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Quantum steerability of two qubits mediated by one-dimensional
plasmonic waveguides
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We study the dynamics of the quantum steering between two separated qubits trapped in a one-dimensional plasmonic
waveguide. By numerical methods, we calculate the quantum steerability and other quantum correlations, i.e., entangle-
ment, discord, and coherence, for both cases with and without laser driving fields. It is found that steerability may exhibit
a sudden disappearance and sudden reappearance phenomenon. Specifically, there exist time windows with no steerability
but finite entanglement. The effects of plasmon wavenumber and the distance between the two qubits on steerability are
also examined. Furthermore, we show that quantum steerability is tunable by adjusting the laser driving fields.
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1. Introduction

Steering, firstly proposed by Schrédinger,!! is a quan-
tum effect that a distant part can remotely prepare ensem-
bles of quantum states by performing local measurements with
the aid of entanglement. It allows one to certify the pres-
ence of entanglement between a device-untrusted part and
a device-trusted part.>! Due to the fact that certification
of entanglement!*! requires quantum measurements on both
sides, whereas in Bell nonlocality,!>! both parts possess un-
trusted black-box devices, steering can be treated as a type
of quantum correlation situating between entanglement and
Bell nonlocality. Several experiments, ¢-'%! including steering
without Bell nonlocality!!!! and a fully loop-hole free steer-
ing demonstration,!'?! have verified the steering phenomenon.
Like entanglement, quantum steering has been regarded as a
quantum resource.'' It plays an important role in the one-
sided device-independent quantum key distribution (1S-DI-
QKD), where only one of the parts has an untrusted de-
vice while the other ones possess the trusted apparatus.!%15]
The 1S-DI-QKD has the advantage that its experimental re-
quirements for unconditionally secure keys are less rigorous
than those in both-sided DI-QKD.!H! Besides, it is found re-
cently that quantum steering can also be used to demonstrate
network steering!!”! and can be observed on IBM quantum
computers. (18]

On the other hand, the realization of establishing long-
distance nonclassical correlations (between two nodes of a
quantum network), especially in dissipative environments, is
crucial for quantum information processing.!'”! It has been
reported that photons can be used as a medium to set up
entanglement between two qubits.?%2!] Meanwhile, several
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proposals for mediating long-distance quantum correlations
of two nodes by using plasmons have attracted considerable
interest.[>>-2° Plasmons traveling along a surface are known
as surface plasmon polaritons which can be typically excited
by light waves striking on a metal surface.*°! Since plasmons
display a strong local surface effect, it is effective for break-
ing the classical diffraction limit and manipulating light in the
nanoscale domain. It was shown that the spontaneous forma-
tion of a high degree of entanglement can be acquired, even
for the separation of subsystems are larger than the operating
wavelength.[*!! With the development of nanotechnologies,
strong and efficient coupling in plasmonic quantum electro-
dynamics is attainable and plasmons become a possible candi-
date for quantum information science. 3?33

In this paper, we investigate the dynamics of quantum
steering between two separated qubits which are modulated
by a one-dimensional plasmonic waveguide. Staring from the
master equation that governs the dissipative dynamics of the
two qubits for arbitrary initial states, we numerically calculate
the quantum steerability using the semidefinite program. It is
shown that the dynamical behavior is largely dependent on the
plasmon wavenumber and the distance between the two qubits.
By comparing with quantum entanglement, discord and coher-
ence, we find quantum steerability is more fragile under dissi-
pative environments. In particular, steerability would undergo
sudden disappearance and sudden reappearance processes. It
is found that there exist time windows with zero steerability
but finite entanglement for the system. The features of fixed
and random direction measurement protocols on steerability
are also examined. In order to tune the dynamical behavior of
steerability, classical fields for driving could be locally applied
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to the qubits. We demonstrate that under continuous driving,
time duration with finite steerability can be enlarged remark-
ably.

2. Two qubits mediated by a one-dimensional
plasmonic waveguide

In this paper, we consider identical qubits trapped in
a V-shaped one-dimensional plasmonic waveguide (1D-PW).
Usually, surface plasmon polaritons dissipate due to the in-
ternal losses in the metal and the radiation losses. Hence,
waveguides are needed to confine and direct the propagation
of surface plasmon polaritons with minimal energy loss. 3!
Metallic structured waveguides can display strong field con-
centration and it has been shown that a one-dimensional V-
shaped channel is more efficient for establishing entanglement
than a cylinder nanowire.3!! Moreover, the V-shaped waveg-
uide stands out as a competitive structure as it can promote
a large coupling efficiency B due to the strong EM confine-
ment it offers.3”) The V-shaped 1D-PW has a V-groove struc-
ture that is milled on a silver film. As shown in Fig. 1, the
two qubits are placed symmetrically along the direction of the
plasmonic waveguide with a distance of d. To ensure that the
two qubits are equally influenced by the 1D-PW, their vertical
distances from the surface are all set to be 4. With considering
the spontaneous emission of qubits, the dynamic density ma-
trix p of two qubits can be obtained by the following master

equation: 38391

ohp = %[P,H] + Z{ i %(26,’[)(‘7; ~o/cjp—pa/ o)), (1)
i,j=1,

where G,T and o; are the raising and lowering operators of the
ith qubit, respectively. In Eq. (1), the first term is the inco-
herent term, and the second term is the coherent term, which
describes the effective interaction between two qubits. The
decay rate of a single qubit is ;1 (92), and the cross-decay
rate of two qubits is Y12 (121). To simplify, we assume that
M1 = Y2 =Y and Y12 = 1. For two qubits with the same
characteristic frequency @y, the Hamiltonian can be written as
follows:

H = hay Z GiTGiJrg]z(GlT(TquGzTG]), )
i=12

where coherent dipole—dipole coupling rate is expressed by
g12. It was found that when the propagating plasmon is the
main channel of emission (i.e., the large 8 factor, which rep-
resents the fraction of emitted radiation captured by the propa-
gation model), a good approximation of the total Green’s func-
tion can be obtained.[*"! In this way, the analytical expressions
of g12 and 7> can be derived

o12= 1B ity

N2 = yBe /%) cos(kyd), 3)

where k| and L are the wavenumber and propagation length of
plasmon, respectively. kp is related to the mode wavelength
Api of the plasmon, that is, kp - A, = 27. The key point of
Eq. (3) is that the 7 /2 phase shifts between coherent and inco-
herent phases of coupling. As we will see below, it can change
one of the two contributions and maximize the other contribu-
tion by adjusting the distance between the qubits, thus opening
the possibility of modulating the degree of quantum correla-
tions.

Fig. 1. Schematic diagram of the interaction between a two-qubit system
and a one-dimensional plasmonic waveguide with V-shaped structure.

The general form of density matrix for two quantum ele-
ment systems is

pi(t) pa(t) p3(t) palt)

| p3) pstr) pelt) prte)
PO= bty i) pst) ooty |° @

p1(1) p3(1) P3(t) piolr)

which satisfies p; + ps5 + pg + p1o = 1. The dynamics matrix is
written in the basis |1) = |g1,82), [2) = |g1,€2), [3) = |e1, &2),
and |4) = |ej,ez). Substituting Eq. (4) into Eq. (1), we ob-
tain the differential equations for the non-zero elements of the
density matrix as follows:

p1(1) = v(ps () + ps (1)) + 112(ps (¢) + ps (1)),

p2(1) = 2 200() — pa(0) + 22 (25 (1)~ p3 (1))
+ig12p3(1),
pa(0) = 2 2pr(1) — p3(0)) + B2 (2o (1) — p2(1)
+ig12p2(1),
Pa(r) = —vpa(t),
M2

ps(t) = v(p1o(t) = ps(t)) — = (ps(t) +pe (1))
+igi2(ps(t) —pg (1)),

polr) = L2 2p10(1) — ps (1) ~ ps(6)) — 1Pe(1)
+iga(ps(t) —ps(t)),

pr(6) = —5 (3¥p7(0) + Rigra + 1) (1),

ps(t) = y(p1o(t) — ps(t)) — %

—ig2(ps(t) —ps(t)),

(Ps(1) +ps (1))
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po() =~ (ig12+ 12) 1))~ S1p00),

Pio(t) = =2ypio(?)- 5)

3. Quantum steering and other correlations

If an entangled state is shared by a bipartite system, one
side performs local measurements on one subsystem, then dif-
ferent results will cause different states on the other remote
subsystem. This phenomenon is called quantum steering. Let
us consider two parts, possessed by Alice and Bob, where Al-
ice wants to convince Bob that they share an entanglement
state. Alice would perform one measurement from a set of
m choices, each of which has n possible outcomes. After she
obtains the outcome, Alice will send the result to Bob. On
the other hand, Bob has a trusted device and can make a full
state tomography to obtain an accurate quantum description of
his system. According to the results from Alice and the con-
ditioned state on his own, Bob can tell whether they hold an
entanglement or not.

A steering experiment therefore can be fully character-
ized by giving an assemblage {0, }ax, Which is a set of non-
normalized states Alice steers Bob into, given her choice of
measurement x and the corresponding outcome a. The assem-
blage encodes the conditional probability distribution of the
Alice result from the given input, p(alx) = Tr(0,), and the
conditional state for Bob 6, = 0,,/P(alx). All valid assem-
blages meet consistency requirements

an|x = Zaa\xU vx’xl7

a a

TrZGa‘X =1, Vx. 6)
a

It reveals the fact that Alice cannot signal to Bob, and with-
out Alice’s information, Bob still has a valid quantum state.
Quantum steering is formally defined by Jones et al.[*] as the
possibility of remotely generating ensembles that could not be
produced by a local hidden state model. All the unnormalized
states in an assemblage can be written in the form

O-a\x = ZDX (a|x)0';t, Vx,a7
A

with Tr) o, =1, 0, >0, VA, (7)
A

where A is the classical random variable held by Alice,
D; (alx) are deterministic single party conditional probability
distributions for Alice, and o, is the state held by Bob. We call
such an assemblage unsteerable and the set of unsteerable as-
semblages is represented by ZUS. Any assemblages that can-
not be written in Eq. (7) constitutes a genuine resource in a
steering scenario and is called steerable. The set of steerable
assemblage is represented by X5. Using the semidefinite pro-
gram (SDP),[#?] we can test whether a given assemblage is in
a set of unsteerable assemblage, i.e., if { G|y }ax € XUs,

Here, we adopt the steerable weight (SW) introduced by
Skrzypczyk et al.'*3 as a measure of steerability for a bipar-
tite state. The main ideas behind the SW are as follows. When
preparing a given assemblage, Alice should reduce the num-
ber of uses of real steering resources and prepare as frequently
as possible an unsteerable assemblage. In other words, we de-
compose the assemblage into

Oy = 1o, +(1-p)og,, Yax, 0<p<l, (8

where {oﬁf} is the unsteerable part, and {O'GS‘X} is the steer-
able part. The SW is naturally defined as the minimal amount
of genuine steerable resource to reproduce this assemblage.
Mathematically, SW = 1 — u* where y* is the maximum of
and can be obtained from SDP

max TIZG/M
A
s.t. Ga\x_ZD)L(a‘x)o-l >0, Vx,a,
A

o, >0, VA. ©))

As comparative quantum correlations, to explore the sig-
nificant properties of quantum steering in studying the plas-
monic waveguide model, we calculate the entanglement, quan-
tum discord, and coherence as comparative quantities. They
have been widely used to measure quantum correlations in
other systems. Here we briefly introduce their definitions.
Concurrence,**! as a measure of quantum entanglement, for

two-qubit states, the following results can be obtained:

C(p) =max {0, /Al /A — VA5 — VA, (10)

where A;’s are four eigenvalues of the following matrix in de-
creasing order p (o, ® 0y)p*(0y ® 0y), where p* is the com-
plex conjugate of the density matrix p and o, is the Pauli Y
operator.

Quantum discord!®! of a state p is defined as the dif-
ference between the quantum mutual information M(p) and
classical correlation CC(p)

D(p) =M(p) —CC(p), (1)

where M(p) = S(pa) +S(ps) — S(p), pa (pp) is the reduced
density matrix of subsystem A (B) of the compound bipartite
system AB, and S(p) is the von Neumann entropy S(p) =
—trplog, p. The classical correlations can be defined by
using Von Neumann type measurements. Consider a com-
plete set of orthogonal projectors {B;} to describe the pro-
jection measurements only acts on system B. The condi-
tion matrix associated with the measurement result j is p; =
(1®{B;})p(1®{B,}), where 1 is the identity matrix of sub-
system A and the probability of obtaining the measurement
result j is p; = tr[(1 ® {B;})p(1 ® {B;})]. The total clas-
sical correlations are defined as the following superior limit
CC(p) = S(pa) —mingp;y ¥ p;S(P;)-
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Another useful quantum resource is the coherence and we
adopt the relative entropy of coherence*®! as the measure for
the state p

CR(p) :S(pdiag)_s(p)v (12)

where pgiag denotes the state obtained from p by deleting all
off-diagonal elements. Moreover, we may also consider the
purity tr(p?) of the state p.

4. Results and discussion

Now, we draw on the master equation to analyze the time-
dependent behavior of quantum steerability. We employ the
numerical approach to calculate the density matrix at any time
and the SW for both cases with and without laser drivings. In
order to obtain the SW, one must choose the set of measure-
ment choices beforehand. Here, we adopt m = 3 and study
two measurement strategies. One is the fixed 3 directions of
Oy, Oy, 0; and the other is to maximize over 1000 randomly
generated 3 direction measurements.

We plot the SW, concurrence, quantum discord, coher-
ence and purity as functions of the dimensionless time yr with
B = 0.9, kyd = 27 for initial states |e,g2) in Fig. 2(a). We
can see that at the very beginning, the SW increases abruptly.
This is because the phenomenon of quantum steering is based
on entanglement but they are not completely equivalent. The
initial state |e;, g2) is a separable state containing no entangle-
ment so that it cannot has SW. And we can see that as the state
becomes weakly entangled but with large purity, the SW be-
comes very strong. In fact, a pure state has maximal steerabil-

[47.48] Hepce,

ity, no matter how weak entanglement it contains.
states with small entanglement but high purity may have large
steerability. Then the SW decreases quickly and disappears
suddenly. This phenomenon is similar to the sudden death
of entanglement.!*°! The behaviors of concurrence, discord,
and coherence are quite different. As the SW decreases, all
concurrence, discord, and coherence increase firstly, reach the
maximum points, then disappear gradually. We can see from
the figure that there exists entanglement which is useless for
quantum steering, hence the dynamics of steering and entan-
glement are quite different.

In Fig. 2(b), we plot the evolution of the largest SW over
1000 randomly generated 3 direction measurements as a func-
tion of dimensionless time y with 8 = 0.9 and kpid = 27 for
initial state |ej, g2). Compared with Fig. 2(a), we can see that
the evolution behaviors of SW for fixed and random measure-
ment strategies are similar. It suggests that fixed measure-
ments on Oy, Oy, and O, are also enough to exploit our sys-
tem for quantum steering. Moreover, the distributions of SW
are given in the insets for some moments. It shows that, as
the value of SW increases, the distribution of SW becomes
increasingly peaked around the maximum value.

1.0
—e— Steerable weight
—=— Concurrence
, Discord
0.8 Coherence

—— Purity

—e— Steerable weight

0.8
0.6
0.4

0.6
0.2

(b)

O lo- lo-
6 8 10

Fig. 2. (a) The SW, concurrence, quantum discord, coherence and purity
as functions of dimensionless time yr, with fixed measurement strategy. (b)
The SW as a function of dimensionless time y¢, with random measurement
strategy. For both panels, the initial state is |e1,g), B = Be~¢/L) = 0.9,
kpid = 27. Insets of panel (b): the population distributions of SW over the
ensemble of assemblages.

In the following, we consider the scheme of tuning
quantum steerability by locally applying two classical fields.
Under the condition of continuous drivings, a new term
Yicin .Q,-(G: + 0;) should be added to the effective Hamilto-
nian given in Eq. (2), where £; is the coupling strength be-
tween the i-th qubit and its classical field with frequency .
Here, we consider three different driving conditions: (i) asym-
metric driving (2 # 0, 2, = 0); (ii) antisymmetric driving
(21 = —€, # 0) and (iii) symmetric driving (2] = £, # 0).
For simplicity, we consider the same initial state |e;,e;) and
B =0.99 in all below cases.

We plot the SW, concurrence, quantum discord, coher-
ence, and purity as functions of the dimensionless time ¥¢ in
Fig. 3(a) with | = 0.15y, £, =0, and kd = 7. At the very
beginning, similar to Fig. 2(a), the SW increases abruptly from
zero. The SW firstly increases and then suddenly disappears,
while concurrence, discord, coherence, and purity maintain
oscillating. We can see from the figure that there exist time
windows with no steerability but finite entanglement, which
should be avoided performing operations using steering. In the
following, the SW will suddenly reappear for a time interval,
in which the system could be used for steering again. This sud-
den disappearance and reappearance phenomenon only occurs
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twice in evolution. All other quantities will maintain steady at
some values. In Fig. 3(b), we plot the evolution of the biggest
SW over 1000 randomly generated 3 direction measurements
as a function of yr with Q| = 0.15y, £, =0, and kyd = 7.
Compared with Fig. 3(a), we can see that the behavior of SW
obtained by random measurements is consistent with that us-
ing fixed measurements. In the remaining paper, we will only
consider fixed measurements. The distribution of SW is also
given in the insets. It reveals the fact again that the bigger
value of SW, the closer to the maximum value that the distri-
bution of SW peaked.

1.4
—e— Steerable weight
1.2+ —=— Concurrence
. Discord
Coherence
1.04ed —<— Purity
0.8
0.6
0.4
0.2
O 4 L L L " n
0 40 60 80 100 120 140
yt
1.0

—e— Steerable weight

0.8f .
0.6
0.4f 300
200
0.2] 100
0 : b
0 0.1 02 0.3
IR A W, VL
0 20 40 60 80 100 120 140

i
Fig. 3. (a) The SW, concurrence, quantum discord, coherence and pu-
rity as functions of dimensionless time Yz, with fixed measurement strat-
egy. (b) The SW as a function of dimensionless time y¢, with ran-
dom measurement strategy. For both panels, the initial state is |e, g2),
B =Be /) =0.99, kyyd = m, Q) = 0.15y, £, = 0. Insets of panel (b):
the distribution of SW over the ensemble of assemblages.

In Fig. 4(a), we plot the SW, concurrence, quantum dis-
cord, coherence and purity as functions of the yr with Q| =
0.3y, £, = —0.3y, and k,d = 7. Compare with Fig. 2(a), we
can see that the evolution behaviors with antisymmetric driv-
ing are different from those without classical driving. Due
to the effects of classical fields, the time duration with fi-
nite steerability is much longer than that without driving. In
Fig. 4(b), we plot same quantities as functions of the y¢ with
Q) =€ =0.15y and kyd = 7. We observe that the SW firstly
gradually increases to the maximum and then decays to disap-
pear. After a while, it suddenly reappears then vanishes again.

All other quantities would oscillate before reaching a steady
value. Compared with Fig. 3(a), we can see the oscillation fre-
quency with symmetric driving is faster than that with asym-
metric driving. In order to see the effects of coherent and in-
coherent phases of coupling, we plot the SW as a function of
yt, with Qy = Qp = 0.2y, for both kyd = 7w and kpd = 2%
in Fig. 5. It is shown that when k,d = 27, the SW firstly
increases to the maximum and then decays asymptotically to
zero, while for k,d = 7, the SW would exhibit sudden disap-
pearance and reappearance phenomenon. By comparison, we
find that for symmetric driving, the SW maintains for a longer
time at k,d = 27, which is beneficial for executing quantum
processing tasks by using quantum steering.

1.0¢
0.8
—e— Steerable Weight
0.6 —— Concurrence
Discord
Coherence
—o— Purity
0.4

0‘2p\ (a)

0 10 20 30 40 50 60 70 80

~yt
1.4}
—e— Steerable Weight
1.2} —=— Concurrence
Discord
1.0 Coherence

—— Purity

0.8
0.6
04 ,,,,,,,
0.2
(b)
oL N
0 10 20 30 40 50 60 70 80

Fig. 4. The SW, concurrence, quantum Qiscord, coherence and purity as
functions of dimensionless time y with § = Be~4/(2L) = 0.9, kpid = 7,
(a) 2 =0.3yand 2, = —0.37, (b) 2; =0.15y and 2, =0.157.

0.5

——kyd=m

0.41

—— kyd=2n

0.3

0.2

Steerable weight

0.1

0
0 10 20 30 40 50 60 70 80

~yt
Fig. 5. The SW as a function of dimensionless time y¢ for two differ-

ent values of the product kyd with B = Be~4/1) = 0.99, Q; = 0.2y,
£, = 0.27. The dash represents k,jd = 27, the solid represents kpjd = 7.
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Finally, in order to see more clearly the difference be-
tween dynamical behaviors of steering and entanglement in
our model, we plot the SW and concurrence as functions of yr
and kpd with 2 = 0.15y, £, = 0 in Figs. 6(a) and 6(b), re-
spectively. We can see from the figures that, at any given time,
both SW and concurrence are periodically oscillating along
kpid with the period 7. The maximum values would be ob-
tained at n7, where n is an integer. As ¢ increases, the SW
will vanish eventually for all values of kpd. We can see clearly
that vast regions have finite entanglement but zero steerability,
which suggests one should be more elaborate when exploiting
quantum steering, for it is more difficult to be established and
maintained than entanglement. In fact, there is a strict inclu-
sion relation between entanglement, steering, and violation of
a Bell inequality in the sense that there are entangled states
that cannot be used for steering, and there are steerable states

that do not violate any Bell inequality.>°!

(a) Steerable weight

' 0.6

- 0.5
0.4
0.3

-0.2

[0.1
0

0 10 20 30 40 50 60 70 80
vyt

(b) Concurrence

!0.8

-0.7
0.6
0.5
0.4
0.3
0.2

Io.1
0

T T T T
0 10 20 30 40 50 60 70 80

vyt

Fig. 6. The SW (a) and concurrence (b) as a function of the dimen-
sionless time yr and the product kyd is displayed with § = e d/L) —
0.99, 2, =0.15y, 2, =0.

5. Conclusion

In summary, we have studied the dynamics of quantum
steering between two separated qubits which are modulated
by a one-dimensional plasmonic waveguide. By semidefinite
program, we numerically solve the master equation and obtain
the dynamics of quantum steerability for the two-qubit system.

We show that the dynamical behavior strongly depends on the
plasmon wavenumber and the distance between the two qubits.
It is worth noting that the maximum quantum steerability can
be achieved if the value of the product kpd is selected to be
around n7 for integers n. Quite different from entanglement,
discord, and coherence, the phenomenon of sudden disappear-
ance and reappearance occurs in the dynamics of steerability.
We find that, under dissipative environments, quantum steer-
ability is more fragile than other quantum correlations. To
utilize steering, one needs to avoid time windows in which
the system has zero steerability but finite entanglement. We
have also examined the features of fixed and random direction
measurements. Finally, the tuning effect of the classical driv-
ing fields on the system is discussed. It is shown that, under
continuous driving, time duration with finite steerability can
be remarkably enlarged. We show that plasmon polaritons in
one-dimensional waveguides are excellent candidates as medi-
ators for establishing steerability between two distant qubits.
Our results may have potential benefits in designing nanoscale
devices for quantum information processing tasks such as 1S-
DI-QKD.
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