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We study the wave–particle duality in a general Mach–Zehnder interferometer with an asymmetric beam splitter
from the viewpoint of quantum information theory. The correlations (including the classical correlation and the quantum
correlation) between the particle and the which-path detector are derived when they are in pure state or mixed state at
the output of Mach–Zehnder interferometer. It is found that the fringe visibility and the correlations are effected by the
asymmetric beam splitter and the input state of the particle. The complementary relations between the fringe visibility and
the correlations are also presented.

Keywords: wave–particle duality, fringe visibility, correlation, general Mach–Zehnder interferometer
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1. Introduction
A single quantum system has mutually exclusive proper-

ties, and these characteristics can be converted to each other
depending on the method of observation, which is known
as Bohr’s complementarity principle.[1] The well-known ex-
ample of the complementarity principle is wave–particle du-
ality. A two-path interferometer, such as Young’s double-
slit or Mach–Zehnder interferometer (MZI), is used to quan-
tify the wave–particle duality. The wave–like property and
the particle-like property are shown by the fringe visibility
and the which-path information (WPI) of the interferometer,
respectively.[2–5] If the path of the particle is known accu-
rately, the fringe visibility will disappear. The more WPI is
obtained, the less the fringe visibility is. Recently, there have
also been new advances of complementarity in experiments.
QI et al.[6] experimentally constructed a weak-measurement
MZI setup and performed a single-photon experiment with this
new interferometer to test the wave–particle duality of pho-
tons. Yoon et al.[7] have proved that the experimental scheme
using two stimulated parametric down-conversion processes is
an ideal tool for investigating and understanding wave–particle
duality and Bohr’s complementarity quantitatively. Wang et
al.[8] experimentally verified the duality relation between co-
herence and path information to the quantum case and re-
vealed the effect of quantum superposition on the duality re-
lation. Pozzobom et al.[9] performed experimental tests of
these complementarity relations applied to a particular class
of one-qubit quantum states and also for random quantum
states of one, two, and three qubits. Dieguez et al.[10] pre-
dicted the existence of hybrid elements of reality interpolat-
ing between wave and particle by a quantum controlled de-

vice. The complementarity between the fringe visibility and
the which-path knowledge has been studied greatly in the sym-
metric MZI (both beam splitters are symmetrical) in theory
and experiment.[11–19] In addition, the complementary rela-
tionship in a general MZI with an asymmetric beam splitter
(BS) has also attracted great attention.[20–29]

Originally, the uncertainty principle was attributed to the
absence of interference fringe. Ever since the proposal that the
entanglement is responsible for the loss of interference,[30] a
detector is introduced to the MZI, which is capable of making
the path taken by the interfering particle and called the which-
path detector (WPD). The WPI is obtained by reading the state
of the WPD. Although quantum entanglement is the great in-
terest to quantum mechanics and the great importance to quan-
tum information processing, it cannot explain all non-classical
correlation,[31–33] which is called quantum correlation (QC).
QC is more general and more fundamental than entanglement.
Thus, it is reasonable to believe that not quantum entangle-
ment but QC is responsible for the loss of interference. Liu et
al.[18] have found that the correlation can quantify the particle-
like property and obtained the relationship of the fringe visi-
bility and the correlation in a symmetric MZI, but no one has
studied the relationship between the correlation and the fringe
visibility in a general MZI with an asymmetric BS. In this pa-
per, we study both the wave-like property and the particle-like
property in a general MZI with an asymmetric BS from the
viewpoint of quantum information theory. The fringe visibil-
ity and the classical correlation (CC) or the QC are used to
quantify the wave-like behavior and the particle-like behavior,
respectively. The CC and the QC are calculated with either
pure state or mixed state at the output of MZI. Here, the quan-
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tum discord (QD) is used to represent the QC.[33] It is found
that the fringe visibility and the correlations are effected by
the asymmetric BS and the input state of the particle. The
trade-off between the fringe visibility and the CC (QD) is also
presented.

The paper is organized as follows. In Section 2, we
present the MZI with an asymmetric BS, and the state of the
particle and the WPD. In Section 3, we investigate the CC
or QD of pure state and mixed state after the particle leaves
the asymmetry MZI. The complementary relationships of the
fringe visibility and the correlations are also presented. In Sec-
tion 4, we made our conclusion.

2. Setups and state evolution
A general MZI consists of two BSs and two phase

shifters(PSs) as shown in Fig. 1. The incident particles are
split into two paths by the symmetrical beam splitter BS1.
Orthogonal normalized states |a⟩ and |b⟩ are used to denote
two possible paths, which support a two-dimensional Hilbert
space. When the particles propagate in these two paths, PS1
and PS2 perform an rotation

UP(φ) = exp(−iφσz) (1)

on the path qubit, where pauli matrix σz = |b⟩⟨b|− |a⟩⟨a|. Fi-
nally, these two paths are recombined by the asymmetric beam
splitter BS2. The effect of the BS2 on the particle is denoted
by

UB(β ) = exp
(
− i

β

2
σy

)
, (2)

which is equivalent to performing a rotation around the y axis
by angle β . The BS2 is symmetrical when β = π/2.

BS2

BS1

PS1

PS2

WPD

a

b

a

b

Fig. 1. The schematic sketch of the general Mach–Zehnder interferometer
with the second BS asymmetry, a WPD is placed in path a.

To obtain the WPI, a WPD is placed on path a. When a
particle initially in state

ρ
Q
in =

1
2
(1+Sxσx +Syσy +Szσz) (3)

goes through the MZI, the operator M = |b⟩⟨b|⊗I+ |a⟩⟨a|⊗U
is performed on the initial state ρD

in of WPD, where I and U are
the identical and unitary operator, respectively. In Eq. (3), the

Bloch vector 𝑆 = (𝑆x,𝑆y,𝑆z). After the particle has passed
through the MZI, the state becomes

ρ
QD
f = UB(β )MUP(ϕ)UB

(
π

2

)
ρ

Q
inρ

D
inU†

B(
π

2
)U†

P (ϕ)M
†U†

B(β )

=
1
4
(1−Sx)(1+σz cosβ +σx sinβ )⊗ρ

D
in

− 1
4

e−iφ (Sz − iSy)(σz sinβ −σx cosβ − iσy)⊗ρ
D
inU†

− 1
4

e iφ (Sz + iSy)(σz sinβ −σx cosβ + iσy)⊗Uρ
D
in

+
1
4
(1+Sx)(1−σz cosβ −σx sinβ )⊗Uρ

D
inU†, (4)

and the reduced state of the WPD reads[27]

ρ
D
f = ωbρ

D
in +ωaUρ

D
inU†, (5)

where

ωa =
cos2 (β/2)(1+Sx)

1+Sx cosβ
, ωb =

sin2 (β/2)(1−Sx)

1+Sx cosβ
. (6)

We note that the probabilities ωa and ωb are only dependent
on the parameters Sx and β .

The probability that the particle is detected at output port
a reads

p(φ) = trQD[
1
2
(1−σz)ρf]

=
1
2
(1+Sx cosβ )

+
A
2

√
S2

z +S2
y sinβ cos(α + γ +φ), (7)

where A = | trD(UρD
in)|, α and β are the phases of Sx + iSy

and trD(UρD
in), respectively. The fringe visibility, which char-

acter the wave-like property of the particle, is defined via the
probability in Eq. (7) as

V ≡ maxP(φ)−minP(φ)
maxP(φ)+minP(φ)

=
Asinβ

1+Sx cosβ

√
S2

z +S2
y , (8)

where the maximum and minimum are achieved by adjusting
φ . We note that the expression of the fringe visibility mea-
sured in either output port a or b is different in an asymmetric
MZI, however, the maximum of the fringe visibility remains
the same no matter which port the particle is detected. The
fringe visibility obtains the maximum A when the particle ini-
tially is in pure state and cosβ =−Sx.[27]

3. Information gain via general MZI
To obtain the WPI, a measurement on the WPD is neces-

sary. For the convenience of calculation, we assume that the
initial state of the WPD is in pure state denoted by ρD

in = |r⟩⟨r|.
For an arbitrary unitary operator U , states |r⟩ and |s⟩ ≡ U |r⟩
are linearly independent, which are either orthogonal state or
non-orthogonal state. However, it is well known in quantum
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measurement theory that non-orthogonal states cannot be ac-
curately distinguished. If conclusive results are made, errors
are unavoidable. Thence it is desirable to distinguish these
states with minimum probability of error, which is denoted by
the minimum error measurement.[34] Mathematically, the min-
imum error measurement for two-dimensional Hilbert space is
characterized by the projective operators Π D

a = |Ma⟩⟨Ma| and
Π D

b = |Mb⟩⟨Mb|. For state in Eq. (5), the basis of the minimum
error measurement reads

|Ma⟩ = − 1
Aa

√
1−A2

(
1−
√

1−4ωaωbA2

2ωaA

)
|r⟩

+
1

Aa
√

1−A2
U |r⟩ ,

|Mb⟩ = − 1
Ab

√
1−A2

(
1+
√

1−4ωaωbA2

2ωaA

)
|r⟩

+
1

Ab
√

1−A2
U |r⟩ , (9)

where

Aa =

√
1−4ωaωbA2 −

√
1−4ωaωbA2(1−2ωaA2)

2ω2
a A2(1−A2)

,

Ab =

√
1−4ωaωbA2 +

√
1−4ωaωbA2(1−2ωaA2)

2ω2
a A2(1−A2)

. (10)

In fact, the bases in Eq. (9) are the eigenstates of the op-
erator ωaUρD

inU† −ωbρD
in . In this section, after the particle

leaves the asymmetry MZI, we will study the CC and QD be-
tween the particle and the WPD when they are in pure state or
mixed state.

3.1. CC via general MZI

In quantum information theory, the CC[35] between the
particle and the WPD can be expressed as

𝒥 (ρQD) = max[S(ρQ)−S(ρQ|{Π
D
k })], (11)

where the ρQ is the reduced state of the particle, S(ρQ) is
the von Neumann entropy, S(ρQ|{Π D

k }) is the quantum condi-
tional entropy, Π D

k is the measurement operator performed on
the WPD.

(i) CC for the pure state at the output of MZI
We assume that the particle is entangled with the WPD

after the particle leaves the MZI. They are in pure state

ρ
QD
1 = |ψ⟩⟨ψ|, (12)

where |ψ⟩ =√
ωa|a⟩⊗U |r⟩+√

ωb|b⟩⊗ |r⟩. Since ρ
QD
1 is in

pure state, its quantum conditional entropy is equal to zero. It
also means that when ρQD is pure state, the CC between the
particle and the WPD does not depend on the measurement
operator {Π D

k }. The CC between the particle and the WPD
reads

𝒥 (ρQD
1 ) = −

B+
√

B2 − sin2
β (1−S2

x)(1−A2)

2B

× log
B+

√
B2 − sin2

β (1−S2
x)(1−A2)

2B

−
B−

√
B2 − sin2

β (1−S2
x)(1−A2)

2B

× log
B−

√
B2 − sin2

β (1−S2
x)(1−A2)

2B
, (13)

where B = 1+Sx cosβ .
(ii) CC for the mixed state at the output of MZI
The state of the WPD and the particle is always in a su-

perposition state due to the entanglement between them. A ob-
server must subjectively select the state of the WPD and then
read it out to obtain the WPI. In order to avoid the subjective
selection, Zurek proposed “environment-induced superselec-
tion rules”,[36] which is equivalent to introducing the environ-
ment into the original system. We can obtain the state of the
particle and the WPD

ρ
QD
2 = ωa|a⟩⟨a|⊗U |r⟩⟨r|U† +ωb|b⟩⟨b|⊗ |r⟩⟨r| (14)

by tracing over the degree of the environment. The state
|a⟩ (|b⟩) is correlated with the state U |r⟩ (|r⟩) due to the
“environment-induced superselection”. The observer can ac-
curately know the state of the particle by reading out the state
of the WPD. If the WPD is in the state U |r⟩ (|r⟩), the state
of the particle is |a⟩ (|b⟩). Different from the 𝒥 (ρQD

1 ), the
𝒥 (ρQD

2 ) depends on the measurement basis. According to
the numerical analysis, when the measurement basis Π D

k =

|Mk⟩⟨Mk| induced by the environment is the same as the mea-
surement basis vector used in error-minimum measurement,
the quantum condition entropy S(ρQ|{Π D

k }) obtains the mini-
mum. The CC between the particle and the WPD reads

J(ρQD
2 ) = −ωb logωb −ωa logωa +ωa(S sinγ −Acosγ)2

× log
[

ωa(S sinγ −Acosγ)2

ωa(S sinγ −Acosγ)2 +ωb cos2 γ

]
+ωb cos2

γ log
[

ωb cos2 γ

ωa(S sinγ −Acosγ)2 +ωb cos2 γ

]
+ωa(Asinγ +Scosγ)2

× log
[

ωa(Asinγ +Scosγ)2

ωa(Asinγ +Scosγ)2 +ωb sin2
γ

]

+ωb sin2
γ log

[
ωb sin2

γ

ωa(Asinγ +Scosγ)2 +ωb sin2
γ

]
,

(15)

where

sinγ =− 1
Ab

, cosγ =− 1
Aa

. (16)
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Equations (13) and (15) show that the 𝒥 (ρQD
1 ) and the

𝒥 (ρQD
2 ) are functions of the parameters Sx, β , and A, respec-

tively. In Fig. 2, we plot 𝒥 (ρQD
1 ) and 𝒥 (ρQD

2 ) as a functions

of Sx and β with parameter A = 1/3 in brown and blue, re-

spectively. From Fig. 2, we can obtain the following conclu-

sions. (i) The values of 𝒥 (ρQD
1 ) and 𝒥 (ρQD

2 ) first increase

and then decrease as Sx(β ) increases for a given β (Sx). (ii)

The peak appears at Sx = −1/2 when β = π/3, Sx = 0 when

β = π/2, Sx = 1/2 when β = 2π/3 in Fig. 2(b); β = π/6

when Sx = −
√

3/2, β = π/2 when Sx = 0, β = 5π/6 when

Sx =
√

3/2 in Fig. 2(c). (iii) The value of the CC between the

particle and the WPD is zero in the following situations. i)

The effect of the BS2 for the particle is full transmission (full

reflection), corresponding to β = 0(π). ii) The particle only

travels along the a (b) path, corresponding to Sx = 1,(−1). In

Fig. 3 (Fig. 4), we plot 𝒥 (ρQD
1 ) and 𝒥 (ρQD

2 ) as a function of

Sx(β ) and A with parameter β = π/6 (Sx = 1/2) in brown and
blue, respectively. The blue part shown in Figs. 2(a) and 4(a)
indicates 𝒥 (ρQD

1 ) = 𝒥 (ρQD
2 ). From Figs. 3(b) and 4(b), one

finds that 𝒥 (ρQD
1 ) and 𝒥 (ρQD

2 ) decrease as A increases. The
peak appears at Sx = −

√
3/2 when β = π/6 in Fig. 3(c) and

β = 2π/3 when Sx = 1/2 in Fig. 4(c). By analyzing Figs. 2–
4, we can obtain the following two conclusions. The first is:
under the same conditions, the relationship of 𝒥 (ρQD

1 ) and
𝒥 (ρQD

2 ) satisfies 𝒥 (ρQD
1 ) ≥ 𝒥 (ρQD

2 ). The second is: the
maximum of 𝒥 (ρQD

1 ) and 𝒥 (ρQD
2 ) can be achieved once as

cosβ =−Sx. The 𝒥 (ρQD
1 ) becomes the maximum

𝒥 (ρQD
1 )max = −1+A

2
log
(

1+A
2

)
− 1−A

2
log
(

1−A
2

)
, (17)

when cosβ =−Sx.

Sx

Sx

JJ
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Fig. 2. (a) The CC 𝒥 (ρQD
1 ) and 𝒥 (ρQD

2 ) as functions of Sx and β with A = 1/3 are represented in brown and blue, respectively. (b) The cross section
of the three-dimensional (3D) surface for β = π/3,π/2,2π/3, (c) the cross section of the 3D surface for Sx =−

√
3/2, 0,

√
3/2.
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Fig. 3. (a) The CC 𝒥 (ρQD
1 ) and 𝒥 (ρQD

2 ) as functions of A and Sx with β = π/6 are represented in brown and blue, respectively. (b) The cross section
of the 3D surface for Sx =−1/2, 0, 1/2, (c) the cross section of the 3D surface for A = 1/3, 2/3, 3/4.
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Fig. 4. (a) The CC 𝒥 (ρQD
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2 ) as functions of A and β with Sx = 1/2 are represented in brown and blue, respectively. (b) The cross section
of the 3D surface for β = π/3, π/2, 2π/3, (c) the cross section of the 3D surface for A = 1/3, 2/3, 3/4.
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In Fig. 5, we plot 𝒥 2(ρQD
1 )max +V 2

max as a function of A.
We find the relationship

𝒥 2(ρQD
1 )max +V 2

max ≤ 1 (18)

for any A. So, we can obtain the complementary relation of
𝒥 (ρQD

1 ) and V

𝒥 2(ρQD
1 )+V 2 ≤ 1. (19)

Due to the relationship between 𝒥 (ρQD
1 ) and 𝒥 (ρQD

2 ), we can
also obtain the complementarity relationship between 𝒥 (ρQD

2 )

and V

𝒥 2(ρQD
2 )+V 2 ≤ 1. (20)

The equals sign holds in Eqs. (19) and (20) in the following
situations. (I) The value of the fringe visibility is one, cor-
responding to cosβ = −Sx and V = 1. This means the state
of WPD satisfies |r⟩ = U |r⟩, the interference pattern is com-
pletely observed. (II) The value of 𝒥 (ρQD

1 ) or 𝒥 (ρQD
2 ) is

one, corresponding to cosβ = −Sx and V = 0. This means
the states |r⟩ and U |r⟩ are mutually orthogonal, a perfect WPI
of the particle propagating is achieved.

 . . . . .
.
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Fig. 5. The relationship between 𝒥 2(ρQD
1 )max +V 2

max and A.

3.2. QD via general MZI

The QD is usually used to denote QC, and QD between
the particle and the WPD is defined as the total correlation
minus CC

𝒟(ρQD) = I(ρQD)−𝒥 (ρQD), (21)

here, quantum mutual information

I(ρQD) = S(ρQ)+S(ρD)−S(ρQD) (22)

is used to quantify the total correlation, where S is the von
Neumann entropy, ρQ and ρD are reduced density matrixes of
ρQD.

(i) QD for pure state at output of MZI
By simple calculations, we can obtain QD as follows:

𝒟(ρQD
1 ) = 𝒥 (ρQD

1 ) (23)

between the particle and the WPD when their final state is in
the pure state. From Eqs. (19) and (23), we obtain the comple-
mentary relation

𝒟2(ρQD
1 )+V 2 ≤ 1. (24)

(ii) QD for mixed state at output of MZI
By Eq. (21), we can obtain that when the final state of

particle and WPD is in a mixed state, the QD

𝒟(ρQD
2 ) = 𝒥 (ρQD

1 )−𝒥 (ρQD
2 ). (25)

From Eq. (25), we find that the total correlation of particle and
WPD

I(ρQD
2 ) = 𝒥 (ρQD

1 ). (26)

Liu et al.[18] have demonstrated that 𝒟(ρQD
2 ) and V do

not satisfy the complementarity relation when Sx =−cosβ =

0 and the input particle is in the pure state. For the more gen-
eral case we discuss in this section, when the final state of the
particle and the WPD is in the mixed state, the 𝒟(ρQD

2 ) and V
also do not satisfy the complementarity relation.

4. Conclusion
We have investigated the complementarity of the fringe

visibility and CC or QD in an MZI with one asymmetric BS.
The fringe visibility V exhibits an upper bound A when the par-
ticle initially is in the pure state and cosβ = −Sx. We solved
the CC 𝒥 (ρQD

1 ) and the QD 𝒟(ρQD
1 ) between the particle and

the WPD when the final state of them is in the pure state, and
found that 𝒟(ρQD

1 ) = 𝒥 (ρQD
1 ) and the maximum of 𝒥 (ρQD

1 )

and 𝒟(ρQD
1 ) can be achieved when cosβ = −Sx. The CC

𝒥 (ρQD
1 ) or the QD 𝒟(ρQD

1 ) and the fringe visibility V satisfy
the complementarity relationship 𝒥 2(ρQD

1 )(𝒟2(ρQD
1 ))+V 2 ≤

1. We also obtained the CC 𝒥 (ρQD
2 ) and QD 𝒟(ρQD

2 ) be-
tween the particle and the WPD when the final state of them
is in the mixed state. 𝒥 (ρQD

2 ) can achieve the maximum once
as cosβ = −Sx. The complementarity relationship between
𝒥 (ρQD

2 ) and V satisfies 𝒥 2(ρQD
2 )+V 2 ≤ 1. It is also found

that 𝒥 (ρQD
1 ) (𝒟(ρQD

1 )) ≥ 𝒥 (ρQD
2 ) (𝒟(ρQD

2 )), which means
that the environment not only induces the optimal measure-
ment basis, but also reduces the CC and QD between the par-
ticle and the WPD.

Acknowledgements
Project supported by the National Natural Science

Foundation of China (Grant No. 11975095), the Natu-
ral Science Foundation of Hebei Province, China (Grant
No. A2022106001) and Shijiazhuang University Doctoral Sci-
entific Research Startup Fund Project (Grant No. 20BS023).

110305-5



Chin. Phys. B 31, 110305 (2022)

References
[1] Bohr N 1928 Nature 121 580
[2] Wootters W K and Zurek W H 1979 Phys. Rev. D 19 473
[3] Greenberger D M and Yasin A 1988 Phys. Lett. A 128 391
[4] Jaeger G, Shimony A and Vaidman L 1995 Phys. Rev. A 51 54
[5] Englert B G 1996 Phys. Rev. Lett. 77 2154
[6] Qi F H, Wang Z Y, Xu W W, Chen X W and Li Z Y 2020 Photon. Res.

8 622
[7] Yoon T H and Cho M 2021 Sci. Adv. 7 eabi9268
[8] Wang D Y, Wu J J, Ding J F, Liu Y W, Huang A Q and Yang X J 2021

Entropy 23 122
[9] Pozzobom M B, Basso M L W and Maziero J 2021 Phys. Rev. A 103

022212
[10] Dieguez P R, Guimares J R, Peterson J P S, Angelo R M and Serra R

M 2021 arXiv: 2104.08152v2 [quant-ph]
[11] Mittelstaedt P, Prieu A and Schieder R 1987 Found. Phys. 17 891
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