Chin. Phys. B 31, 126401 (2022)

Solid-to-molecular-orientational-hexatic melting induced by local
environment determined defect proliferations

Zhanglin Hou({% & #) 12315 Jieli Wang(EZARFNLT, Ying Zeng(% #)*, Zhiyuan Zhao(#X i) 3,
Xing Huang(#4)!3, Kun Zhao(#4##)>%8, and Fangfu Ye(H 75 &)37891

1 Wenzhou Institute, University of Chinese Academy of Sciences, Wenzhou 325001, China
2Key Laboratory of Systems Bioengineering (Ministry of Education), School of Chemical Engineering and Technology,
Tianjin University, Tianjin 300072, China
3 School of Physical Science, University of Chinese Academy of Sciences, Beijing 100049, China

4 Research Center of Computational Physics, School of Mathematics and Physics, Mianyang Teachers’ College, Mianyang 621000, China

3 Sichuan Provincial People’s Hospital, University of Electronic Science and Technology of China, Chengdu 610054, China

6Institute of Fundamental and Frontier Sciences, University of Electronic Science and Technology of China, Chengdu 610054, China
7Beijing National Laboratory for Condensed Matter Physics, Institute of Physics, Chinese Academy of Sciences, Beijing 100190, China
8Songshan Lake Materials Laboratory, Dongguan 523808, China
9 Oujiang Laboratory (Zhejiang Laboratory for Regenerative Medicine, Vision and Brain Health), Wenzhou 325001, China

(Received 28 May 2022; revised manuscript received 26 July 2022; accepted manuscript online 26 August 2022)

Two-dimensional (2D) melting is a fundamental research topic in condensed matter physics, which can also provide
guidance on fabricating new functional materials. Nevertheless, our understanding of 2D melting is still far from being
complete due to existence of possible complicate transition mechanisms and absence of effective analysis methods. Here,
using Monte Carlo simulations, we investigate 2D melting of 60° rhombs which melt from two different surface-fully-
coverable crystals, a complex hexagonal crystal (cHX) whose primitive cell contains three rhombs, and a simple rhombic
crystal (RB) whose primitive cell contains one rhomb. The melting of both crystals shows a sequence of solid, hexatic
in molecular orientation (H™?), and isotropic phases which obey the Berezinskii—Kosterlitz—Thouless—Halperin—Nelson—
Young (BKTHNY) theory. However, local polymorphic configuration (LPC) based analysis reveals different melting mech-
anisms: the cHX-H™® transition is driven by the proliferation of point-like defects during which defect-associated LPCs are
generated sequentially, whereas the RB—H™® transition is driven by line defects where defect-associated LPCs are generated
simultaneously. These differences result in the observed different solid-H™® transition points which are ¢, = 0.812 for
the cHX-H™® and ¢o = 0.828 for the RB-H™°. Our work will shed light on the initial-crystal-dependence of 2D melting
behavior.
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1. Introduction

Understanding two-dimensional (2D) melting is a long-
term subject in condensed matter and statistical physics.[!?! In
late 1950s, Bernal introduced geometrical degrees of freedom
to understand the entropy differences between solid and liquid
phases, which has opened a door for an intuitive understand-
ing of 2D melting.!*# Afterwards, motivated by the absence
of true long-range order in two dimensions, ®! Berezinskii, *7!
as well as Kosterlitz, Thouless, Halperin, Nelson and Young,
developed a novel theory (BKTHNY theory) for 2D melting
based on the evolution of topological defects in systems, [>8-131
which states a two-step melting process: the unbinding of pairs
of dislocations drives a continuous transition from solid to lig-
uid crystal phase (x-atic), and subsequently, the dissociation
of pairs of disclinations (i.e. single dislocations) drives the sec-
ond continuous transition from liquid crystal phase to isotropic
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fluid. The BKTHNY theory strongly inspires researchers to
investigate 2D melting behavior.!4-28] On the other hand, with
the advances of detection and analysis techniques, other tran-
sition behaviors that the BKTHNY mechanism cannot cover
have also been discovered,[!%-22-24-26.28-34] gy ogesting that our
understanding of 2D melting is still not complete.

The melting mechanism suggested by the BKTHNY the-
ory have been tested in different particle systems,>-8-10-24.28]
and three types of 2D melting scenarios have been revealed
up to date,[17-19.22.26.28.35-37 \which are a first-order transi-
tion directly from solid to isotropic fluid, a two-step melting
with a continuous solid-to-liquid crystal transition and a first-
order liquid crystal-isotropic fluid transition, and a two-step
melting with continuous transitions for both solid-liquid crys-
tal and liquid crystal-isotropic fluid. For example, both hard
disks!'??233] and regular polygons with an edge number n >
71281 show a two-step melting behavior including a continuous
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solid-hexatic transition and a weakly first-order hexatic-fluid
transition, which is different from the BKTHNY theory. By
contrast, melting of hard hexagons fully obeys the BKTHNY
theory as investigated by Anderson ez al.!?8! These results im-
ply that the melting transition is closely related to the sym-
metries of particle shape and their assembled structures. 28311
However, the underlying mechanism is still unclear. Particu-
larly, how the melting mechanism is affected by the symmetry
of initial crystal configurations remains largely unknown.

In this work, by performing Monte Carlo (MC) simula-
tions, we systematically studied the melting behavior of 60°
hard rhombs [see Fig. 1(a)] in a square box. This system has
two types of crystal structures including a complex hexagonal
crystal [cHX, Fig. 1(b)] whose primitive cell contains three
rhombs, and a simple rhombic crystal [RB, Fig. 1(c)] whose
primitive cell contains just one rhomb. Both cHX and RB
structures are able to fully cover the surface (i.e., the pack-
ing density is 1). In addition, because thombs have internal
angles of 60° and 120°, if only centers of particles are consid-
ered, the RB has the same symmetry as a hexagonal crystal,
whereas cHX has a symmetry of honey-comb lattice (i.e., a
symmetry of inverse-hexagonal lattice). Thus, this 60° rhomb
system provides an ideal platform to investigate the depen-
dence of the melting mechanism on initial crystal structures.
Our results show that the local environment of particles is a
key factor in 2D phase transitions and the melting behavior is
initial-configuration-dependent. Our findings would benefit a
better understanding of 2D melting.

This paper is organized as the follows: In Section 2, we
introduce the simulation methods used in this work. In Sec-
tion 3, the results are shown and discussed. Lastly, the conclu-
sion is given in Section 4.

2. Simulation methods

MC simulations on the melting behavior of cHX and RB
were performed using isothermal-isobaric (constant-NPT) en-
sembles. For both cHX and RB systems, each system melts
from a same initial configuration at different pressures to ex-
plore the phase space. Specifically, to prepare the initial con-
figurations, we put particles on the lattice sites of either cHX
or RB structure with a packing fraction ¢o > 0.99, where
¢a =NA/V, with N, A, and V being the particle number, par-
ticle area and box area, respectively. The simulation systems
have more than 100 x 100 particles (12600 for cHX systems
and 12480 for RB systems). To perform MC simulations, a
total of 5.0 x 10 steps were run including 4.5 x 10° steps for
equilibrating systems and other 0.5 x 10% steps for statistical
ensemble average. In every MC step, each particle will have
a trial move. A trial move of a particle includes both trans-
lation and rotation. For rotational movement, its amplitude is
proportional to the amplitude of one-dimensional translational
displacement by a factor of \/rT/I , where m and [ are the mass
and inertia of moment of the rhomb particle. For more details,
one can refer to the protocol described in Ref. [38].

3. Results and discussion

3.1. Simulation results:
melting behavior

initial-configuration-dependent

The simulation results using cHX and RB structures as
initial configurations are shown in Figs. 1-3 as well as in
Figs. S1 and S2 in the supplementary information. Phases
were determined by a combination of order parameters includ-
ing 2-, 4-, and 6-fold molecular orientational orders @,, P4,
and @4, 4- and 6-fold bond orientational orders ¥4 and Y%,
and translational orders S.yx for the cHX lattice and Sgg for
the RB lattice, correlation functions including 6-fold molec-
ular orientational correlation function gg'® and translational
correlation function g, as well as particle configurations (see
definitions of order parameters and correlation functions in
the supplementary information). There are total four different
phases observed, including isotropic fluid phase [I, Fig. 1(d)],
hexatic in molecular orientational order (H™®) [Fig. 1(e)], RB
[Fig. 1(f)] and cHX [Fig. 1(g)].

(a)

Fig. 1. Schematic illustration of simulation models and typical configurations
of each phase obtained from Monte Carlo (MC) NPT ensembles. (a) Sketch
of a 60° rhomb with an edge length L. (b) Illustration of a complex hexagonal
crystal (cHX, green rhomb indicating a primitive cell of the lattice) that can
be viewed as an assembled structure of a three-particle-based hexagonal unit
(red hexagon). (c) Illustration of a simple rhombic crystal (RB, green rhomb
indicating a primitive cell of the lattice) constructed by single particle unit
(red rhomb). (d)—(g) Snapshots of I, H™®, RB and cHX phases. I: isotropic
fluid, H™°: hexatic in molecular-orientational order. Insets at the lower left
corners: FFTs of corresponding snapshots.

For both initial structures of cHX and RB crystals, sys-
tems melt first from a crystal to an intermediate liquid crystal
phase H™ and subsequently from the H™ to an I phase. Tran-
sitions for both steps seem to be continuous. Thus, the melting
transitions in both cHX and RB systems are consistent with the
BKTHNY theory.[28%11.281 Although the phase sequence is
similar during melting transition in the cHX and RB systems,
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they do show a different solid—-H™® transition point, which is ~ system. Apparently, such a difference in the transition point
¢a = 0.812 for the cHX system and ¢ = 0.828 for the RB  results from the different initial crystal structures.
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Fig. 2. Monte Carlo simulation results of the cHX system using NPT ensembles. (a) Equation of state and (b) order parameters including
2-, 4-, and 6-fold molecular orientational orders ®,, @4, and Py, 4- and 6-fold bond orientational orders ¥ and ¥, and translational order
with cHX lattice Sciyx. The vertical dashed lines indicate the cHX-H™° and H™°-I transition points. [(c), (d)] Spatial correlation functions of
6-fold molecular orientational order gg'* and translational order g.yx. Green dashed lines in (c) and (d) decay as r~1/4 and /3, which are
the BKTHNY predictions on liquid crystal-isotropic fluid and solid-liquid crystal transition points for gg'° and gs, respectively.
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Fig. 3. Monte Carlo simulation results of the RB system using NPT ensembles. (a) Equation of state and (b) order parameters including
2-, 4-, and 6-fold molecular orientational orders ®,, @4, and Pg, 4- and 6-fold bond orientational orders ¥ and ¥, and translational order
with RB lattice Sgg. The vertical dashed lines indicate the RB—-H™° and H™°-I transition points. [(c), (d)] Spatial correlation functions of
6-fold molecular orientational order gg'* and translational order grp. Green dashed lines in (c) and (d) decay as r~ Y4 and r~1/3, which are the
BKTHNY predictions on liquid crystal-isotropic fluid and solid-liquid crystal transition points for g¢'® and g5, respectively.
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3.2. Definition of LPC-4NNs

To further understand the mechanism underlying the ob-
served different melting behaviors, we employed an analy-
sis based on local polymorphic configurations (LPCs). The
LPC method has been used to analyze the glass transition
in Penrose-kite systems®*”) and to understand the emergent
tetratic order in hard kite systems, 8 suggesting that it could
be used to analyze the phase behavior of anisotropic particles.
By applying the LPC method to the rhomb system, rhombic
particles are first classified based on their local environment
formed by their four nearest neighbors, i.e., LPC-4NNs. Here,
four nearest neighbors are chosen in view of the structural
characteristics of cHX and RB lattices as well as the mechan-
ical stability of edge-edge contact between neighboring parti-
cles. For each selected particle, its neighboring particle with
a relative pointing angle between them being around 60°/120°
or 0°/180° is categorized as a 60°/120° or 0°/180° neighbor,

respectively; while a neighbor with a relative pointing angle
being out of 60°/120° and 0°/180° is categorized as a fluctuat-
ing neighbor. Then, for the selected particle, based on the cate-
gory information of its 4 nearest neighbors, it can be classified
into one of six types with each one having a different LPC-
4NN [Fig. 4(a)]: Types 1-5 have zero to four 0°/180° neigh-
bors, respectively. Type 6 has 2 or more fluctuating neighbors,
and particles of type 6 are called disordered particles (DPs).
For simplicity, for particles that have one fluctuating neighbor,
the threshold value for judging 60°/120° or 0°/180° neighbors
is increased from 15° to 30°, and the fluctuating neighbor un-
der the threshold value of 15° was re-categorized under the
threshold value of 30°, so that these particles can be classi-
fied into one of types 1-5 (see details in the supplementary
information and Fig. S3). Figure 4(b) shows a representative
configuration of the cHX system in which particles are colored
according to their LPC-4NNss.

v
TV

Type 2 Type 3-1
o) >

- ©
Type 3-3 Type 4

order

Type 6: disorder particle

with weak

ﬂ. rotational &
' ’ translational

Fig. 4. The model of LPC-4NNs and a representative configuration with particles colored according to LPC-4NNs. (a) Schematic graphs
showing six types of LPC-4NNs. Brown and dark violet dashed rectangle illustrate type 1 (consistent with cHX structure) and type 5 (consistent
with RB structure), respectively. Green dashed rhombs in LPC-4NNs: indicating that its neighboring rhombs can slide along the edge of
the target particle to the position of the green dashed rhomb without changing the type of LPC-4NN. (b) A representative configuration at
¢a = 0.800 in the cHX system, in which particles are colored by their LPC-4NN types. Colors of the six LPC-4NN types are same as in (a).

3.3. Partial translational and molecular-orientational or-
ders: effect of each type of LPC-4NN on melting

LPC-4NNs provide an intuitive view of local environ-
ment around target particles, which can be closely related to
the global order of the system.*®-3] Based on LPC-4NNs, we
measured the partial translational and molecular orientational
orders for the particles that have the same type of LPC-4NNss.
The results are shown in Fig. 5. The global orders obtained
from all particles of the system (i.e., no matter what is type
of particle’s LPC-4NN) are also shown, which can be used as
references to judge the contribution of the particles with cer-
tain type of LPC-4NNs. We can see that in the cHX system
[Fig. 5(a)], before melting, the global S.yx begins to drop as
soon as non-type-1 particles appear. Moreover, after type-2
particles appear, the partial Scgx of them is roughly equal to
the global Scux. Then in the H™® region, as the global transla-
tional order has been destroyed, the measured global S.yx de-

cays quickly to below 0.4. Compared with the global S.gx, the
partial Scyx’s of type-1 and type-4 particles are higher whereas
the partial Scgx’s of type-3 and type-6 particles are lower, in-
dicating that type-3 and type-6 particles are more detrimental
than type-1 and type-4 particles in destroying the translational
order of the system. Interestingly, for the whole crystal region,
the partial Scgx of type-1 particles seems to keep constant
and exhibits a plateau. These results suggest that, when the
system melts from cHX, the generation of other LPC-4NNs
different from type 1 will reduce the global Scux, though it
has little effect on the remaining structures formed by type-1
particles. By contrast, for the RB system [Fig. 5(c)], before
melting the global Sgp is roughly equal to the partial Sgg of
type-5 particles even when non-type-5 particles appear, indi-
cating the dominant role of type-5 particles in the system. Near
the RB-H™° transition, type-4 and type-5 particles contribute
positively while those of types 1-3 contribute negatively to the
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global order. In the crystal region, the overall trend of the par-
tial Sgp from type-5 particles shows a gradually decrease with
decreasing @a. In both systems, near and above solid—H™°
transitions, the number of DPs is too few (less than 1%) to get

Similar analysis for the 6-fold molecular orientational or-
der @4 has also been performed [Figs. 5(b) and 5(d)], and the
results show that near H™°—I transition, @ is mainly destroyed
by DPs. This is same for the cHX and RB systems, as is ex-
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Fig. 5. Translational order [(a), (c)] and 6-fold molecular orientational order [(b), (d)] measured for each type of particle at different @, .
Cyan-filled region indicates the global order of the system. Results shown in the figure are averaged over more than 100 particles for each type

of particle. The dashed lines indicate the transition points.

3.4. Proliferation of point/line defects induces the cHX-
H™°/RB-H™° transitions

To further elucidate the roles of different LPC-4NNs in
the melting transitions, we tracked the evolution of different
LPC-4NNs during the melting of the two systems. The results
are shown in Fig. 6. For the cHX-H™® transition, at the be-
ginning (e.g., at 9o = 0.844), particles mostly belong to type
1 [Fig. 6(b)]. Type-2 and type-3 particles can be observed
sporadically and often appear in a form of point-like groups
[e.g., isolated star-like clusters in Figs. 6(b) and 6(c)] consist-
ing of three type-3 and six type-2 particles. As @ decreases
to ¢a = 0.825 [Fig. 6(c)], the amount of type-2 and type-3
particles increases, so more point-like groups are formed and
some neighboring groups connect to each other to form big-
ger clusters. Then, at o = 0.805, the system melts into H™
phase. The numbers of both type-2 and type-3 particles reach
a peak [Fig. 6(a)], and these particles connect to form a big
cluster that can percolate the system [Fig. 6(d)]. Other types
of particles also appear inside the big cluster. In contrast, the
evolution of LPC-4NNs shows a different pattern during the
RB-H™? transition. At ¢4 = 0.837 [Fig. 6(g)] where the sys-

tem is still in RB phase, most particles belong to type 5, but
particles of types 1-4 can emerge and often appear simulta-
neously. However, different from the point-like groups ob-
served in the cHX system, these particles of types 1-4 form
line-shaped clusters in the RB system. At a lower ¢4 = 0.830
[Fig. 6(h)], with more non-type-5 particles appear, the number
of line-shaped clusters increases and they begin to crosslink
to form a big network, which can percolate the system even
when the system is still in the RB phase. Then at ¢4 = 0.823
[Fig. 6(1)], the expanded network essentially covers the major-
ity of particles and the system melts into H™® phase. For both
systems, as the system continues to melt, more and more DPs
appear [Figs. 6(e) and 6(j)], which destroy the &g order and
drive the system from H™® to I phase.

The observed different evolution patterns of LPC-4NNs
seem to suggest that the generation mechanisms of the cHX
melting and RB melting for the LPC-4NNs that are not consis-
tent with the crystal structures (hence defects associated) are
different. To better illustrate this point, we consider defects in
the two systems. As shown in Fig. 7(a), in the cHX structure,
if a three-particle-based hexagonal unit (red dashed hexagon)
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rotates +7/3, it will generate six type-2 particles and three
type 3-1 particles. Then, when two such rotated hexagonal
units are neighbors, type 3-2 and type 3-3 particles are created.
Similarly, type-4 and type-5 particles can be generated when
three and four such rotated hexagonal units come to close with
each other. Since all other types of LPC-4NN except type 1
are not compatible with the crystal structure, these generated
particles of types 2-5 thus contribute to the defects of the sys-
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tem and drive the melting of cHX. Based on this picture, in
the context of occurrence probability, the generation of differ-
ent LPC-4NNss is sequential in the cHX system where type 2
and type 3-1 appear first, next followed in turn by type 3-2 and
type 3-3, type 4 and type 5. This sequential generation is also
consistent with the evolution curves of different LPC-4NNs

shown in Fig. 6(a).

0.85 0.90

Fig. 6. Evolution of melting process characterized by types of particles according to LPC-4NNs. [(a), (f)] The fraction of of particles of types
1-6 as a function of packing fraction in the cHX system (a) and the RB system (f). The colored backgrounds represent different phase windows
shown in Figs. 2 and 3. Representative configurations of the cHX system (b)—(e) and the RB system (g)—(j) with particles colored by its type

based on LPC-4NNss.

In contrast, in the RB structure, most LPC-4NNs that
are not compatible with the RB structure are associated with
twinning-like line defects. For example, Fig. 7(b) top shows
some typical line defects of 60° rhombs, in which particles
of type 1, type 2, type 3-1, type 3-3 and type-4 are found.
When more than 2 line defects meet, type 3-2 particles can
be generated [Fig. 7(b) bottom]. Thus, during the melting of
the RB structure, all types of LPC-4NNss that are not compati-
ble with the crystal structure can appear simultaneously [con-
sistent with the evolution curves shown in Fig. 6(f)], which
can work synergistically in disrupting the crystal structures
and drive the RB-H™° transition. This is different from the

sequential appearance of defect-associated LPC-4NNs in the
cHX case. Such differences also result in different solid-H™°
transition points shown in Figs. 2 and 3, where RB—H™° tran-
sition happens earlier (i.e., at higher @) than cHX-H™° tran-
sition. This is because the RB—H™® transition is more sensi-
tive to any type of defect-associated LPC-4NNs as these LPC-
4NNs occur simultaneously, whereas for the cHX-H™® tran-
sition, the sequential appearance of defect-associated LPC-
4NN leads to a gradual reduction of crystal orders and thus
pushes the transition point to a lower ¢4. We would like to
point out that all these aforementioned analyses are based on
defects that are loosely indicated by those LPC-4NNs that are
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not consistent with crystal structures. They are not equivalent
to typically used dislocations and disclinations that are rigor-
ously defined. Thus, to quantitatively characterize the defects
identified in this work (e.g., core energies of defects) and inter-
actions between defects, new methods need to be developed,
which are beyond the scope of this study.

Type 2 & type 31 | Type 3-2

Type 3-2

Type 5

Type 3-3

Type 4

Fig. 7. Illustration of the generation mechanisms of LPC-4NNs in the
cHX system (a) and RB system (b). (a) In the cHX system, rotation
of a three-particle-based hexagonal unit (red dashed hexagon) excites
LPC-4NNs of types 2 and 3-1 (green rectangle), and several neighbor-
ing rotated units can excite LPC-4NNs of type 3-2, type 3-3, type 4
and type 5. (b) Illustration of twinning-like line defects including LPC-
4NNSs of type 1, type 2, type 3-1, type 3-3 and type 4 (top) in the RB
system. When more than two line defects meet, type 3-2 LPC-4NN
(bottom) can be generated.

4. Conclusion

In summary, by MC simulations, we have studied the
melting behavior of 60° rhombs from two different initial crys-
tal structures, cHX and RB. Using the LPC-based analysis
method, we found that the mechanisms of the meltings of
two systems are different although both of them obey the BK-
THNY theory. In the cHX melting, the proliferation of point
defects formed by LPC-4NNs of types 2—6 that are not com-
patible with the cHX crystal structure drives the cHX-H™°
transition; whereas in the RB melting, line defects consist-
ing of LPC-4NNs of types 1-4 and type 6 that are not com-
patible with the RB crystal structure are responsible for de-
stroying the crystal order and lead to the RB-H™® transition.
Moreover, defect-associated LPC-4NNs are generated sequen-
tially in the cHX system while they can be generated simulta-
neously in the RB system. These differences also correlate
to the observed different solid—-H™® transition point which is
¢p = 0.812 for the cHX-H™® transition and ¢, = 0.828 for
the RB-H™® transition. We note that here we mainly focus on
the defects mediated solid—H™® transitions. In principle, sim-
ilar analysis can also be performed for the H™ I transition.
However, such analysis will require a new way to detect H™°-
associated disclinations (e.g., +1/6 disclinations). Moreover,
there is no difference between the H™°—I transition of the cHX
and RB systems. Given such considerations, it is more appro-
priate to leave such defect analysis for the H"™°—I transition in
future work.

The different melting manners in the cHX and RB sys-
tems reveal the important role of local environment formed by
neighboring particles, which leads to the initial-configuration-
dependent behavior in our work. Thus, the phase behavior of
2D anisotropic particles is not only dependent on the details
of particle-self, e.g., shape and symmetry, but also on the ini-
tial configuration preset in the system. The results obtained in
this study brings new challenges and opportunities for under-
standing 2D melting on the theoretical level and demonstrates
the potential of the LPC-based analysis method as a powerful
technique in understanding the phase behavior of anisotropic
particles. Based on LPC, it may also help to control the assem-
bled structures in a condensation process (which is the reverse
of the expansion process used in MC simulations), by manip-
ulating the evolution pathways of LPCs. With the advances
in the fabrication of anisotropic colloids, for example, through
lithographic techniques,!*”! we would expect that controlled
assembling through such LPC-based regulations can be tested
experimentally in the future.
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