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Nearfield acoustic holography (NAH) is a powerful tool for realizing source identification and sound field reconstruc-
tion. The wave superposition (WS)-based NAH is appropriate for the spatially extended sources and does not require the
complex numerical integrals. Equivalent source method (ESM), as a classical WS approach, is widely used due to its sim-
plicity and efficiency. In the ESM, a virtual source surface is introduced, on which the virtual point sources are taken as
the assumed sources, and an optimal retreat distance needs to be considered. A newly proposed WS-based approach, the
element radiation superposition method (ERSM), uses piston surface source as the assumed source with no need to choose
a virtual source surface. To satisfy the application conditions of piston pressure formula, the sizes of pistons are assumed to
be as small as possible, which results in a large number of pistons and sampling points. In this paper, transfer matrix modes
(TMMs), which are composed of the singular vectors of the vibro-acoustic transfer matrix, are used as the sparse basis of
piston normal velocities. Then, the compressive ERSM based on TMMs is proposed. Compared with the conventional
ERSM, the proposed method maintains a good pressure reconstruction when the number of sampling points and pistons
are both reduced. Besides, the proposed method is compared with the compressive ESM in a mathematical sense. Both
simulations and experiments for a rectangular plate demonstrate the advantage of the proposed method over the existing
methods.

Keywords: sound field reconstruction, nearfield acoustic holography, element radiation superposition method,
sparsity framework
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1. Introduction

Nearfield acoustic holography (NAH) is an advanced tool
for identifying sound sources and visualizing a sound field.
The early NAH was carried out via a spatial Fourier transform
and it achieved success in analyzing sources of planar, cylin-
drical, and spherical shapes.[1–3] Next, the NAH based on in-
verse boundary element method (IBEM) was suggested for re-
constructing arbitrarily shaped sources.[4–6] However, the im-
plementation of IBEM is a challenge because of the demand
for excessive sampling points and the awful computation ef-
ficiency. The wave superposition (WS) approaches[7–15] are
appropriate for the arbitrarily shaped sources and do not re-
quire the complex numerical implementation, in which the
Helmholtz equation least squares (HELS) method was first
suggested as an alternative to the Fourier transform and IBEM
approaches.[9,10] The HELS method is formulated by using
the field representation based on spherical harmonics, and thus
the reconstruction accuracy on a non-spherical surface may be
unsatisfactory.[2] Another WS approach, the equivalent source
method (ESM), was widely applied to NAH for its simplic-
ity, efficiency, and flexibility.[11–13] Reconstruction using ESM
can make satisfactory accuracy with careful choice of parame-

ters, in which the most confusing one is the optimal retreat dis-
tance between the actual source surface and the virtual source
surface.[14] For continuous sources, singularity problem will
arise if the retreat distance is zero or too small, whereas an
overly large retreat distance makes inverse reconstruction very
ill-conditioned. Moreover, the microphone array should be
placed at a location very close to the actual source surface for
less ill-posedness of transfer matrix. In some cases, measure-
ments at large hologram distance are needed.[15]

Based on the principle of WS, there is no strict restric-
tion on the style of the assumed sources. Recently, a new
NAH technique based on the element radiation superposition
method (ERSM) was proposed for spatially extended sources.
The theoretical justification of ERSM was given first by Wang
et al.[16] Then, ERSM applied to NAH was first suggested by
Shi et al.[17] In ERSM, the actual source surface is divided into
regular-shaped pistons (surface sources), and the total sound
field is regarded as the superposition of the responses radi-
ated by the pistons. The ERSM is directly derived from the
Helmholtz integral equation, and a Fraunhofer approximation
is used to construct the transfer matrix. The values in transfer
matrix can be fast calculated via the far field pressures exerted
by rectangular planar, cylindrical curved or spherical curved
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baffled pistons. The normal velocity on actual source surface
is directly obtained as an acoustic quantity via inverse calcu-
lation with no need to choose a virtual source surface. Be-
sides, as an approximation of the IBEM, the ERSM avoids the
complex numerical integration, and it is immune to the sin-
gularity and nonuniqueness difficulties. Shi et al.[17] not only
proved that the ERSM provides high accuracy in sound field
prediction of rectangular plate within nearfield, but also com-
pared the ERSM with ESM in the sound field reconstruction
of rectangular plate by using regular sampling. To satisfy the
application conditions of the far field approximation, the sizes
of pistons are assumed to be as small as possible. Therefore,
the number of pistons may be large, which further results in a
large number of sampling points.

Since 2012, a number of methods based on the princi-
ples of compressive sensing (CS) have been proposed to solve
the limitation of the Nyquist criterion. Chardon et al.[18] first
introduced the concept of CS into NAH. Fernandez et al.[19]

presented a compressive ESM (CESM), which is suitable for
spatially compact sources. Then, Fernandez and Grande[20]

applied the block-sparse regularization to the CESM for spa-
tially extended sources. The compressed modal ESM pro-
posed by Bi et al.[21] is also applicable to spatially extended
sources since the power radiation modes (PRMs) are used as
the sparse basis. Bi et al.[22] subsequently applied the sparse
regularization to the IBEM by introducing the acoustic radi-
ation modes (ARMs). Hu et al.[23] proposed a singular value
decomposition-based CESM (SVD-CESM) to further improve
the reconstruction for spatially extended sources, in which
the sparse basis is composed of the transfer matrix modes
(TMMs). Hald[24] compared above-mentioned methods and
discussed the physical sense of several sparse bases.

In this paper, the TMMs, which are composed of the sin-
gular vectors of the vibro-acoustic transfer matrix, are used as
the sparse basis of normal velocities of pistons. Based on this
sparse basis, the compressive ERSM is proposed. Compared
with the conventional ERSM, the proposed method maintains
a good pressure reconstruction when the number of sampling
points and pistons are both reduced. Besides, the proposed
method possesses less ill-posedness in reconstruction than
SVD-CESM, and thus it provides higher accuracy. The re-
mainder of this paper is organized as follows. In Section 2, an
overview of the ERSM-based NAH in the least-square is pro-
vided, and then the proposed method is described. Sections 3
and 4 give the simulations and experiments for a rectangular
plate, respectively, in which the proposed method is compared
with the conventional ERSM and SVD-CESM. In Section 5,
conclusions are drawn.

2. Theoretical background
2.1. Theory of the ERSM

We consider an arbitrarily-shaped spatially extended
source placed in an infinite and homogeneous lossless fluid,
and its generated sound field can be calculated by using the
Helmholtz integral formulation. Dividing the source surface
into small elements, the pressure p at any field point 𝑟 can be
expressed in a matrix form as

p(𝑟) = [𝐴]1×N [𝑝S]N×1 +[𝐵]1×N [𝑣S]N×1, (1)

where N is the number of discretized elements on the source
surface, [·]1×N and [·]N×1 each denote the dimension of a ma-
trix or vector, 𝑝S is the pressure on the source surface, 𝑣S is the
normal velocity on the source surface, and 𝐴 and 𝐵 only de-
pend on the frequency and the shape of the source surface.[16]

Furthermore, according to the surface Helmholtz integral for-
mulation, an equation relating 𝑝S and 𝑣S is obtained as

[𝐶]N×N [𝑝S]N×1 = [𝐷]N×N [𝑣S]N×1, (2)

where the matrices 𝐶 and 𝐷 also depend on the frequency
and the source geometry.[16] After equation (2) is multiplied
the inverse matrix of 𝐶, it turns into the following form:

𝑝S =𝐶−1𝐷𝑣S = [𝑍]N×N𝑣S, (3)

where 𝑍 is the acoustic impedance matrix of the source sur-
face. Combining Eq. (1) with Eq. (3), the pressure p is ex-
pressed as

p(𝑟) = (𝐴𝑍+𝐵)𝑣S = [𝐺]1×N𝑣S. (4)

Equation (4) is also a standard formula in IBEM, and the
𝐺 is calculated via complex numerical integrals in IBEM.[22]

Here, based on the principle of ERSM, the transfer function
𝐺= [G1, G2, . . . , GN ] is seen as a weighting matrix, and the
pressure p is the superposition of the responses produced by
discretized elements. Remarkably, the discretization is per-
formed on the actual source surface with no need to set the
virtual sources, and the acoustic quantity is the normal ve-
locity instead of the source intensity, which is the important
difference between the ERSM method and other WS-based
methods. To distinguish from other transfer functions, the 𝐺

is rewritten as 𝐺vat, which means the vibro-acoustic transfer
function. It is supposed that only the first discretized element
vibrates at unit velocity and other elements remain station-
ary, i.e., 𝑣S = [1,0, . . . ,0]T. Substituting 𝑣S into Eq. (4) gives
G1 = p1. If 𝑣S = [0,1,0, . . . ,0]T, substituting this into Eq. (4)
presents G2 = p2. Likewise, the usual result is that Gi = pi

(i = 1,2, . . . ,N), and hence 𝐺vat is expressed as

𝐺vat = [p1, p2, . . . , pN ] , (5)
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where pi is the pressure produced by the i-th discretized ele-
ment vibrating at unit velocity. The spatially extended source
can be treated as a rigid baffle, and the discretized elements
are then modeled as small pistons vibrating uniformly in an
infinite rigid baffle. The pressures produced by regular-shaped
(e.g., rectangular planar, cylindrically curved, or spherically
curved) pistons in a rigid baffle can be calculated by using
specific analytical formulas. Figure 1 shows a rectangular
planar piston mounted in corresponding infinite rigid baffle.
The pressure produced by rectangular planar piston can be ex-
pressed as[16,17,25]

p(R,θ ,φ) =
−2jρckvLxLy e jkR

πR
sinc(kLx cosθ cosφ)

×sinc(kLy cosθ sinφ) , (6)

where R, θ , and φ denote the distance, elevation, and azimuth,
respectively, between a field point and the center of the piston;
Lx and Ly are the length and width of the piston, respectively;
j is the imaginary unit; ρ is the mass density of the medium; c
is the sound speed in the medium; k is the wave number; v is
the normal velocity of the piston; sinc(µ)≡ sin(µ)/µ .

Lx

Ly

Y

X

Z

θ 

φ

R

p↼R↪ θ↪ φ↽

Fig. 1. Rectangular planar piston mounted in corresponding rigid baffle.

For plate-like sources, the values in 𝐺vat are fast calcu-
lated via Eq. (6), which avoids time-consuming numerical in-

tegrals. Equation (6) is of a Fraunhofer approximation, and
it requires that R� L2

x/4λ , in which λ = c/ f is the acous-
tic wavelength.[25] L2

x/4λ denotes the distance from the near-
field transition to the far-field transition of the piston. Thus
equation (6) is the exact analytical solution for the produced
pressure in the far field of the piston, but it may result in errors
for calculations in the near field of the piston. According to
practical requirements, the calculation accuracy and applica-
ble distance can be adjusted by changing the size of the pis-
tons. For unclosed spatially extended sources, it should be
noted that the pressures produced by the pistons at the edges
of the source surface may also have errors. Nevertheless, for
the whole extended source, the pressure p(𝑟) will be accurate
when most of the values in 𝐺vat are precise. Previous results
well show that the ERSM maintains high calculation accuracy
from the transition distance to the far field of the piston.[17] In
this study, the piston length is set to Lx < 0.12λmin (λmin is the
minimum wavelength of the applied frequency band), and all
the distance-parameters satisfy the applicable scope of Eq. (6).

2.2. ERSM-based NAH

Given that there are M measurement points on the holo-
gram surface, the measured pressures can be expressed in ma-
trix form as

𝑝H =𝐺vat (𝑟H,𝑟S)𝑣S, (7)

where 𝑝H = [p(𝑟H1) , p(𝑟H2) , . . . , p(𝑟HM)]T is a column vec-
tor that contains the pressures at the M measurement points;
𝑟Hm denotes the location of the m-th measurement point; 𝑣S =

[v(𝑟S1) ,v(𝑟S2) , . . . ,v(𝑟SN)]
T is a column vector that contains

the normal velocities of the pistons; N is the number of the
pistons; 𝑟Sn denotes the center location of the n-th piston; and
𝐺vat (𝑟H,𝑟S) is the vibro-acoustic transfer matrix relating the
pistons to the measurement points, and this can be expressed
as

𝐺vat (𝑟H,𝑟S) =


Gvat (𝑟H1,𝑟S1) Gvat (𝑟H1,𝑟S2) · · · Gvat (𝑟H2,𝑟SN)
Gvat (𝑟H2,𝑟S1) Gvat (𝑟H2,𝑟S2) · · · Gvat (𝑟H1,𝑟SN)

...
... · · ·

...
Gvat (𝑟HM,𝑟S1) Gvat (𝑟HM,𝑟S2) · · · Gvat (𝑟HM,𝑟SN)

 . (8)

The estimation of 𝑣S from 𝑝H is an inverse problem,
which is mathematically ill-posed. For the discrete ill-posed
problem, the Tikhonov regularization is introduced, and then
equation (7) can be solved in a least square sense through the
minimization problem

argmin
𝑣S
‖𝑝H−𝐺vat (𝑟H,𝑟S)𝑣S‖2

2 +β ‖𝑣S‖2
2 , (9)

where β is the regularization parameter, and we use the

Bayesian approach[26] to calculate the optimal value in this
work. When the number of the sampling points is less than
that of the pistons (M ≤ N), the general solution of Eq. (9) is
expressed as

𝑣S

= 𝐺vat (𝑟H,𝑟S)
H
(
𝐺vat (𝑟H,𝑟S)𝐺vat (𝑟H,𝑟S)

H +β𝐼
)−1

𝑝H,

(10)
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where [·]H denotes the Hermitian transpose, and 𝐼 is the iden-
tity matrix. Once the 𝑣S is obtained, the pressure 𝑝rec on any
reconstruction surface can be calculated as

𝑝rec =𝐺vat (𝑟,𝑟S)𝑣S, (11)

where 𝑝rec = [p(𝑟1) , p(𝑟2) , . . . , p(𝑟N)]
T is a column vector

that contains the pressures on reconstructed points; 𝑟n denotes
the location of the n-th reconstructed point; and 𝐺vat (𝑟,𝑟S)

is the vibro-acoustic transfer matrix relating the pistons to the
reconstructed points.

2.3. Compressive ERSM in sparsity framework

Suppose that the 𝑣S is sparse or close to being sparse,
i.e., a large number of the pistons make little contribution to
the sound field, then some small proportion of the pistons will
be enough to reconstruct the sound field. According to the CS
theory, equation (7) can be solved by seeking the solution with
the minimum l1 norm through the minimization problem

argmin
𝑣S
‖𝑝H−𝐺vat (𝑟H,𝑟S)𝑣S‖2

2 +β ‖𝑣S‖1 . (12)

Compared with Eq. (9), the reconstruction accuracy of
Eq. (12) is higher since a more accurate prior of the signal is
provided. However, a good performance of the sparse regular-
ization relies on the suitable sparse basis and the incoherence
between the transfer matrix and the sparse basis. The inco-
herence condition can be satisfied by using a set of randomly
located microphones, and it is followed in this paper. For spa-
tially extended sources, 𝑣S is generally continuous rather than
sparse. Appropriate sparse basis must be introduced to de-
compose the 𝑣S, and in this case the coefficient vector must be
sparse. Several sparse bases have recently been suggested to
cope with spatially extended sources.[24] The PRMs are com-
bined with the source intensity instead of the normal velocity.
The ARMs are used for the normal velocity, but they require
the numerical integral calculation of the acoustic impedance
matrix. We find that the TMMs are not only suitable for
the compressive ERSM in a physical sense but also can be
fast calculated via vibro-acoustic transfer matrix. Therefore,
the TMMs are introduced as the sparse basis, and the re-
constructed pressure TMMs are defined based on an SVD of
𝐺vat (𝑟,𝑟S), specifically,

𝐺vat (𝑟,𝑟S) =𝑈𝑆𝑉 H =
N

∑
i=1

𝑢iσi𝑣
H
i , (13)

where 𝑈 and 𝑉 are orthonormal matrices, their column vec-
tors 𝑢i and 𝑣i are the left singular vector and the right singular
vector, respectively, and 𝑆 is a diagonal matrix containing sin-
gular values σi. Large singular values represent the low-order
modes with strong radiation capability, which correspond to
the low wave-number components (propagating waves). Small

singular values represent the high-order modes with weak ra-
diation capability, which correspond to the high wave-number
components (evanescent waves). Right singular vectors 𝑣i are
the basis vectors that decompose the velocity 𝑣S to source
surface, which are also named source-model modes or input
TMMs; left singular vectors 𝑢i are the basis vectors that de-
compose the pressure 𝑝rec to reconstruction mesh, namely out-
put TMMs.[24] The output and input mode-amplitude vectors
𝑤out and 𝑤in are, respectively, expressed as

𝑝rec =𝑈𝑤out, (14)

𝑣S = 𝑉 𝑤in. (15)

The 𝑤out and 𝑤in are the coefficient vectors of 𝑈 and 𝑉 , re-
spectively. Combining Eqs. (11), (13), (14), and (15) gives

𝑤in = 𝑆+𝑤out, (16)

where the superscript “+” denotes the pseudo-inverse. Use of
Eqs. (12), (15), and (16) leads to two new optimization prob-
lems:

argmin
𝑤out

∥∥𝑝H−𝐺vat (𝑟H,𝑟S)𝑉 S+𝑤out
∥∥2

2 +β ‖𝑤out‖1 , (17)

argmin
𝑤in
‖𝑝H−𝐺vat (𝑟H,𝑟S)𝑉 𝑤in‖2

2 +β ‖𝑤in‖1 . (18)

In Eq. (18), the inverse calculations are concentrated in
the l1 norm regularized solution, and no instability is observed
in simulations. Hence, we will present the result of Eq. (18),
which is equivalent to the l1 norm minimization problem

argmin
𝑤in
‖𝑤in‖1 subject to

‖𝑝H−𝐺vat (𝑟H,𝑟S)𝑉 𝑤in‖2
2 ≤ ε, (19)

where ε = δ ‖𝑝H‖2 is the data-fidelity constraint, and δ is
a small number selected from −5 ≤ lgδ < 0. In this work,
the optimal value of lgδ is determined by a golden section
search algorithm, which is an optimization technique con-
ducted by observing the trend of an objective function.[14]

Equation (19) is the basis formulation of SVD-based compres-
sive ERSM (SVD-CERSM), which is solved by the MATLAB
CVX toolbox[27] in this work. Once the coefficient vector 𝑤in

is obtained, the 𝑣S is calculated via Eq. (15), and then the pres-
sure can be reconstructed via Eq. (11).

3. Simulation studies
3.1. Validation of proposed method

This subsection will illustrate the reconstruction perfor-
mance of SVD-CERSM. Taking a rectangular plate as the tar-
get source, figure 2 shows the layout of sound field reconstruc-
tion using conventional ERSM. The simply supported steel
plate with dimensions of 1.0 m×0.8 m and a thickness of
3.6 mm is divided into 1600 rectangular pistons each with di-
mensions of 2.5 cm×2 cm. The initial microphone array is
composed of 400 microphones located on a 20×20 grid (with
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5 cm in interval). The reconstructions by SVD-CERSM are
implemented by using a pseudo-random microphone array, in
which 80 samplings are randomly selected from the initial mi-
crophone array as shown in Fig. 3. The plate is excited by a
point force of 1 N in the center, and the reconstruction surface
is 1 cm away from the plate. Random noise with a signal-to-
noise ratio (SNR) of 40 dB is added to the measured pressures
to simulate the actual measurement. The reconstruction error
is defined as

Error =
‖|𝑝rec|− |𝑝th|‖2
‖𝑝th‖2

×100%, (20)

where 𝑝th is the theoretical pressure calculated by the Rayleigh
integral. The errors from sparse sampling are averaged ac-
cording to the results obtained by using ten different random
microphone arrays.
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Fig. 2. Layout of sound field reconstruction using ERSM. Note that the
assumed pistons are distributed on the plate (actual source surface).
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Firstly, the coefficient sparsity is analyzed to show
whether the pressure on the reconstruction surface can be well
approximated by the input TMMs. The sparse approxima-
tion is computed with the orthogonal matching pursuit (OMP)
algorithm,[28] by using 10 atoms. Figure 4 shows the error of
sparse approximation. It is evident that the reconstructed pres-
sure can be well approximated by 10 atoms with the maximum
error less than 5%, i.e., the pressure is well approximated by
using only 10 column vectors of 𝑉 , and in this case the co-
efficient vector 𝑤in is definitely sparse (10 non-zero values).

This indicates that the pressure is well compressed by using
the input TMMs as the sparse basis.
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Fig. 4. Error of sparse approximation with input TMMs.

Figure 5 shows the reconstructed pressures using ERSM
and SVD-CERSM at 800 Hz when the hologram distance d
is 0.15 m, 0.3 m, and 0.6 m, separately. The ERSM is im-
plemented by using 400 and 80 sampling points, separately.
The ERSM using 80 samplings gives the worst results because
the insufficient sampling points cannot provide good recon-
structions for conventional ERSM. In contrast, the ERSM us-
ing 400 samplings provides well reconstructions, especially at
0.15 m. The SVD-CERSM using 80 samplings also gives sat-
isfactory results, respectively, at 0.15 m and 0.3 m, demon-
strating the advantage of the proposed method. At 0.6 m,
as d increases distinctly, the ill-posedness in reconstruction
become quite large and the high-order modes in sound field
are lost; therefore, both ERSM and SVD-CERSM only recon-
struct the rough sound field distribution with no detailed infor-
mation.

Figure 6 shows the reconstruction errors of ERSM and
SVD-CERSM from 100 Hz to 1600 Hz at three hologram dis-
tances, in which the ERSM is implemented by using 400 and
80 sampling points respectively. The reconstruction by ERSM
with 80 samplings gives the worst accuracy especially at high
frequencies. At 0.15 m, the reconstruction by ERSM with 400
samplings is the optimal result, and the error of SVD-CERSM
is lower than 23% in the whole frequency range, indicating the
good performance of SVD-CERSM with a limited samplings.
At 0.3 m, the error of SVD-CERSM is almost equal to that of
ERSM with 400 samplings. At 0.6 m, the high-order modes
decay before reaching the microphone array and the deviations
of measured data significantly increase, hence the errors of all
methods become large. Even so, the error of SVD-CERSM
is slightly lower than that of ERSM with 400 samplings. The
reason is that the improvement by the increase of samplings
is no longer obvious at a large hologram distance. This indi-
cates the advantage of sparse regularization based on a suitable
sparsity condition.
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Fig. 5. Reconstructed pressure maps at 800 Hz from [(a)–(c)] theoretical calculation, (d) ERSM using 80 samplings when d = 0.15 m, (e) ERSM using
80 samplings when d = 0.3 m, (f) ERSM using 80 samplings when d = 0.6 m, (g) ERSM using 400 samplings when d = 0.15 m, (h) ERSM using 400
samplings when d = 0.3 m, (i) ERSM using 400 samplings when d = 0.6 m, (j) SVD-CERSM using 80 samplings when d = 0.15 m, (k) SVD-CERSM
using 80 samplings when d = 0.3 m, and (l) SVD-CERSM using 80 samplings when d = 0.6 m.
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Fig. 6. Reconstruction errors of ERSM (full and sparse samplings) and SVD-CERSM from 100 Hz to 1600 Hz: (a) d = 0.15 m, (b) d = 0.3 m, and
(c) d = 0.6 m.

Figure 7 shows the curves of reconstruction error of
ERSM and SVD-CERSM versus sampling when d = 0.15 m.
It can be seen that the error of SVD-CERSM is always lower
than that of ERSM. Owing to suitable sparsity condition, the
error of SVD-CERSM increases slowly with the decrease of

samplings, and it is no more than 30% even with only 40 sam-
plings. By contrast, the error of ERSM increases fast with
the decrease of samplings, indicating that the conventional
ERSM cannot provide an accurate reconstruction with insuffi-
cient samplings.
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Fig. 7. Reconstruction errors of ERSM and SVD-CERSM versus number of
sampling point when d = 0.15 m at (a) 500 Hz and (b) 1000 Hz.

10 15 20 25 30 35 40 45 50
SNR (dB)

0

20

40

60

80

100

R
e
c
o
n
st

ru
c
ti
o
n
 e

rr
o
r 

(%
)

SVD CERSM (80 samplings)
ERSM (80 samplings)

10 15 20 25 30 35 40 45 50
SNR (dB)

0

20

40

60

80

100

R
e
c
o
n
st

ru
c
ti
o
n
 e

rr
o
r 

(%
)

SVD CERSM (80 samplings)
ERSM (80 samplings)

(a)

(b)

Fig. 8. Reconstruction errors of ERSM and SVD-CERSM versus SNR when
d = 0.15 m, at (a) 500 Hz and (b) 1000 Hz.

Figure 8 shows the curves of reconstruction error versus
SNR, in which the two methods both use 80 samplings. It can
also be seen that the error of SVD-CERSM is always lower
than that of ERSM. When the SNR is below 20 dB, the er-
rors of the two methods both have an evident growth. The
reconstruction is improved with SNR increasing, and the er-
ror of SVD-CERSM is below 25% when the SNR is above
30 dB, which further demonstrates the validity of the proposed
method.

3.2. Reconstruction with less pistons

Once the 𝑣S is represented by suitable sparse basis, the
sound pressure can be well reconstructed by using some small
proportion of the pistons. This subsection will compare the re-
construction accuracies of SVD-CERSM with different num-
bers of the pistons. The pseudo-random array is still composed
of 80 microphones. The sizes of pistons are unchanged, and
the initial 1600 pistons are distributed on the entire plate. The
initial interval between the center points of two pistons is as-
sumed to be L. Now, the interval is set to 1.5L, 2L, and 3L,
respectively. This leads to 625, 361, and 169 pistons accord-
ingly. The divisions with different numbers of the pistons are
shown in Fig. 9. The rest parameters in simulations are the
same as those in Subsection 3.1.
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Fig. 9. Settings with different numbers of the pistons: (a) 1600 pistons, (b)
625 pistons, (c) 361 pistons, and (d) 169 pistons.

Figure 10 shows the reconstruction errors of SVD-
CERSM with different numbers of the pistons. There is no
doubt that the reconstruction of 1600 pistons in total gives the
best accuracy. Though the reconstruction accuracy becomes
worse with the decrease of pistons, the errors caused by using
625 and 361 pistons are only slightly higher than that using
1600 pistons, especially at low frequencies. The performance
of SVD-CERSM is less dependent on the number of pistons,
and the increase in pistons does not have an obvious improve-
ment on the reconstruction. Indeed, the error caused by using
169 pistons is evidently higher than that by using more pistons
since the sound field is not well represented by insufficient
pistons. However, an appropriate reduction in the pistons can
further enhance the calculation efficiency, which still gives an
acceptable accuracy. The results at three hologram distances
well indicate that the SVD-CERSM using 361 pistons is suffi-
cient for accurate reconstruction of plate because the sparsity
condition is satisfied.
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Fig. 10. Curves of reconstruction error versus frequency of SVD-CERSM with different numbers of pistons in a frequency range from 100 Hz to
1600 Hz at d = 0.15 m (a), 0.3 m (b), and 0.6 m (c).

3.3. Comparison between SVD-CERSM and SVD-CESM

As another typical reconstruction method for spatially ex-
tended sources in sparsity framework, the SVD-CESM is in-
troduced as a benchmark in this subsection. The proposed
SVD-CERSM is compared with SVD-CESM, and the differ-
ences between two methods are analyzed.

All inverse problems are mathematically ill-conditioned,
and the ill-posedness difficulty is reflected in the condition
number of the transfer matrix. In SVD-CERSM, the error sen-
sitivity of 𝑣S is represented by

‖δ𝑣S‖
‖𝑣S‖

≤ κ(𝐺vat)
‖δ𝑝H‖
‖𝑝H‖

, (21)

where δ𝑣S is the deviation of normal velocity, δ𝑝H is the devi-
ation of the measured data, and κ(𝐺vat) is the condition num-
ber that is the ratio of the maximum singular value to minimum
singular value of 𝐺vat. The larger the condition number, the
more ill-posed the transfer matrix is and the larger the poten-
tial error. Moreover, the overlarge condition number reduces
the regularized strategy and makes the acoustic quantity hard
to solve. Similarly, in the SVD-CESM, the error sensitivity is
written as

‖δ𝑞‖
‖𝑞‖

≤ κ(𝐺green)
‖δ𝑝H‖
‖𝑝H‖

, (22)

where 𝑞 is the virtual source intensity, and 𝐺green is the
Green’s function transfer matrix. The value in 𝐺green is
jρck e−jk|𝑟H−𝑟0|/4π |𝑟H−𝑟0| where 𝑟0 denotes the position
of virtual sources.

Dz
Y

Z

Sampling points

Virtual sources

Reconstruction
surface

The plate

Hologram distance d 

Fig. 11. SVD-CESM diagram. Note that the equivalent sources are retracted
behind the plate (away from the reconstruction surface), to avoid their sin-
gularity being in the field.

Figure 11 shows the reconstruction by using SVD-CESM,
in which the retreat distance ∆z is crucial and need to be cho-
sen carefully. In the following simulations, the SVD-CERSM
uses 361 pistons as depicted in Subsection 3.2. The SVD-
CESM uses 361 virtual sources, and the locations of which
coincide with the center of pistons. Both of the two methods
use the pseudo-random array with 80 samplings.

In the mathematical sense, the biggest difference between
the SVD-CERSM and SVD-CESM is the transfer matrix. Fig-
ure 12 shows the curves of mean condition number of the
transfer matrix versus frequency in SVD-CERSM and SVD-
CESM when ten different random arrays are used. It is evi-
dent that the condition numbers of the transfer matrix in SVD-
CERSM are less than that in SVD-CESM, which means that
the ill-posedness difficulty and the potential error in SVD-
CERSM are less than those in SVD-CESM despite of small
or large d. Though κ(𝐺green) decreases with the decrease of
∆z, the reconstruction accuracy is not optimal at the minimal
∆z because the acoustic quantity is source intensity in SVD-
CESM and the singularity should be considered. On the other
hand, the overlarge ∆z increases the ill-posedness in recon-
struction, which results in an increase of the potential error.
Hence, an optimal ∆z is often discussed in ESM-based ap-
proaches, which may restrict the further improvement of re-
construction accuracy.

Taking the central sampling point for example, the
weighting factors

∣∣𝐺vat/𝐺green
∣∣ (∆z = 0.05 m) at 800 Hz are

shown in Fig. 13. It can be seen that the maximum value
locates at the position where the center of the piston coin-
cides with the projection of sampling point. Therefore, the
off-diagonal values in 𝐺vat are significantly reduced, i.e., the
weighting of the assumed source closest to the sampling point
is enhanced while the coherence of different assumed sources
decreases. Compared with 𝐺green, 𝐺vat is a strictly diagonally-
dominant matrix, thereby guaranteeing the nonsingularity and
small condition number. Meanwhile, the spatially weighting
nature is weakened with the increase of d, and thus the differ-
ence in condition number between the two methods decreases
relatively.
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Fig. 12. Curves of condition numbers of transfer matrix from assumed sources to microphone array at d = 0.15 m (a), 0.3 m (b), and 0.6 m (c).
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∣∣𝐺vat/𝐺green
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Fig. 14. Curves of reconstruction error versus frequency of SVD-CERSM and SVD-CESM (∆z = 0.05 m) in a frequency range from 100 Hz to 1600 Hz
at d = 0.15 m (a), 0.3 m (b), and 0.6 m (c).

Figure 14 shows the curves of reconstruction error versus
frequency for SVD-CERSM and SVD-CESM (∆z = 0.05 m).
It can be seen that the errors of SVD-CERSM are always
lower than those of SVD-CESM. Using the TMMs as a suit-
able sparse basis, both of SVD-CERSM and SVD-CESM pro-
vide an acceptable accuracy at 0.15 m, With the increase of d,
the ill-posedness in reconstruction and the deviation in mea-
sured data become severely worse, which causes the large
error-growth. The reconstructions by SVD-CERSM face rela-
tively less ill-conditioned difficulty, and the solutions in SVD-
CERSM possess weaker coherence that enhances the robust-
ness in calculations. Consequently, the SVD-CERSM still per-
forms better than SVD-CESM at 0.3 m and 0.6 m.

4. Experiment

This section describes an experiment that is carried out
to evaluate the feasibility and applicability of the proposed
method. The experiment is conducted in a large ordinary room

in which there are environmental noise, and the experimental
setup is shown in Fig. 15. A clamped steel plate with dimen-
sions of 1.0 m×0.8 m and a thickness of 3.6 mm is used as the
sound source as shown in Fig. 16(a), and this is driven in its
center by a vibration exciter. A linear microphone array, which
is able to slide on the rails, is used to receive the produced
pressure signals as shown in Fig. 16(b). In the experiment,
the total sampling points are a 19×15 grid with dimensions
of 0.9 m×0.7 m and the pressures are measured on the four
planes.

Exciter

Sliding rail

Microphone array

X

Y

Z

Steel plate

Fig. 15. Experimental setup.
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The plane 4 cm above the plate is the reconstructed plane,
on which the measured pressures are used as the theoretical
values. The planes at positions 14 cm, 29 cm, and 54 cm above
the plate are the hologram planes with different hologram dis-
tances. The proposed SVD-CERSM uses 40 samplings to im-
plement the reconstruction, which are randomly selected from
the original 285 sampling points. Excitation signals are gen-
erated at 100 Hz, 200 Hz, and 400 Hz, and the reconstruction
errors are calculated from Eq. (20).

(a) (b)

Fig. 16. Experimental facilities: (a) rectangular steel plate and (b) micro-
phone array.
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Fig. 17. Curves of reconstruction errors versus hologram distance at frequencies: (a) 100 Hz, (b) 200 Hz, and (c) 400 Hz.
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Fig. 18. Reconstruction maps of SVD-CERSM and SVD-CESM at 200 Hz from [(a)–(c)] theoretical results, (d) SVD-CERSM for hologram
distance 0.14 m, (e) SVD-CERSM for hologram distance 0.29 m, (f) SVD-CERSM for hologram distance 0.54 m, (g) SVD-CESM for hologram
distance 0.14 m, (h) SVD-CESM for hologram distance 0.29 m, and (i) SVD-CESM for hologram distance 0.54 m.

Figure 17 shows reconstruction errors at different holo-
gram distances. The SVD-CERSM uses 361 pistons and the
SVD-CESM (∆z = 0.05 m) uses 361 virtual sources. The
ERSM using 1600 pistons is implemented by 285 and 40 sam-
plings, separately. It is evident that the ERSM using 285

samplings provides the best accuracy, and the error of SVD-
CERSM is slightly higher than that of ERSM using 285 sam-
plings. There is no doubt that the ERSM using 40 samplings
gives the worst accuracy because of the insufficient samplings,
and the error of SVD-CESM is the second highest in the four
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methods. Figure 18 shows the 2D maps reconstructed by
SVD-CERSM and SVD-CESM at 200 Hz. It can be seen
that the SVD-CESM performs well only at 0.14 m, while it
provides less accurate reconstructions at 0.29 m and 0.54 m.
By comparison, the SVD-CERSM gives better reconstructions
with more sound field details at all the three hologram dis-
tances. The above results demonstrate that the proposed SVD-
CERSM using less pistons can well realize the reconstruction
with limited samplings.

5. Conclusion and perspectives
In conventional ERSM, the sizes of pistons are restricted

by the application condition of far field approximation. There-
fore, an accurate reconstruction requires a large number of
pistons, and a large number of samplings are also needed.
In this work, the TMMs, which are composed of the singu-
lar vectors of the vibro-acoustic transfer matrix, are used as
the sparse basis of normal velocities of pistons. Based on
this sparse basis, the sparse regularization is introduced into
ERSM, and the SVD-CERSM is proposed. Simulations and
experiments for a rectangular plate demonstrate that the SVD-
CERSM can provide good performance with limited sam-
plings. Meanwhile, appropriately reducing the number of the
pistons, the SVD-CERSM still maintains acceptable accuracy.
Compared with previous study, the number of pistons is re-
duced from 1600 to 361, with size unchanged. Besides, the
SVD-CERSM is compared with the SVD-CESM in the math-
ematical sense. The ERSM-based method does not need to
choose a virtual source surface as the ESM-based method.
Simulations show that the transfer matrix in SVD-CERSM is a
strictly diagonally-dominant matrix because it has the property
of spatially weighting, which ensures its nonsingularity and
the smaller condition number than the counterpart in SVD-
CESM. Both simulations and experiments also indicate that
the SVD-CERSM has higher accuracy than SVD-CESM in
the sound field reconstruction of plate. Limited by the physi-
cal sense of ERSM, the baffled effects should be considered,
and hence the ERSM-based approaches are only suitable for
the spatially extended sources based on current studies. Ac-
cording to cylindrically and spherically curved baffled pistons,
the ERSM-based approaches are expected to be applied to the

reconstructions of cylindrical and spherical extended sources,
and the complex structures can be processed by fitting. All the
relevant studies will be conducted in the future.
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