed injection strength kinj = 0.1 and vary-
ing the detuning frequency ∆ f . The nonlinear dynamic states
of the two QCLs are similar, therefore, we only show the re-
sults of QCL1 in this paper.

Three types of period-one (P1) states with different pe-
riods are found. The time series, power spectra and optical
spectra are plotted in Fig. 3. At ∆ f = 0 GHz, as shown in
Fig. 3(a), sinusoid-like time series with the period of the injec-
tion time delay τinj is observed, with a fundamental frequency
peak of 0.2 GHz and very low harmonic peaks in the power
spectrum. In the optical spectrum, there are a cluster of peaks
with the interval of 0.2 GHz. This is different from the P1
state of the inter-band semiconductor lasers, where the funda-
mental frequency is mainly determined by the relaxation os-
cillation. At ∆ f = 1 GHz, as shown in Fig. 3(b), the period
is equal to twice the injection time delay (2τinj), with a fun-
damental frequency peak of 0.1 GHz in the power spectrum.
In the optical spectrum, the interval of peaks is also 0.1 GHz.
At ∆ f = 20 GHz, as shown in Fig. 3(c), the period is about
51.4 ps, the fundamental frequency peak in the power spec-
trum is f∆ ∼ 19.438 GHz, and the interval of peaks in the op-
tical spectrum is also f∆.

In our model, ∆ f = 0 GHz means that QCL1 and QCL2

are exactly identical. Therefore, the mutual-coupled structure
is equivalent to self-injection with a time delay. The P1 state
with the period of τinj can be identified as the dynamic os-
cillation from the external-cavity periodic dynamics, which is
also observed in the vertical-cavity surface-emitting laser.[32]

Actually, there will never be two identical QCLs. The situa-
tion at ∆ f = 0 GHz will not be described in following. When
∆ f 6= 0 GHz and is small, complete injection locking is eas-
ily realized in the mutual-coupled QCLs. Complete injection
locking means that the intrinsic resonant mode is suppressed.
In this case, the laser mode is decided by the injected field, and
one QCL is an optical modulation and feedback component for
the other QCL. The P1 state with the period of 2τinj is corre-
sponding to the gradual mode hopping, which is resulted from
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the external-cavity optical injection. In Fig. 3(b), two peaks
with the interval of ∆ f = 1 GHz can also be observed in the
optical spectrum, while the peak of 1 GHz cannot be observed
in the power spectrum. This indicates that the two modes do
not exist simultaneously, which also proves the mode hopping.
Due to the existence of a series of external-cavity modes, the
time series is sinusoidal-like. When ∆ f increases to 20 GHz,
injection locking is not complete, i.e., the intrinsic resonant
mode will not be suppressed by the optical injection. In this
case, the intrinsic resonant mode and the laser mode from op-

tical injection coexist in QCLs. As shown in Fig. 3(c3), more
than two peaks can be observed, which demonstrates that the
relative phase between the two modes is locked by mutual in-
jection. Therefore, the P1 state with the period of f∆ is in-
duced by optical modes beating. The oscillation frequency f∆

is slightly smaller than ∆ f , which is the same as that in QCL
with unidirectional optical injection.[27] Because the pulling
effect in QCLs dominates over the red-shift effect, the injected
mode pulls the resonant mode away from its free-running fre-
quency towards the injected one.
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3.3. Influence of injection strength at different detuning
frequencies

Furtherly, we studied the evolution of dynamic states by
increasing injection strength kinj at the ∆ f of 2 GHz, 7 GHz,
14 GHz, 20 GHz, and 29 GHz, which corresponded to the five
typical evolution routes.

Figure 4 depicts the time series, power spectra and opti-
cal spectra at ∆ f = 2 GHz with different kinj. At kinj = 0.1, as
shown in Fig. 4(a), the P1 state is similar to that in Fig. 3(b).
The time series shows a distorted sinusoidal waveform and
hence high-order harmonic peaks arise in the power spectra.
The distorted waveform is corresponding to the decreased in-
jection locking when ∆ f increases. At kinj = 0.45, as shown in

Fig. 4(b), the time series is a square wave (SW) with the period
of 2τinj and duty cycle of about 40%. In the optical spectrum,
the external-cavity modes are weakened, the intrinsic resonant
mode and the injected laser mode become obvious. It can be
explained by that the stronger injection enhances the stabil-
ity of laser modes, to some extent, suppressing the external-
cavity modes. As a result, the time series transfers into SW. At
kinj = 0.58, QCLs exhibit quasi-periodic (QP) oscillation, with
the consistent period with that of Figs. 4(a) and 4(b). And the
wavelength blueshift can be observed in the optical spectrum,
with more external-cavity modes. This indicates that strong
nonlinear optical action occurs and breaks the injection lock-
ing, leading to the QP oscillation.
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shows the enlarged view around the peaks.

Figure 5 shows the time series, power spectra and optical
spectra at ∆ f = 7 GHz with different kinj. At kinj = 0.01, as
shown in Fig. 5(a), the P1 state resulted from optical modes
beating is observed. The time series has a sinusoidal wave-
form. There exists a sharp peak at f∆ of 6.74 GHz and a small
peak at external-cavity frequency fEC of 0.1 GHz in the power
spectrum. The optical spectrum is similar to that in Fig. 3(c3).
At kinj = 0.13, the QCLs exhibit pulse burst (PB) state with
stable amplitude and a burst period of 2τinj, and the pulses do
not have evident periodicity. The power spectrum seems to
indicate chaotic state with external-cavity periodic peaks. So
the PB state can be thought as an intermittent chaotic state. In

the optical spectrum, a wide envelope peak with a sharp cen-
tral peak can be observed. The envelope peak and sharp peak
correspond to the stable parts and the PB parts, respectively.
As kinj increases, the number of pulses in one burst decreases.
At kinj = 0.25, QCLs exhibit SW state with the period of 2τinj

and duty cycle of 30%. At kinj = 0.35, QCLs exhibit QP state.
The SW and QP states are similar to those at ∆ f = 2 GHz.

Figure 6 shows the time series, power spectra and optical
spectra at ∆ f = 14 GHz with different kinj. At kinj = 0.01, as
shown in Fig. 6(a), the P1 state resulted from optical modes
beating with the sinusoidal time series is observed. There are
only sharp peaks at integer multiple f∆ in the power spec-
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trum. The external-cavity periodic dynamic is completely sup-
pressed. The optical spectrum is similar to that in Fig. 3(c3).
At kinj = 0.3, both the optical modes beating periodic dynamic
and the external-cavity periodic dynamic become evident in
the time series and power spectrum. Here we choose a criti-
cal periodicity suppression ratio of 20 dB. If the optical modes
beating peak is 20 dB higher than the external-cavity periodic
peak in the power spectrum, the dynamic state can be thought
as P1 state. Otherwise, it is QP state, which is different from
the QP state in Figs. 4(c) and 5(d). In the optical spectrum,
the f∆ is 12.01 GHz. At kinj = 0.35, the QCLs exhibit a weak
chaotic state, with evident envelope peaks in the power and
optical spectra. The f∆ is 6.82 GHz. At kinj = 0.4, the QCLs
exhibit a strong chaotic state, with a wide-band and flat power
spectrum and a very wide envelope optical spectrum. In the
optical spectrum, only one envelope peak can be observed.

Figure 7 shows the time series, power spectra and op-
tical spectra at ∆ f = 20 GHz with different kinj. At kinj =

0.01, the QCLs exhibit the similar P1 state to that shown in
Fig. 6(a). The external-cavity periodic dynamic is completely
suppressed. At kinj = 0.39, the QCLs exhibit the similar QP

state to that shown in Fig. 6(b). In the optical spectrum, the f∆

is 16.79 GHz. At kinj = 0.55, the QCLs exhibit a chaotic state
with a wide-band and flat power spectrum and a very wide en-
velope optical spectrum. But the chaotic state is different from
that in Fig. 6(d). There is a very wide envelope peak around
20 GHz in the power spectrum. In the optical spectrum, there
are two envelope peaks with the interval of 20.98 GHz.

We think that the two chaotic states in the mutual-coupled
QCLs have different physical origins. When ∆ f is small, the
pulling effect under strong injection can make the intrinsic res-
onant mode and injected mode very close, leading to strong
interaction of the external-cavity periodic dynamic and opti-
cal modes beating. As a result, chaotic oscillation occurs. In
the optical spectrum, there is only one wide envelope peak.
When ∆ f is large, the pulling effect will be disabled as kinj

increases, because of the strong optical nonlinear. Though the
interaction of the external-cavity periodic dynamic and opti-
cal modes beating is weakened, the strong optical nonlinear
can also break the periodic oscillation, leading to the chaotic
oscillation. In the optical spectrum, there are two envelope
peaks with the interval of ∆ f .
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Fig. 8. Time series, power spectra and optical spectrum at ∆ f = 29 GHz for injection strength kinj of (a) 0.1, (b) 0.57 and (c) 0.59.

Figure 8 shows the time series, power spectra and optical
spectra at ∆ f = 29 GHz with different kinj. At kinj = 0.1, the
QCLs exhibit the P1 state resulted from optical modes beat-
ing, with very sharp peaks at integer multiple f∆ in the power
spectrum. A small peak at fEC can also be observed. As
kinj increases, the peaks at integer multiple f∆ are gradually
broadened and the peaks at integer multiple fEC are gradually
heightened. At kinj = 0.57, the peak at f∆ = 24.08 GHz is still
24 dB higher than that at fEC = 0.1 GHz. The dynamic state is
P1 state. At kinj = 0.59, QCLs exhibit QP state with the period
of 1/ f∆. In the time range of one period, higher-frequency os-
cillation can be observed. In the power spectra, apart from the
peaks at integer multiples of f∆, there are also some peaks at
the frequencies higher than 40 GHz. In the optical spectrum,
narrow peaks can be observed.

3.4. Mapping of dynamic states

In order to furtherly understand the dynamic behaviors in
QCLs, the mapping of dynamic states in the parameter space
of ∆ f and kinj is presented in Fig. 9(a). In the figure, differ-
ent dynamic states are shown by different colors. The blue
zones represent the P1 state. Two P1 zones can be observed:
the lower left one is the P1 resulted from the external-cavity
periodic dynamic, the lower right one is the P1 resulted from

optical modes beating. The light-blue zone represents the SW
state. The SW state zone is only observed in the range of
detuning frequency lower than 10 GHz, where complete in-
jection locking can be achieved. The green zone represents
the QP state. The QP state zone actually consists of three
parts: external-cavity QP state zone (examples in Figs. 4(c)
and 5(d)), optical modes beating QP state zone (example in
Fig. 8(c)), and the bioscillation QP state zone (examples in
Figs. 6(b) and 7(b)). The light-green zones represent the PB
state. The PB state zones are multiple discrete small zones,
which are distributed in the QP state zone, where strong inter-
action of the external-cavity periodic dynamic and the optical
modes beating periodic dynamic occurs. The white zone rep-
resents the chaotic (C) state.

Figure 9(b) shows the chaos bandwidth in the parameter
space, which is given by the red dash line box in Fig. 9(a).
Two types of chaotic states are given the names of chaos and
chaos(∆ f ), which are distinguished by whether there is a wide
envelope peak at ∆ f . The black dash line is the boundary be-
tween chaos and chaos(∆ f ). In the chaos zone, the bandwidth
is always around 14 GHz. In the chaos(∆ f ) zone, the band-
width increases gradually with the increase of ∆ f , showing
the way to generate mid-infrared wide-band chaotic laser in
mutual-coupled QCLs.
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4. Conclusion
We numerically investigated the dynamic states in

mutual-coupled mid-infrared QCLs and discussed the physi-
cal mechanism of dynamic states evolution. Three types of
P1 states with different periods were found, which were τinj,
2τinj, and reciprocal of the detuning frequency. There was
no relaxation oscillation observed. By changing the injection
strength and detuning frequency, several other dynamic states
were demonstrated, including SW, QP, PB, and chaotic laser.
The external-cavity periodic dynamics and optical modes beat-
ing are the mainly periodic dynamics. High-order harmonics
dynamics and strong optical nonlinear can be stimulated by
strong injection. When ∆ f is small or very large, the interac-
tion of the two periodic dynamics is very weak. Strong injec-
tion can drive the P1 state to SW and QP states. When ∆ f is in
the proper range, strong interaction of the two periodic dynam-
ics occurs, leading to PB state and chaotic state. The PB state
can be thought as an intermittent chaotic state. Strong injec-
tion can make the chaotic state more stable. This work helps
to understand the physics mechanism of dynamic behaviors in
QCLs and open a new way to mid-infrared wide-band chaotic
laser.
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