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We study the structure of the continuous matrix product operator (cMPO)[1] for the transverse field Ising model
(TFIM). We prove TFIM’s cMPO is solvable and has the form T = e−

1
2 ĤF . ĤF is a non-local free fermionic Hamiltonian

on a ring with circumference β , whose ground state is gapped and non-degenerate even at the critical point. The full
spectrum of ĤF is determined analytically. At the critical point, our results verify the state–operator-correspondence[2] in
the conformal field theory (CFT). We also design a numerical algorithm based on Bloch state ansatz to calculate the low-
lying excited states of general (Hermitian) cMPO. Our numerical calculations coincide with the analytic results of TFIM.
In the end, we give a short discussion about the entanglement entropy of cMPO’s ground state.
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1. Introduction
Tensor network approaching thermal states has a long his-

tory. Back in the age of the density matrix renormalization
group, the transfer matrix renormalization group[3] based on
Trotter decomposition has been developed to calculate ther-
modynamic quantities of low-dimensional strongly correlated
systems. Recently, a new tensor structure named continuous
matrix product operator (cMPO)[1] has been developed. Dif-
ferent from previous methods, cMPO eliminates imaginary-
time discretization error.

Before going to the theme, we should give a brief review
of cMPO to familiarize readers with the relevant notations and
more importantly, to show the mechanism behind cMPO. For
simplicity, we consider a Hamiltonian with nearest interaction
(although in general, cMPO method is suitable for more com-
plex interactions, even for long-range interactions[1])

Ĥ =−∑
i

LiRi+1−∑
i

Qi, (1)

where i is the label of lattice site. Qi, Li, and Ri are local oper-
ators living on the Hilbert space of the single site i. Consider-
ing the evolution operator e−τĤ , the first-order approximation
1−τĤ can be represented as a matrix product operator (MPO)
whose unit cell is an infinitesimal tensor parameterized by τ ,
as shown in Figs. 1(a) and 1(b),

ti j =

(
1+ τQ

√
τL√

τR 0

)
i j
, (2)

where τ is the infinitesimal discretization step, and i j are in-
dex of the auxiliary space. The transfer matrix T is given
by tracing out the physical index of the product of the unit
cells t vertically (along β direction). At the same time, we
consider a matrix product state (MPS) |Φ⟩ whose unit cell is

ϕi =

(
1+ τQb√

τRb

)
i
, where the subscript b means boundary to

distinguish with tensor elements of ti j. For the same reason,
the sandwich structure (ϕ, t,ϕ), a three sites MPO with open
boundary condition, can be viewed as the first-order approxi-
mation of evolute operator e−τĤaux , where Ĥaux = −Q̄b⊗1⊗
1− 1⊗Q⊗ 1− 1⊗ 1⊗Qb − R̄b ⊗ R⊗ 1− 1⊗ L⊗ Rb is an
auxiliary three-site Hamiltonian with open boundary condi-
tion. As shown in this paper,[1] by taking τ → 0, the overlap
limτ→0⟨Φ |T |Φ⟩ = Tre−β Ĥaux has a well-defined limit, where
the infinitesimal parameter τ eliminates, see Fig. 1(c). When
τ → 0, the (discrete) MPS |Φ⟩ becomes a continuous matrix
product state (cMPS)[4] while the (discrete) transfer matrix be-
comes a cMPO, named by the authors in Ref. [1], as shown in
Fig. 1(d),

T = lim
τ→0

Tr[⊗t], (3)

which can be viewed as a continuous transfer matrix without
discretization error. The corresponding partition function is
the product of cMPO: Z = Tr[T L], if we assume the system
has L sites. In the thermodynamic limit L→ ∞, the free en-
ergy per site f is determined by the dominate eigenvalue Λ0 of
cMPO: β f =− lnΛ0.
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In cMPO’s framework, the key point is, under the as-
sumption the dominate eigenstate |Φ⟩ (we name it the ground
state in the following) of transfer matrix T can be approxi-
mated by a matrix product state (MPS) in some sense, when
taking discretization step τ to be zero, the overlap ⟨Φ |T |Φ⟩
is well-defined and at the same time the ground state |Φ⟩ is
parameterized as a cMPS, as we have explained above.

τ 0

α

α

e↩τH=

β

α

i jt/

e↩τHaux=

α

β

ϕ= i

α

α

β

β

γ

γ

^

(a)

(c)

T=limTrα

τ 0
Tre↩βHaux=limTrαβγ^

^

(d)

(b)

Fig. 1. The graphic representation of cMPO. (a) The unit cell of cMPO
can be constructed from the corresponding infinitesimal evolution oper-
ator e−τĤ . (b) The graphic representation of cMPO ’s unit cell tensor t,
where {i j} is the virtual index, while {αβ} is the physical index. (c) By
introducing a cMPS |Φ⟩ with unit cell tensor ϕ , the sandwich structure
⟨Φ |T |Φ⟩ is well-defined when τ → 0 in cMPO method. The auxiliary
hHamiltonian Ĥaux is independent of τ . (d) cMPO is a transfer matrix
by taking τ → 0 if the continuum limit truly exists.

However, strictly speaking, although the existence of the
overlap ⟨Φ |T |Φ⟩ at continuum limit τ → 0 is enough for nu-
merical calculation in cMPO method, the existence of cMPO
T at the operator level as the continuum limit of certain (dis-
crete) MPO, which has been defined in Eq. (3), remains to be
verified. In another word, we could ask whether the transfer
matrix T is a well-defined (continuous) operator when taking
discretization error to be zero? As we have pointed out in the
last paragraph, cMPO seems to be an intermediate notation in
practical calculation: if we assume |Φ⟩ is a cMPS, then the
overlap ⟨Φ |T |Φ⟩ is well-defined, no matter whether T can ex-
ist individually as an operator or not when discretization step
τ to be zero.

In this work, we try to answer the above question in some
sense by studying a simple model: the transverse field Ising
model (TFIM). Our answer is yes, at least for TFIM, cMPO
has the form T = e−

1
2 ĤF , where ĤF is some physical Hamilto-

nian on a ring with length β . The operator formalism of cMPO
contains more physical information. Not only the ground state
is important, from which we can calculate the free energy and

local thermodynamic quantities of TFIM; the low-lying ex-
cited states are also useful, which encode information of dif-
ferent kinds of correlation lengths. Especially at the critical
point, for quantum Hamiltonian on a ring, the spectrum of low-
lying eigenstates corresponds to critical exponents according
to the state–operator-correspondence in CFT.[2] Since TFIM’s
cMPO is solvable, we analytically analyze the cMPO’s criti-
cal behavior and read out the conformal data explicitly, which
verifies the CFT’s description. Based on the analytic analysis
of TFIM, we develop a more general numerical algorithm for
excitation calculation, which is suitable for general Hermitian
cMPO. We use TFIM’s analytic results as a benchmark. In the
end, we also give a short discussion about the entanglement
entropy of the ground state. We find that the entanglement en-
tropy is finite even at the critical point for TFIM. This result
may explain the rationality of the cMPS approximation of the
ground state.

This paper is organized as follows. In Section 2, we show
the solvability of TFIM’s cMPO through building an exact
map to free fermion at arbitrary discrete trotter step τ and then
taking continuum limit. The explicit form of cMPO is given in
fermion representation: T = e−

1
2 ĤF , where ĤF is a non-local

free Hamiltonian. In Section 3, we analyze the cMPO’s struc-
ture at the scaling limit, where non-local Hamiltonian ĤF re-
duces to the free Majorana quantum field theory (QFT). At the
critical point, the central charge c = 1/2, critical exponents of
spin and energy xσ = 1/8, xε = 1 are explicitly calculated from
the analytic spectrum, which coincides with the description of
Ising CFT. In Section 4, we review the techniques of cMPS
and Bloch state ansatz for excitation.[5] A numerical algorithm
based on Bloch state ansatz is stated, which can be used to
calculate cMPO’s excitation for the general model. A bench-
mark for TFIM’s analytic results is provided. In Section 5,
we numerically calculate the entanglement entropy of cMPO’s
ground state both at critical and off-critical points by diagonal-
izing the subsystem’s correlation matrix under the small trotter
step.[6,7] Taking the trotter step to be zero, we could also derive
an integral equation as the continuum limit of the correlation
matrix. Finally, in Section 6, we give a summary and outlook.

We leave the tedious technical details in the Appendix.
In Appendix A, we review the diagonalization procedure of
the transfer matrix for arbitrary trotter step τ . In Appendix B,
we show how to take the continuum limit to get the operator
formalism of TFIM’s cMPO. In Appendix C, we show the de-
tailed calculation of the correlation matrix and the correspond-
ing integral equation as its continuum limit. In Appendix D,
we give the analytic expressions of the ground state’s correla-
tions at the continuum limit for TFIM’s cMPO. In Appendix E,
we prove at classical Ising limit h = 0, cMPO’s ground state
has a simple cMPS representation. In Appendix F, we explain
the explicit tensor constructions for our numerical algorithm.
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2. Operator formalism of cMPO
The Hamiltonian of the 1D transverse field Ising model is

Ĥ =−J ∑
i

σ
x
i σ

x
i+1−h∑

i
σ

z
i (4)

as a special case of Eq. (1), the corresponding cMPO’s unit
cell is

t =
(

1+ τhσ z
√

τJσ x
√

τJσ x 0

)
. (5)

In this section, we prove TFIM’s cMPO defined above has
the following operator formalism:

T = e−
1
2 ĤF , (6)

where ĤF is a free fermionic Hamiltonian living on a ring
of length β . ĤF is diagonal in {ηk} representation, which
is the momentum space representation following a Bogoli-
ubov transformation. The explicit expression of ĤF is given in
Eq. (14). The corresponding spectrum and Bogoliubov angle
are given in Eqs. (15)–(17). We can use Eq. (19) to find the
coordinate space representation of ĤF, which is a non-local
QFT.

We prove Eq. (6) in two steps. In the first step, we solve
the transfer matrix T under arbitrary trotter step τ . In the sec-
ond step, we take τ to be zero to find the continuum limit of T .
While in the first step, an important trick is employed: instead
of using t in Eq. (5), we can use t̃ in Eq. (11) as the unit cell of
cMPO, since t̃ and t are the same infinitesimal tensor up to the
first order of τ: t̃ = t +𝒪(τ2). When τ → 0, T = Tr[⊗t] and
T̃ = Tr[⊗t̃] will correspond to the same cMPO, if the contin-
uum limit truly exists.

We divide this section into two parts. In part I, we con-
struct t̃, which is the same infinitesimal tensor as t when
τ → 0, from the MPO representation of infinitesimal evolu-
tion operator e−τĤ and prove the solvability of transfer matrix
T̃ = Tr[⊗t̃] at arbitrary trotter step τ . In part II, we show the
operator formalism of cMPO T truly exists at the continuum
limit and give its explicit form analytically.

2.1. Solvability at arbitrary trotter step τ

2.1.1. construct unit cell t̃

Motivated by the paper,[8] we consider the second order
trotter approximation e−τĤ =V (K̄1,K2)+𝒪(τ3), with

V (K̄1,K2) =V
1
2

1 (K̄1)V2(K2)V
1
2

1 (K̄1),

V1(K̄1) = exp
(

K̄1

N

∑
j=1

σ
z
j

)
,

V2(K2) = exp
(

K2

N

∑
j=1

σ
x
j σ

x
j+1

)
, (7)

where the trotter step τ is defined by β = Nτ , and K̄1 = τh,
K2 = τJ. The functional relation between K and K̄ is defined

as K̄ = 1
2 ln(cothK). As the result, we have K̄2 =

1
2 ln(cothK2)

and K1 =
1
2 ln(coth K̄1), which will be used in the following.

As shown in Refs. [8,9], V (K̄1,K2) can be written as a
MPO

V (K̄1,K2) = ∑
{i}

t̃α1β1
i1i2

t̃α2β2
i2i3
· · · t̃αN βN

iN i1
(K1,K2) (8)

whose unit cell is denoted as t̃,

t̃αβ

i j (K1,K2)

=

√
2

sinh2K1
Ôi j(K2)Ôαβ (K1)+

√
sinh2K2

2
σ

x
i jσ

x
αβ

, (9)

where we define the matrix function Ô(K)=

(
coshK 0

0 sinhK

)
and σ x is the x-component of Pauli matrix.

When τ → 0, using Taylor expansion about τ , we find
tensor t̃ coincides with t up to the first order of τ ,

t̃i j = ti j +𝒪(τ2). (10)

Since t̃ and t are the same infinitesimal tensor, TFIM’s cMPO
can be rewritten as T̃ = limτ→0 Tr[⊗t̃].

2.1.2. Map T̃ to be free fermion

The solvability of T̃ is based on the following algebraic
identity:[8]

T̃ = [sinh(2K̄1)sinh(2K2)]
N
2 V (K̄2,K1). (11)

In Eq. (11), T̃ is factorized into operator V (K̄2,K1) and a
scalar factor. Since V (K̄2,K1) is also the transfer matrix of the
two-dimensional Ising model,[10] V (K̄2,K1), and T̃ at the same
time, can be mapped to free fermion and exactly solvable.

To prove Eq. (11), we need the following dual relation,
which can be easily checked from Eq. (9),

t̃αβ

i j (K1,K2) = [sinh2K̄1 sinh2K2]
1
2 t̃ i j

αβ
(K2,K1). (12)

This functional relation exchanges index {i j}, {αβ} and vari-
able K1, K2 at the same time.

Equation (11) can be proved by substituting Eq. (12) into
definition of T̃ and then comparing it with Eq. (8),

T̃ = ∑
{α}

t̃α1α2
i1 j1

t̃α2α3
i2 j2
· · · t̃αN α1

iN jN (K1,K2)

= [sinh(2K̄1)sinh(2K2)]
N
2 ∑
{α}

t̃ i1 j1
α1α2 · · · t̃

iN jN
αN α1(K2,K1)

= [sinh(2K̄1)sinh(2K2)]
N
2 V (K̄2,K1). (13)

Technical details about the diagonalization of V (K̄2,K1)

can be found in the classic paper[10] or Appendix A.

110205-3



Chin. Phys. B 31, 110205 (2022)

2.2. Operator formalism at the continuum limit

In the continuum limit τ→ 0, cMPO has the well-defined
operator formalism T = e−

1
2 ĤF . Detailed calculation can be

found in Appendix B. In the free fermion representation, the
Hilbert space of ĤF splits into two sectors

ĤF = ĤNS
F

(
1+ P̂NS

2

)
+ ĤR

F

(
1− P̂R

2

)
,

ĤNS/R
F = ENS/R

0 + ∑
k∈NS/R

εkη
†
k ηk,

P̂NS/R = (−)∑k∈NS/R η
†
k ηk , (14)

where P̂ is the parity operator, as the result, (1± P̂NS/R)/2 is
the projector which restricts the Hilbert space into even/odd
particle number sector. The even particle number sector cor-
responds to subscript NS, named Nuven–Schwartz sector, fol-
lowing the CFT’s convention; the odd sector corresponds to
subscript R, named Ramond sector. In the NS sector, we have
the anti-periodic boundary condition (APBC) and the quantum
number of the translational operator is k ∈ Z + 1

2 ; while in the
R sector, we have the periodic boundary condition (PBC) with
k ∈ Z.

The vacuum energy ENS/R
0 in the two sectors are

1
2

ENS
0 = − 1

π

∫
π

0
ln [2cosh(

√
Γ 2 +K2 +2Γ K cosθ)]dθ ,

1
2

ER
0 = − 1

π

∫
π

0
ln [2sinh(

√
Γ 2 +K2 +2Γ K cosθ)]dθ

+
1
4
(|ε0|− ε0), (15)

where we have defined Γ = βh and K = βJ. Since ENS
0 < ER

0 ,
the ground state of ĤF corresponds to the vacuum of the NS
sector.

The quasi-particle excitation spectrum εk is

1
2

εk = ln(xk +
√

x2
k −1), k ̸= 0,

1
2

ε0 = ln
Γ

K
, k = 0, (16)

where xk =
π2k2

2Γ K + 1
2 (

Γ

K + K
Γ
).

The phase angle of Bogoliubov transformation is

ηk = cosφkck + sinφkc†
−k,

cos2φk =
π2k2 +(Γ 2−K2)

2Γ K
√

x2
k−1

,

sin2φk =
πk

Γ

√
x2

k −1
. (17)

We consider a general eigenstate ∏k η
†
k |0⟩NS/R, where

|0⟩NS/R is the vacuum in the NS/R sector. Any eigenstate
should have even/odd fermion modes in corresponding sector.

For example, state η
†
k |0⟩NS is forbidden. The corresponding

energy and momentum are

E = ENS/R
0 +∑

k
εk,

P = ∑
k

2πk
β
≡ 2πN

β
, N ∈ Z, (18)

where the quantum number of momentum N is always an inte-
ger in both sectors because of the restriction of particle number
parity.

In the continuum limit, the field operator is defined
through Fourier transformation,

ψ(x = τ j)≡ lim
τ→0

1√
τ

c j =
1√
β

e−i π
4 ∑

k∈NS/R
e i 2πk

β
xck, (19)

where the coordinate position x ∈ [0,β ) is defined as x =

limτ→0 τ j. Considering k ∈ Z + 1
2 (k ∈ Z) in the NS (R) sec-

tor, the field operator ψ(x) satisfies APBC (PBC) in the corre-
sponding sector: ψ(x+β ) =−ψ(x) (ψ(x+β ) = ψ(x)).

In principle, we can transform the Hamiltonian in Eq. (14)
from the momentum space to the coordinate space using
Eq. (19). However, for the general parameters J and h, we
will have a strongly non-local QFT in coordinate space, where
the non-locality reflects ĤF has many irrelevant operators and
is not a fixed point Hamiltonian. The non-locality of ĤF makes
the theory ultraviolet (UV) complete and all the physical quan-
tities can be calculated without divergence. For example, the
ground state energy density e = ENS

0 /β , which corresponds to
the free energy density of TFIM, is well-defined.

The free energy density of TFIM determined from the
dominant eigenvalue of cMPO: f = − 1

β
limL→∞

1
L TrT L =

− 1
2β

ENS
0 in Eq. (15) verifies the classic result in Ref. [11].

We can also use Eqs. (15) and (16) to calculate the par-
tition function Z(L,β ) on a torus. Furthermore, to compare
with the formula calculated by diagonalization of the physical
Hamiltonian, we can explicitly verify the modular invariance
of Ising CFT for critical TFIM in the scaling limit. A calcula-
tion can be found in Appendix B.

Finally, we should point out that, the spectrum in
Eqs. (15) and (16) suggests that, for any finite β , even at the
critical point J = h, there always exists a finite energy gap of
order 1/β , which indicates the finite entanglement entropy of
the ground state.

3. Hamiltonian structure at the scaling limit
In this section, we analyze the Hamiltonian structure ĤF

in Eq. (14) in the coordinate space representation at the scaling
limit. To be concrete, we consider the mass perturbation m =

2(h−J) near the critical point hc = Jc = 1 at the low tempera-
ture limit, where β ≫ 1 and βm = const. < ∞.[12] Under such
perturbation, we have Γ = β (1+ 1

4 m) and K = β (1− 1
4 m).
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We divide this section into two parts. In the first sub-
section, we show that the Hamiltonian ĤF is equivalent to the
familiar free Majorana QFT at the scaling limit. Although,
in general, the Hamiltonian is non-local as explained in Sec-
tion 2. In the second subsection, we verify the state–operator-
correspondence from the Hamiltonian structure explicitly.

3.1. Map to Majorana QFT

In the scaling limit, the short-distance feature washes out.
We only care about the behavior at the low-energy scale of or-
der 1/β corresponding to the long-wavelength limit. We can
expand the excitation spectrum and phase angle in Eqs. (16)
and (17) at β → ∞ to the first order of 1/β ,

εk =
√

p2 +m2 +𝒪
(

1
β 2

)
, k ̸= 0,

ε0 = m+𝒪
(

1
β 2

)
, k = 0,

sin2φk =
p√

p2 +m2
+𝒪

(
1

β 2

)
,

cos2φk =
m√

p2 +m2
+𝒪

(
1

β 2

)
, (20)

where p = 2πk/β is the momentum mode labeled by k.
We substitute Eq. (20) into the Hamiltonian ĤF = ∑k εk :

η
†
k ηk, and use Eq. (19) to transform the Hamiltonian from mo-

mentum space representation into coordinate space represen-
tation,

ĤF = m
∫

β

0
dx : ψ

†(x)ψ(x)

− 1
2

∫
β

0
dx[: ψ

†(x)∂xψ
†(x)− : ψ(x)∂xψ(x)], (21)

where slightly different from the expression in Eq. (14), we
put vacuum energy ENS/R

0 to be zero and use the normal order
to avoid UV divergence.

Therefore, as shown in Eq. (21), the Hamiltonian ĤF

is reduced to a local QFT at the scaling limit. Further-
more, Eq. (21) is nothing but the familiar 1D Majorana QFT.
To see this, we introduce the Majorana representation:[12]

ψ(x) = e− i π
4√

2
(χ2(x)+ iχ1(x)) and define the real spinor field

χ(x) = (χ1(x),χ2(x)). In this new representation, the Hamil-
tonian becomes

ĤF =
1
2

∫
β

0
dx : χγ

0[γ1(−i∂1)+m]χ, (22)

where γ0 = σ y, γ1 = −iσ x, which satisfies Dirac’s spinor al-

gebra: {γµ ,γν} = 2gµν . Here gµν =

(
1 0
0 −1

)
is the metric

in 1+1D Minkowski space–time.
In the R sector, ĤF has an extra correction (ε0−|ε0|)η†

0 η0

in Eq. (22) because of the zero mode.

It is well-known that the effective theory of TFIM is
the Majorana QFT. We find the Hamiltonian ĤF of cMPO in
Eq. (22) is also the Majorana QFT. This fact reflects the rota-
tion symmetry of Euclidean field theory.

3.2. State–operator-correspondence at m = 0

When m = 0, ĤF is critical and restores the confor-
mal symmetry, which can be described by Ising CFT on a
cylinder.[13,14]

The state–operator-correspondence[2] relates the central
charge c and critical exponents x with the eigenvalues of the
transfer matrix T (u) = e−Ĥu, which is the evolution opera-
tor of time interval u, and Ĥ is the CFT’s Hamiltonian on the
cylinder. The central charge c is a universal object in CFT,
which corresponds to the ground state energy E0 through the
formula E0− e0l = πc

6l , where l is the system size and e0 is
the ground state energy density at l → ∞. The basic fields
in CFT are primary operators φ̂i, whose correlation functions
are algebraic decay with critical exponents xi on the plane:
⟨φi(x1)φ j(x2)⟩ ∼ δi j/|x1− x2|2xi . For every primary field φ̂ ,
there exists an eigenstate of Ĥ, whose eigenvalue corresponds
to the critical exponent x: En−E0 = 2πx/l. For Ising CFT, the
central charge is 1/2 and we have three primary fields: iden-
tity (1), spin (σ ) and energy (ε), which correspond to critical
exponents x1 = 0, xσ = 1/8 and xε = 1.[13]

In the cMPO’s framework, we exchange the space and
time, where we view β as space while the time direction is
discrete and labeled by the index of lattice site i. Because
of the discretion of time, the continuous evolution operator
becomes the discrete cMPO: T = e−λ ĤF , where λ is some
non-universal normalization factor. In the TFIM case, we will
see λ = 1/2 in the following as already shown in Eq. (6). To
see the conformal structure of cMPO, we first determine the
central charge c and critical exponent xσ from vacuum energy
shift in Eq. (15), where the identity corresponds to ground state
|0⟩NS and the spin operator corresponds to zero mode state in
the R sector η

†
0 |0⟩R (Remember in R sector, only odd particle

number state is allowed). We will also show the energy op-
erator corresponds to the first excited state in the NS sector.
Furthermore, since the operator formalism of the free Majo-
rana field in Eq. (22) (with m = 0) is well known,[13,14] the
entire conformal tower structure is obvious. Using transfor-
mation relation Eq. (19), we can build a dictionary between
fermion representation in Eq. (14) and CFT’s operator formal-
ism explicitly.

3.2.1. Determine c and xσ from vacuum energy shift

As we already explained at the beginning of this subsec-
tion, to determine the central charge c, we need to calculate
the energy shift of the ground state: ∆ENS

0 = ENS
0 − βe0 =

− πc
6β

+ higher orders, where the central charge is determined
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by the leading order of ∆ENS
0 according to the state–operator-

correspondence. Since the ground state energy density e0 of
TFIM is[11]

βe0 =−
1
π

∫
π

0
dθ

√
Γ 2 +K2 +2Γ K cosθ . (23)

To compare it with Eq. (15), we have

∆ENS
0 = lim

β→∞

2
π

∫
π

0
dθ ln

[
eκ(θ)

2coshκ(θ)

]
= − 1

πβ

∫
∞

0
dx ln[1+ e−x] =− π

6β

1
2
, (24)

where, for simplicity, we define the function κ(θ) =√
Γ 2 +K2 +2Γ K cosθ . In the first equality, we use Tay-

lor expansion at π for κ(θ) since e−κ(θ) ≃ e−β (π−θ) when
β ≫ 1; while in the second equality, a variable substitution
x = 2β (π−θ) is used, and we instead of the upper limit of in-
tegral with +∞. As the result, we determine the central charge
c = 1/2.

Similarly, we can determine xσ from the energy shift be-
tween vacuum energy of the R sector and ground state energy:
∆ER = ER

0 −ENS
0 = 2πxσ

β
+higher orders, since for zero-mode

ε0 = 0,

∆ER
0 = lim

β→∞

2
π

∫
π

0
dθ ln[cothκ(θ)]

=
2

πβ

∫
∞

0
dx ln[cothx] =

2π

β

1
8

(25)

from which we find xσ = 1/8, which verifies Ising CFT.
The primary field of energy corresponds to state

η
†
1
2
η

†
− 1

2
|0⟩NS, which is the first excited state in the NS sector

with energy Eε = ENS
0 + ε 1

2
+ ε− 1

2
, where εk =

2π|k|
β

+𝒪( 1
β 2 )

as shown in Eq. (20) with m = 0. Therefore the energy shift is
∆Eε = Eε −ENS

0 = 2π

β
+𝒪( 1

β 2 ) and we determine xε = 1.
Therefore, to summarize, we determine the correspond-

ing eigenstate of three primary fields: |1⟩ ≡ |0⟩NS, |σ⟩ ≡
η

†
0 |0⟩R, and |ε⟩ ≡ η

†
1
2
η

†
− 1

2
|0⟩NS with critical exponents x1 = 0,

xσ = 1/8, and xε = 1.

3.2.2. Operator formalism in CFT

We could construct the operator formalism of free Majo-
rana QFT explicitly by Virasoro algebra. Detailed descriptions
can refer to the classic textbook.[13] Here, we only review the
basic results briefly.

To introduce the complex coordinate z = τ + ix, the
real spinor field splits into holomorphic and anti-holomorphic
components: χ(x,τ) ≡ eτĤF χ(x)e−τĤF = (χ(z), χ̄(z̄)). (We
only care about the holomorphic part, since the anti-
holomorphic part has a totally similar expression denoted
by the notation bar.) Using mode expansion χ(z) =

1√
β

∑n∈NS/R bn e−
2πn
β

z, the Hamiltonian and momentum (in

fermion representation, the momentum operator is P̂ =∫ β

0 ψ†(x)(−i∂x)ψ(x)dx = ∑k∈NS/R kc†
kck) of cMPO become

ĤF =
2π

β
(L0 + L̄0),

P̂ =
2π

β
(L0− L̄0), (26)

where LN = 1
2 ∑n∈NS/R n : bN−nbn for N ∈ Z satisfies the Vi-

rasoro algebra. We remove the vacuum energy ENS/R
0 in

Eq. (26), therefore ĤF|1⟩ = ĤF|σ⟩ = 0. If we set the ground
state energy to be zero, we will have ĤF = 2π

β
(L0 + L̄0) in

the NS sector while ĤF = 2π

β
(L0 + L̄0)+

2π

β

1
8 in the R sector

by considering the vacuum energy shift. Therefore, we have
ĤF|1⟩= 0 and ĤF|σ⟩= 1

8 |σ⟩.
In the CFT’s operator formalism, the Hilbert space splits

into V ⊗ V̄ , which correspond to holomorphic and anti-
holomorphic parts, respectively. According to the Virasoro al-
gebra, every primary field corresponds to the highest weight
state |pp̄⟩ (which is annihilated by any positive Virasoro
mode: Ln|p⟩= 0, ∀n∈ Z+), which satisfies the eigen-equation
L0|pp̄⟩ = p|pp̄⟩ (L̄0|pp̄⟩ = p̄|pp̄⟩) with eigenvalue p ( p̄). (It
is easy to check |1⟩ = |00̄⟩, |σ⟩ = | 1

16
1̄
16 ⟩, and |ε⟩ = | 12

1̄
2 ⟩.)

The Hilbert space is expanded by eigenstates generated by
primary states ∏{n},{n̄}L−nL−n̄|pp̄⟩, with eigenvalue p+∑n n
( p̄+∑n n̄), where n, n̄ ∈ Z+.

Using the transformation relation between {ηn} and {bn},
we list the one-to-one map between the fermion representation
in Eq. (14) and CFT’s operator formalism in Eq. (26) in a dic-
tionary.

Structure of Hilbert space of ĤF

Primary states: Fermion Virasoro
|pp̄⟩, xp = p+ p̄ representation algebra
|1⟩ ≡ |00̄⟩ |0⟩NS |0⟩NS

|ε⟩ ≡ | 12
1̄
2 ⟩ η

†
1
2

η
†
− 1

2
|0⟩NS b− 1

2
b̄− 1

2
|0⟩NS

|σ⟩ ≡ | 1
16

1̄
16 ⟩ η

†
0 |0⟩R (b̄0− ib0)|0⟩R

Other ∏{k}η
†
k |0⟩NS/R ∏{n},{n̄} L−nL−n̄|pp̄⟩

excited #{k}= even in NS; n, n̄ ∈ Z+,
states #{k}= odd in R |pp̄⟩ ∈ {|1⟩, |ε⟩, |σ⟩}

Energy E = ∑εk E = 2π

β
(xp +∑n+∑ n̄)

Momentum P = π

β
∑k P = 2π

β
(∑n−∑ n̄)

Additionally, according to the above analysis, to make
ĤF ± P̂ be holomorphic (anti-holomorphic) in Eq. (26), the
non-universal factor λ should be 1/2 in TFIM’s cMPO as
shown in Eq. (6).

4. Numerical algorithm for excitation
Motivated by the analytic results of TFIM’s cMPO and

field theoretical prediction of CFT, which has been detailed
discussed in previous sections, in this section, we show how
to numerically calculate the low-lying excited states of cMPO
for the general lattice model (with the assumption the corre-
sponding cMPO is Hermitian) and extract critical information
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from numerical data. (In history, there already exist some nu-
merical works to verify the state–operator-correspondence by
studying the low-lying excited states of the lattice Hamiltonian
Ĥlatt.[15–17])

We first briefly review the variational cMPS method for
cMPO’s ground state search, which has a detailed discussion
in the original paper for the cMPO method.[1] Next, we ex-
plain the method for excited states’ calculation based on the
Bloch state ansatz. Finally, we show the numerical results for
TFIM’s cMPO as a benchmark.

4.1. The cMPS ansatz for ground state

We could parameterize cMPO’s ground state |Φ⟩ as a uni-
form cMPS with the periodic boundary condition, whose unit

cell is
(

1+ τQ√
τR

)
.[1] However, for convenience of the state-

ment of excited state ansatz in the next, we rewrite cMPS in a
more elegant form[4]

|Φ(Q,R)⟩= Tr[U(0,β )]|0⟩, (27)

where we define the evolution operator U(x,y),

U(x,y) = 𝒯 exp
∫ y

x
[Q⊗1+R⊗ψ

†(τ)]dτ, (28)

where 𝒯 is the path-order operator. Because of translational
invariance, the parameters Q and R are τ independent. ψ̂(τ)

is the certain bosonic field operator living in cMPO’s Hilbert
space and R⊗ψ† is the shorthand of ∑

d
i=1 Ri⊗ψ

†
i since gen-

erally R = (R1, . . . ,Rd) has d components. (Although in the
TFIM case, we have d = 1 trivially, however, for the general
model, for example, in the XY model, we have d = 2).

To find the optimal cMPS ground state, we could use the
variation principle for free energy f = − 1

β
lnΛ0, where Λ0 is

the dominant eigenvalue of cMPO,

Λ0 =
⟨Φ |T |Φ⟩
⟨Φ |Φ⟩

. (29)

4.2. Bloch state ansatz for excited state

Bloch state is a variational wave function in the tangent
space of cMPS’s manifold with certain momentum k = 2πn

β
,

n ∈ Z,[5]

|φk(V,W )⟩

=
∫

β

0
dτ e ikτ Tr[U(0,τ)(V ⊗1+W ⊗ψ

†(τ))U(τ,β )]|0⟩, (30)

where V and W are variational parameters.
Since it is a variation problem for quadratic form, we can

apply the Rayleigh–Ritz method to determine excitations by
solving the following generalized eigen-equation:

[ρk−Nk]

(
V
W

)
= (e−∆E −1)Nk

(
V
W

)
, (31)

where

⟨φk|eβ f T |φk′⟩= δk,k′(V
†,W †)ρk

(
V
W

)
,

⟨φk|φk′⟩= δk.k′(V
†,W †)Nk

(
V
W

)
. (32)

In Eq. (31), we multiply T by a factor Λ
−1
0 = eβ f in

Eq. (32) to shift the ground state energy to be zero. ρk and
Nk are both square matrices with dimension (d + 1)×D2 if
the cMPS has bond dimension D and R has d components.

However, technically, Nk is singular because of gauge
freedom. To resolve the problem, we can fix the gauge to re-
duce the parameter space’s dimension to be d×D2 and thus
make Nk be full rank.[18] Under the gauge fixing, the solution
of the above eigen-equation Eq. (31) gives the dD2 lowest ex-
cited states parameterized by {Vn,Wn} with the corresponding
excitation energies {∆En}, n ∈ 1,2, . . . ,dD2. The explicit ex-
pressions of ρk and Nk can be found in Appendix F.

4.3. Benchmark for TFIM
4.3.1. Excitation at the critical point

To test our algorithm for excitation, we show the numeri-
cal results of TFIM’s cMPO at the critical point hc = Jc = 1.

.
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.

.

.

.

.
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.

.
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Ε
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Ε

0
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(a)

(b)

Numerical DΕ1
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Numerical DΕ3

Analytic DΕ3

Numerical DΕ1

Analytic DΕ1

Numerical DΕ0
Analytic DΕ0

Numerical DΕ2
Analytic DΕ2

Fig. 2. (a) The first three excitations spectrum as function of β in P = 0
sector, where the ground state energy is set to be zero. The curves are
analytic results and points are numerical data. The lowest spectrum cor-
responds to the primary field of spin ∆ER

0 ; the second spectrum corre-
sponds to the primary field of energy ∆Eε . (b) The first three excitations
spectrum as the functions of β in P = 1 sector.
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Fig. 3. Structure of conformal tower for TFIM’s cMPO at β = 28. The
variational cMPS has bond dimension bondD = 24.
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We first verify the formulas of spectrum in Eqs. (15) and
(16). We plot the excitation spectrum as the function of β in
the momentum sectors P = 0 and P = 1, as shown in Fig. 2,
where the curves are analytic results and the points are numer-
ical data.

We can also verify the conformal data of Ising CFT at
β ≫ 1. In Fig. 3, we plot the low-lying excitation spectrum at
β = 28, which has the structure of conformal tower of Ising
CFT, agreeing with the analytic calculation in Section 3. Us-
ing finite size scaling, at the numerical level, we confirm the
central charge c= 1/2 and critical exponents for three primary
fields x1 = 0, xσ = 1/8 and xε = 1 in Fig. 4.
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Fig. 4. (a) The central charge c = 1/2 from finite size scaling of the
free energy. (b) The critical exponents from finite size scaling of the
excitation spectrum. The superscript ‘num’ means numerical data and
‘ana’ means analytic results. The first two exponents correspond to spin
and energy: x1 ≡ xσ , x2 ≡ xε . The identity is trivial, which is set to be
zero. The λ = 1/2 is the non-universal factor in Eq. (6).
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Fig. 5. Two-point correlation functions of the ground state of TFIM’s
cMPO. The curves are analytic solutions while the points are numerical
results. We choose parameters β = 16, h = J = 1. The cMPS’s bond
dimension is bondD = 16. (a) ⟨ψF(x)ψF(y)⟩ and (b) ⟨ψ†

F(x)ψF(y)⟩.

4.3.2. Correlation for ground state

To finish this subsection, we also comment to explain
why the underlying field ψ(x) of cMPS is bosonic. Since
we could view the cMPO as the continuum limit of a dis-
crete spin model, when we take the continuum limit, the lo-
cal spin (hard-core boson) operator σ

+
j corresponds to the

bosonic field operator ψB(x) ∼
√

ρ(x)e iφ(x) in the meaning
of density-phase representation.[19,20] (Here, we use subscript
B to emphasize the bosonic operator and subscript F to em-
phasize the fermionic operator.) For the TFIM’s case, since
we do the Jordan–Wigner transformation to reconstruct the
original Hilbert space, the fermionic field operator ψF(x) in
Eq. (19) then relates to the original bosonic operator ψB(x) by
a Jordan–Wigner string[19]

ψF(x) = e iπ
∫ x

0 ρ(x′)dx′
ψB(x). (33)

To support the above argument, we can calculate the two-
point correlation functions ⟨ψF(x)ψF(y)⟩ and ⟨ψ†

F(x)ψF(y)⟩
under the cMPS’s framework. For bosonic cMPS, we should
rewrite the fermionic operator into the bosonic operator using
Eq. (33). For example,

⟨ψF(x)ψF(y)⟩= ⟨Φ |e
∫ x

0 ρ(x′)dx′
ψB(x)e

∫ y
0 ρ(x′)dx′

ψB(y)|Φ⟩,

where |Φ⟩ is the variational cMPS ground state in Eq. (27).
We compare the numerical results with the analytic results in
Fig. 5, which coincides with our prediction. Additionally, re-
sults in Fig. 5 also show that the variational cMPS ground state
truly captures the exact ground state of TFIM’s cMPO, which
is a fermionic Gaussian state and thus is completely captured
by its two-point correlations.

The analytic expressions of the fermionic correlation
functions can be found in Eqs. (D2) and (D3) in Appendix D.
The technical details of calculating cMPS’s expectation val-
ues about operators with a Jordan–Wigner string have been
explained in Appendix F.

5. Entanglement entropy
In this section, we discuss the ground state entanglement

entropy of cMPO based on the analysis of TFIM.
Before the concrete analysis, we could make some gen-

eral comments. As we have pointed out in Section 2, the
spectrum in Eqs. (15) and (16) shows that, at any finite β ,
the ground state is always gapped even at the critical point.
The fact indicates that the entanglement entropy is always fi-
nite at any finite temperature. On the other hand, since TFIM’s
cMPO is the Majorana QFT as shown in Section 3, the general
field theoretical analysis in Ref. [21] also predicts the finite
entanglement entropy. (S ≤ const. at the off-critical point and
S ∼ c

3 logβ at the critical point, where c = 1/2 is the central
charge.) The finite entanglement entropy allows us to approx-
imate the ground state with a cMPS of finite bond dimension
with enough precision, which supports the rationality of the
cMPS approximation of the ground state in Ref. [1].

Although we cannot find the exact cMPS representation
of the ground state for TFIM’s cMPO, at the limit case h = 0,
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the ground state is a simple cMPS with bond dimension two,
see Appendix E, (

1√
τJσ x

)
. (34)

Its entanglement entropy is independent of the subsystem’s
size β ′ as shown in Eq. (E16): S = ln2+δS(β ), which tends
to be S = ln2 when β → ∞. The correction term δS(β ) ∼
e−2β (1− 2ln2) < 0 is exponential small. (We set the cou-
pling constant to be J = 1 by absorbing J into β ).

In the following, we first verify the finite entanglement
entropy for TFIM by diagonalizing the subsystem’s correla-
tion matrix under a small trotter step[6,7] in the first subsection.
We also give an integral equation as the continuum limit of the
correlation matrix in the second subsection.

5.1. Entanglement entropy for TFIM: numerical results

We consider a subsystem of length β ′, whose ratio with
the total system is Λ = β ′/β ∈ [0,1]. We discretize the imagi-
nary time to be β =Nτ and β ′ =Mτ , where τ is a small trotter
step. The sub-correlation matrix Γ A is a 2M×2M matrix with
matrix elements Γ A

jα,kβ
(see Appendix C),

Γ A
jα,kβ

= g( j− k)⊗σ
+
αβ
−g(k− j)⊗σ

−
αβ

, (35)

where g(l) = 2
N ∑k>0 cos(2φk + kl) and φk is the Bogoliubov

angle of mode k.
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Fig. 6. (a) The critical entanglement entropy with h = J = 1 for differ-
ent β . (b) The off-critical entanglement entropy at β = 10, which has
a lower bound S = ln2. The x-axis labels the ratio x = β ′/β , where
β ′ is the subsystem’s size. (c) The critical entanglement entropy as the
function of β . We verify the central charge c = 1/2 from the scaling of
the critical entanglement entropy.

Since Γ A is real anti-symmetric, iΓ A is Hermitian. If we
define the ‘density matrix’ ρ̂ = 1

2 (iΓ A + 1), we can calculate

the entanglement entropy using the following formula:

Sβ ′ =−Tr[ρ̂ ln ρ̂]. (36)

By numerically diagonalizing ρ̂ , we can calculate entan-
glement entropy using Eq. (36) under certain trotter step τ .
We plot the entanglement entropy as a function of ratio Λ at
critical point hc = Jc = 1 for different total system sizes β in
Fig. 6(a). We also show the off-critical behavior of entan-
glement entropy for different h with fixed J = 1 at β = 10
in Fig. 6(b), where the entropy decreases when we decrease
the magnitude of magnetic field h. The entanglement en-
tropy has a lower bound ln2 which corresponds to the classi-
cal Ising limit. By calculating the maximum critical entangle-
ment entropy S(β ′ = β/2) at different β , we verify the central
charge c = 1/2 for TFIM again from the scaling of the criti-
cal entanglement entropy: S(β ′) = c

3 lnβ ′+ S0,[21] as shown
in Fig. 6(c).

5.2. Integral equation for correlation matrix

In the continuum limit τ → 0, the eigen-equation
iΓ Aχn = λnχn becomes an integral equation with the block
difference kernel, see Appendix C,∫

Λ

0
dy𝐾(x− y)χn(y)−σ

y
χn(x) = λnχn(x), (37)

where the integral kernel is

𝐾(x− y) =

(
0 i

π

∫
π

0 dθ f (θ ,x− y)
− i

π

∫
π

0 dθ f (θ ,y− x) 0

)
and the explicit expression of f (θ ,x) can be found in
Eq. (C39) of Appendix C.

Then the corresponding ‘density matrix’ ρ̂ becomes

ραβ (x− y) = 1
2

(
1 i
−i 1

)
αβ

δ (x− y)+ 1
2 Kαβ (x− y). Since the

ρ̂(x− y) is a block difference kernel, which can be viewed as
the continuum limit of the block Toeplitz matrix, the analytic
expression of the entanglement entropy may be determined by
generalizing the (strong) Szego theorem[22,23] in the future.

6. Conclusions and outlook
In summary, we detailly study the cMPO for TFIM. We

determine the analytic structure of cMPO for TFIM and show
that it has the well-defined operator formalism: T = e−

1
2 ĤF .

The Hilbert space structure of ĤF at the scaling limit is an-
alyzed especially, which verifies the corresponding field the-
oretical predictions explicitly. A calculation also shows the
ground state entanglement entropy for TFIM’s cMPO is finite
both at critical and off-critical points, which supports the ra-
tionality of using cMPS as an approximated ground state for
the cMPO method.[1]

Motivated by the Hamiltonian structure of TFIM’s cMPO
and the theoretical predictions of CFT, we also design an algo-
rithm to calculate the critical exponents for the general lattice
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model through the excitation spectrum of the corresponding
cMPO. We use the analytic results of TFIM as the benchmark.
Our numerical algorithm may also be used to calculate the ex-
cited states for the continuous model on a ring.

Although the solvability of TFIM’s cMPO is heavily on
the special structure of the two-dimensional Ising model, we
tend to believe that the Hamiltonian structure for cMPO is
universal to some extent. In fact, in the bethe ansatz tech-
niques for thermodynamics, apart form the traditional Yang–
Yang approach,[24] there also exists the quantum transfer ma-
trix approach,[25,26] which may be viewed as the (integrable)
cMPO in some sense.

The derivation in this work is based on taking the contin-
uum limit of a certain lattice model. However, it is not difficult
to show that the cMPO has a very similar (lattice independent)
integral formalism to the cMPS case,

T = Traux𝒫 exp
{∫ L

0
dx
[

Q(x)⊗1+
d

∑
i=1

Li(x)⊗ψi(x)

+
d

∑
i=1

Ri(x)⊗ψ
†
i (x)+

d

∑
i, j=1

(Pi j(x)−1δi j)

⊗ψ
†
i (x)ψ j(x)

]}
(38)

for the corresponding unit cell tensor

ti j =

(
1+ εQ

√
ε𝐿√

ε𝑅 𝑃

)
i j
.

It is also possible to construct a series of solvable models shar-
ing the same ground states with the corresponding cMPOs,
whose ground states have the cMPS structure. Detailed analy-
sis will appear in the late.

Appendix A: Diagonalization of V
In this section, for the reader’s convenience, we review

the procedure of the diagonalization of the transfer matrix V
in Eq. (7), following the classic paper,[10] where the slight dif-
ference is the exchange of V1 and V2 in our definition. We map
the transfer matrix to the free fermion and then diagonalize it
using the Bogoliubov transformation.

For simplicity, we define 1 = β = Nτ and let N be even.
We need to diagonalize the following transfer matrix:

V (K̄2,K1) =V
1
2

1 V2V
1
2

1 ,

V
1
2

1 (K̄2) = exp(K̄2

N

∑
j=1

σ
z
j ),

V2(K1) = exp(K1

N

∑
j=1

σ
x
j σ

x
j+1). (A1)

The Jordan–Wigner transformation is defined as

σ
z
j = 1−2c†

jc j,

σ
x
j =

j−1

∏
k=1

(1−2c†
kck)(c j + c†

j). (A2)

We substitute Eq. (A2) into Eq. (A1),

V
1
2

1 (K̄2) = exp
(
− K̄2 ∑

j
c†

jc j

)
exp
(

N
2

K̄2

)
, (A3)

V2(K1) = exp
[

K1 ∑
j
(c†

j − c j)(c
†
j+1 + c j+1)

]
. (A4)

If (−1)N̂ = 1, we have APBC, c1 = −cN+1; if (−1)N̂ = −1,
we have PBC, c1 = cN+1.

Because of the translation invariance, we can use Fourier
transformation

c j =
1√
N

e−iπ/4
∑
k

e ik jck (A5)

for APBC, k = π(2n+1)
N = {± π

N ,±
3π

N , . . . ,± (N−1)π
N }; for PBC,

k = π(2n)
N = {0,± 2π

N , . . . ,± (N−2)π
N ,π}.

The transfer matrix thus has the block diagonal form

V = ∏
0≤k≤π

Vk. (A6)

For k ̸= 0,π ,

Vk = e2K̄2V
1
2

1kV2kV
1
2

1k, (A7)

where

V
1
2

1k = e−K̄2(c
†
kck+c†

−kc−k),

V2k = e2K1[sink(c†
−kc†

k+ckc−k)+cosk(c†
kck+c†

−kc−k)]. (A8)

For k = 0,π ,

Vk=0 = eK̄2 exp [−2(K̄2−K1)c
†
0c0], (A9)

Vk=π = eK̄2 exp [−2(K̄2 +K1)c†
π cπ ]. (A10)

In k = 0, π sector, it is already diagonal, we need diagonalize
sectors k ̸= 0, π . The Fock space of Vk has dimension four. We
choose following four basis:

Φ0 = |0⟩, Φk = c†
k |0⟩, Φ−k = c†

−k|0⟩, Φ−k,k = c†
−kc†

k |0⟩.
(A11)

The V1k is already diagonal under certain basis,

V
1
2

1k(Φ0,Φk,Φ−k,Φ−k,k)

= (Φ0,Φk,Φ−k,Φ−k,k)


1

e−K̄2

e−K̄2

e−2K̄2

 . (A12)

For V2k, the subspace {Φk,Φ−k} is already diagonal,

V2k(Φk,Φ−k) = (Φk,Φ−k)e2K1 cosk
(

1
1

)
. (A13)
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As the result, we only need to diagonalize the subspace
{Φ0,Φ−k,k}. When we restrict in the subspace, the operator
c†
−kc†

k becomes

c†
−kc†

k(Φ0,Φ−k,k) = (Φ0,Φ−k,k)σ
−. (A14)

Similarly, ckc−k, c†
kck, and c†

−kc−k become

ckc−k = σ
+, c†

kck = c†
−kc−k =

1
2
(1−σ

z). (A15)

As the result, in this two-dimensional space, we have

Vk = e2K̄2V
1
2

1kV2kV
1
2

1k, (A16)

where

V1k(K̄2) = exp[−K̄2(1−σ
z)],

V2k(K1) = exp[2K1(sinkσ
x− coskσ

z− cosk1)]. (A17)

If we define the spinor σ ′ ≡ sinkσ x− coskσ z, we have

V1k(K̄2) = e−K̄2(cosh K̄2 + sinh K̄2σ
z),

V2k(K1) = e2K1 cosk(cosh2K1 + sinh2K1σ
′). (A18)

After some algebra, we find

Vk = e2K1 cosk[coshεk + sinhεk(sin2φkσ
x + cos2φkσ

z)],
(A19)

where

coshεk = cosh2K1 cosh2K̄2− sinh2K1 sinh2K̄2 cosk,

sinhεk sin2φk = sinh2K1 sink,

sinhεk cos2φk

= cosh2K1 sinh2K̄2− sinh2K1 cosh2K̄2 cosk. (A20)

As the result, under the orthogonal transformation O,

O =

(
cosφk −sinφk
sinφk cosφk

)
, (A21)

Vk becomes diagonal,

Vk = e2K1 coskO
(

eεk

e−εk

)
OT. (A22)

Alternatively, we can define the Bogoliubov transformation(
ηk

η
†
−k

)
= OT

(
ck

c†
−k

)
, (A23)

where we define φ−k =−φk for negative k.
As the result, Vk has the quadratic form in the second

quantization formalism for k > 0 (k ̸= 0 and π),

Vk = e2K1 cosk e−εk(η
†
k ηk+η

†
−kη−k−1). (A24)

To consider the restriction ∑k cosk = 0 for both even and
odd sectors, we finally have

V = exp
[
−∑

k
εk

(
η

†
k ηk−

1
2

)]
. (A25)

Particularly, in the odd sector, for modes k = 0 and π , we
define η0 ≡ c0 and ηπ ≡ cπ .

Appendix B: Spectrum at the continuum limit

We first summarize the above formulas using parameters
K and Γ . The following identity proves to be useful:

cosh
[

lncoth
x
N

]
= coth

2x
N
,

sinh
[

lncoth
x
N

]
=

1
sinh 2x

N

. (B1)

To substitute Eq. (B1) into Eq. (A20) with x = K, Γ , we have

coshεk =
cosh 2Γ

N cosh 2K
N − cosk

sinh 2Γ

N sinh 2K
N

,

cos2φk =
cosh 2Γ

N − cosh 2K
N cosk√

[cosh 2Γ

N cosh 2K
N − cosk]2− [sinh 2Γ

N sinh 2K
N ]2

,

sin2φk =
sinh 2K

N sink√
[cosh 2Γ

N cosh 2K
N − cosk]2− [sinh 2Γ

N sinh 2K
N ]2

.

(B2)

The corresponding cMPO is

T = lim
N→+∞

(
sinh

2Γ

N
sinh

2K
N

)N
2

× exp
[
−∑

k
εk

(
η

†
k ηk−

1
2

)]
, (B3)

where

(
ηk

η
†
−k

)
=

(
cosφk sinφk
−sinφk cosφk

)(
ck

c†
−k

)
. (B4)

B1. Vacuum energy

The vacuum energy ENS/R
0 in the NS and R sectors corre-

spond to the dominant and second-largest eigenvalues Λ0 and
Λ1 of cMPO, respectively: 1

2 ENS/R
0 =− lnΛ0/1.

We need to calculate the following limit according to
Eq. (B3):

ENS/R
0 =− lim

N→+∞

[
N ln

(
sinh

2Γ

N
sinh

2K
N

)
+ ∑

k∈NS/R
εk

]
.

(B5)

On the other hand, we already know the final expression of
ENS

0 in history according to the relationship between dominant
eigenvalue and free energy density f ,

1
2

ENS
0 =− lnΛ0 = β f , (B6)
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where β f = − 1
π

∫
π

0 ln [2cosh(
√

Γ 2 +K2 +2Γ K cosθ)]dθ ,
which is a well-known result for TFIM.[11] Our calculation
should coincide with this classic result.

Before concrete calculation, let us first estimate the large
N asymptotic behavior of the summation in Eq. (B5). Us-
ing Taylor expansion: limx→0 cothx = 1

x (1+
1
3 x2)+𝒪(x3) and

limx→0
1

sinhx = 1
x (1−

1
6 x2)+𝒪(x3), we have

coshεk =
N2

4Γ K
(1− cosk)+

(
Γ

K
+

K
Γ

)
×
(

1
6

cosk+
1
3

)
+𝒪

(
1

N2

)
. (B7)

According to the formula cosh−1 x= ln(x+
√

x2−1) for x≥ 0,
we have the following estimation of εk:

εk ∼ lnN→∑
k

εk ∼ N lnN. (B8)

We can also estimate the normalization term

N ln
(

sinh
2Γ

N
sinh

2K
N

)
∼−N lnN. (B9)

As the result, we find that the RHS of Eq. (B5) is the summa-
tion of two divergent terms, with the same order but opposite
signs. According to the discussion about Eq. (B6), the summa-
tion should be finite, which indicates that we should combine
the two terms to have a finite expression of N, and finally take
limit N→+∞.

Motivated by the exact expression of free energy density,
we introduce the auxiliary variable θ through the following in-
tegral identity[27] (for example, see Ref. [27], p. 534, 4.224.9):∫

π

0
ln(a+bcosx)dx = π ln

a+
√

a2−b2

2
. (B10)

We choose a = coshεk, b = 1. For Γ ≥ K, since εk =

cosh−1 a = ln(a+
√

a2−1), we have

εk =
1
π

∫
π

0
ln[2(coshεk + cosθ)]dθ . (B11)

To substitute it into Eq. (B5), we have

ENS/R
0

=− 1
π

lim
N→∞

∫
π

0
ln
{

2N
∏

k∈NS/R

[
cosh

2Γ

N
cosh

2K
N

+ sinh
2Γ

N
sinh

2K
N

cosθ − cosk
]}

dθ . (B12)

for Γ ≥ K. For Γ < K, we need an extra correction of the zero
mode for ER

0 .
According to the following inequality:

cosh
2Γ

N
cosh

2K
N

+ sinh
2Γ

N
sinh

2K
N

cosθ

≥ cosh
2(Γ −K)

N
≥ 1, (B13)

we can parameterize it as coshx,

coshx≡ cosh
2Γ

N
cosh

2K
N

+ sinh
2Γ

N
sinh

2K
N

cosθ . (B14)

Then Eq. (B12) becomes

ENS/R
0

=− 1
π

lim
N→∞

∫
π

0
dθ ln

{
2N

∏
k∈NS/R

[coshx− cosk]
}
. (B15)

The following algebraic identity is important (see
Ref. [27], p. 41, 1.395.2):

coshnx− cosny = 2n−1
n−1

∏
k=0

[
coshx− cos

(
y+

2πk
n

)]
. (B16)

For the NS sector, we choose y = −N−1
N π and notice

cos(N − 1)π = −1 since N is an even number according to
our assumption. We have

coshNx+1 = 2N−1
∏

k
[coshx− cosk]. (B17)

As the result,

1
2

ENS
0 =− 1

2π
lim

N→∞

∫
π

0
ln[2(cosh(Nx)+1)]dθ

=− 1
π

lim
N→∞

∫
π

0
ln
[

2cosh
(

Nx
2

)]
dθ . (B18)

To compare Taylor expansions

coshx = 1+
2(Γ 2 +K2 +2Γ K cosθ)

N2 +𝒪
(

1
N4

)
and coshx = 1+ 1

2 x2 +𝒪(x4), we determine x up to the first-
order of 1/N,

x =
2
√

Γ 2 +K2 +2Γ K cosθ

N
+𝒪

(
1

N2

)
. (B19)

To substitute Eq. (B19) into Eq. (B18) and take the limit
N→ ∞, we finally have

1
2

ENS
0 =− 1

π

∫
π

0
ln[2cosh(

√
Γ 2 +K2 +2Γ K cosθ)]dθ .

(B20)

For the R sector, we choose y = − (N−2)
N π and notice

cosNy = 1, similarly, we have

1
2

ER
0 =− 1

π

∫
π

0
ln[2sinh(

√
Γ 2 +K2 +2Γ K cosθ)]dθ

+
1
2

(∣∣∣∣ ln Γ

K

∣∣∣∣− ln
Γ

K

)
, (B21)

where we have an extra correction because of the zero mode.
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B2. Excitation spectrum

We denote the vacuum of the NS and R sectors as |0⟩NS/R,
respectively. Since we have ENS

0 < ER
0 , the ground state for

TFIM’s cMPO is |0⟩NS with energy ENS
0 . To consider the re-

striction of particle number’s parity, the first excitation state is
η

†
0 |0⟩R with energy ER

0 + ε0.
For any excited state, we denote it as

|ψ⟩= ∏
k

η
†
k |0⟩NS/R, (B22)

where k is the quantum number of cyclic group ZN .
Generally, we can choose any

k ∈
{
± π

N
,±3π

N
, . . . ,± (N−1)π

N

}
in the NS sector;

k ∈
{

0,±2π

N
, . . . ,± (N−2)π

N
,π

}
in the R sector. However, we can prove, in the continuum limit,
only the small k, which satisfies k = limN→∞

2π j
N = 0, has a

contribution to the free energy. This fact can be easily seen
from Eq. (B1), where we have a singular term N2

4Γ K (1− cosk).
For any k = limN→∞

2π j
N ̸= 0, we will have εk ∼ lnN → +∞,

as the result e−εk → 0, which does not have a contribution to
the partition function. To have finite εk, we need cosk→ 1, as
the result, k = 2π j

N → 0, where we fix j and let N→ ∞. As the
result, we establish a one-to-one map between the small k and
the discrete quantum number j. We have j ∈ Z + 1

2 in the NS
sector; j ∈ Z in the R sector.

We relabel the index k by j for the dispersion relation:
1
2 ε j ≡ εk in Eq. (B7). To determine the dispersion relation in
the continuum limit, we expand 1− cosk = 1

2 (
2π j
N )2 +𝒪( 1

N4 )

and substitute it into Eq. (B7),

1
2

ε j = ln(x j +
√

x2
j −1), j ̸= 0,

x j =
π2 j2

2Γ K
+

1
2

(
Γ

K
+

K
Γ

)
; (B23)

while for the zero mode, we have

1
2

ε0 = sign(Γ −K) ln(x0 +
√

x2
0−1) = ln

Γ

K
. (B24)

The quantum number k is like the lattice momentum, with
lattice size τ = β/N. In the continuum limit, the physical mo-
mentum P of the certain eigenstate in Eq. (B22) is

P = lim
τ→0

∑
k

k
τ
= ∑

j

2π j
β

, (B25)

while the corresponding excitation energy ∆E ≡ E−ENS
0 is

∆E =

{
∑ j ε j, j ∈ Z + 1

2 ,

∑ j ε j +ER
0 −ENS

0 , j ∈ Z.
(B26)

In summary, we have proved, in the continuum limit,
TFIM’s cMPO has the structure T = e−

1
2 ĤF .

B3. Torus partition function 𝑍(𝐿,𝛽)

As an application of Eqs. (15), (16), and (18), we can get
an expression of TFIM’s partition function Z(L,β ) on a torus.
To see the modular invariance in the following, we need to
rescale the coupling h→ h/2, J→ J/2. As the result, TFIM’s
Hamiltonian becomes Ĥ = − J

2 ∑i σ x
i σ x

i+1 −
h
2 ∑i σ

z
i , and the

corresponding cMPO becomes T = e−ĤF .
In the fermion representation, the cMPO is

T = e−ENS
0 −∑n∈NS εnη

†
n ηn P̂+ e−ER

0 −∑n∈R εnη
†
n ηn(1− P̂)

≡ T NS +T R, (B27)

where P̂ = 1+(−)N̂

2 is the projector that restricts the particle
parity to be even (odd) in the NS (R) sector.

We can use the trick (−)N̂ = (−)∑n η
†
n ηn , then the transfer

matrix becomes

T NS =
1
2

e−ENS
0

[
∏

n∈NS
e−εnη

†
n ηn + ∏

n∈NS
e−εnη

†
n ηn(−)η

†
n ηn

]
,

T R =
1
2

e−ER
0

[
∏
n∈R

e−εnη
†
n ηn −∏

n∈R
e−εnη

†
n ηn(−)η

†
n ηn

]
.

(B28)

The partition function is

Z(L,β ) = TrT L = ZNS +ZR, (B29)

where

ZNS =
1
2

e−LENS
0

[
∏

n∈NS
(1+ e−Lεn)

+ ∏
n∈NS

(1− e−Lεn)

]
,

ZR =
1
2

e−LER
0

[
∏
n∈R

(1+ e−Lεn)−∏
n∈R

(1− e−Lεn)

]
=

1
2

e−LER
0 ∏

n∈R
(1+ e−Lεn), (B30)

where, in the second equality, we use ∏n∈R(1− e−Lεn) = 0
since ε0 = 0 in the R sector.

B4. Modular invariance of the partition function

We define the reduced partition function Z̃ ≡ eLENS
0 Z by

removing the contribution of the ground state energy, which is
a non-universal factor. When the model is at the critical point
hc = Jc = 1 in the scaling limit, the partition function Z̃(L,β )
has the modular invariance. To see this, we analyze its critical
spectrum at the scaling limit. According to the discussion in
Section 3, we have: ER

0 −ENS
0 = 2π

β

1
8 and εn =

2π|n|
β

. To sub-
stitute the above expressions into the definition of Z̃, we find
that Z̃ is a function of the ratio τ = L/β ,

Z̃
(

τ =
L
β

)
=

1
2

[
∏

n∈NS
(1+ e−2π|n| L

β )+ ∏
n∈NS

(1− e−2π|n| L
β )

]
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+
1
2

e−π
L
β ∏

n∈R
(1+ e−2π|n| L

β ). (B31)

As the result, we build a functional relation between the
partition function Z(L,β ) and the reduced partition function
Z̃(τ),

Z(L,β ) = e−LENS
0 Z̃(τ), (B32)

where τ = L/β .
On the other hand, we can also calculate the partition

function by diagonalizing TFIM’s Hamiltonian directly.[11]

We will have a similar form

Z(L,β ) =
1
2

e−βENS′
0

[
∏

n∈NS
(1+ e−βε ′n)+ ∏

n∈NS
(1− e−βε ′n)

]
+

1
2

e−βER′
0 ∏

n∈R
(1+ e−βε ′n), (B33)

where ENS′/R′
0 are TFIM’s vacuum energy and ε ′n are TFIM’s

excitation spectrum. The momentum index n∈NS/R restricts
in the first Brillouin zone. At the critical point in the scaling
limit, we have ER′

0 −ENS′
0 = 2π

L
1
8 and εn =

2π|n|
L . When L≫ 1,

the restriction of n in the Brillouin zone eliminates. As the
result, we find another functional relation between Z and Z̃,

Z(L,β ) = e−βENS′
0 Z̃

(
1
τ

)
, (B34)

where τ = L/β .
We also notice ENS

0 = βe0 and ENS′
0 = Le0, where e0 is

the ground state energy density (or free energy density at zero
temperature).To compare the above two relations in Eqs. (32)
and (34), we find that the reduced partition function has in-
verse symmetry Z̃(τ) = Z̃(1/τ).

Since the partition function is on the torus, we also have
translational invariance Z̃(τ) = Z̃(τ + 1). The two symme-
try operations form generators of the modular group SL(2,Z).
Thus we verify the modular invariance for TFIM explicitly.

In the above derivation, β is dimensionless since we have
absorbed the dimension of h and J into β . (In fact, we have
the following dimension relation: [a] = [β ] = [h]−1 = [J]−1,
where a is the lattice size. The space and imaginary time
have the same dimension in the Euclidean QFT.) As the re-
sult, to recover the dimension, the modular parameter should
be τ = La/β = l/β , where l = limL→∞,a→0 La is the system
size with dimension of length.

Appendix C: Correlation matrix and entangle-
ment entropy
C1. Correlation matrix

We define the Majorana representation for fermion
modes,

ă2 j−1 = c j + c†
j ,

ă2 j =−i(c j− c†
j). (C1)

The correlation matrix Γ A is defined to be

⟨ă jăl⟩= δ jl + iΓ A
jl . (C2)

To determine Γ A, we could calculate the following matrix el-
ements: ⟨ă2 j−1ă2l−1⟩, ⟨ă2 j−1ă2l⟩, ⟨ă2 jă2l−1⟩, and ⟨ă2 jă2l⟩.

For the ground state, the fermion correlation in k space is
simple,

⟨ηkη
†
k′⟩= δkk′ ,

⟨ηkηk′⟩= ⟨η†
k ηk′⟩= ⟨η†

k η
†
k′⟩= 0. (C3)

We can use Eq. (C3) to determine the real space correlation.
We first calculate ⟨c jcl⟩,

⟨c jcl⟩=
1
N

e−i π
2 ∑

kk′
e ik j+ik′l⟨ckck′⟩

=
−i
N ∑

kk′
e ik j+ik′l⟨(cosφkηk− sinφkη

†
−k)

× (cosφk′ηk′ − sinφk′η
†
−k′)⟩

=
−i
N ∑

kk′
e ik j+ik′l(−cosφk sinφk′)⟨ηkη

†
−k′⟩

=
−i
N ∑

k
e ik( j−l) cosφk sinφk

=
−i
2N ∑

k>0
sin2φk(e ik( j−l)− e−ik( j−l))

=
1
N ∑

k>0
sink( j− l)sin2φk, (C4)

then, ⟨c†
jc

†
l ⟩ is

⟨c†
jc

†
l ⟩= ⟨clc j⟩* =−⟨c jcl⟩

=− 1
N ∑

k>0
sink( j− l)sin2φk. (C5)

Similarly, we can calculate ⟨c jc
†
l ⟩ and ⟨c†

jcl⟩,

⟨c jc
†
l ⟩=

1
N ∑

kk′
e ik j−ik′l⟨(cosφkηk− sinφkη

†
−k)

× (cosφk′η
†
k′ − sinφk′η−k′)⟩

=
1
N ∑

kk′
e ik j−ik′l cosφk sinφk′⟨ηkη

†
k′

=
1
N ∑

k
e ik( j−l)(cosφk)

2

=
1

2N

[
∑
k

e ik( j−l)+ ∑
k>0

cos2φk(e ik( j−l)+ e−ik( j−l))

]
=

1
2

δ jl +
1
N ∑

k>0
cosk( j− l)cos2φk, (C6)

⟨c†
jcl⟩= δ jl−⟨clc

†
j⟩

=
1
2

δ jl−
1
N ∑

k>0
cosk( j− l)cos2φk. (C7)
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We can determine all the matrix elements of Γ A by substitut-
ing the above formulas into Eq. (C1),

⟨ă2 j−1ă2l−1⟩= ⟨(c j + c†
j)(cl + c†

l )⟩= δ jl ,

⟨ă2 jă2l⟩= δ jl ,

⟨ă2 j−1ă2l⟩= i
2
N ∑

k>0
cosk( j− l)cos2φk

− sink( j− l)sin2φk

= i
2
N ∑

k>0
cos[2φk + k( j− l)]≡ ig( j− l),

⟨ă2 jă2l−1⟩=−ig(l− j), (C8)

where we define

g(l) =
2
N ∑

k>0
cos(2φk + kl). (C9)

Because of the block structure of Γ A, we define the two-
by-two matrix Πl according to Eq. (C8),(

⟨ă2 j−1ă2l−1⟩ ⟨ă2 j−1ă2l⟩
⟨ă2 jă2l−1⟩ ⟨ă2 jă2l⟩

)
= δ jl + iΠ j−l , (C10)

where

Πl ≡
(

0 g(l)
−g(−l) 0

)
. (C11)

As the result, Γ A becomes

Γ
A
jα,kβ

= [Π j−k]αβ

= g( j− k)⊗σ
+
αβ
−g(k− j)⊗σ

−
αβ

, (C12)

which is a block Toeplitz matrix.
When we consider the subsystem of the first M fermion

modes, we can find a rotation V ∈O(2M) to rotate the subsys-
tem into the Schur form

Γ
B

M =VΓ
A

M V T =⊕M
l=1

(
0 vl
−vl 0

)
,

b̆m =
2M

∑
n=1

Vmnăn, (C13)

which corresponds to decoupling the M fermion modes into
the product state

ρM =⊗M
l=1ρl , (C14)

where ρl has eigenvalue 1±vl
2 .

Since each ρl contributes a binary entropy sl =

− 1+vl
2 ln 1+vl

2 −
1−vl

2 ln 1−vl
2 , the entanglement entropy of the

subsystem is the summation of binary entropy of M modes:
SM = ∑

M
l=1 sl . If we define the matrix ρ̂ = 1

2 (1+ iΓ A), the
entanglement entropy can be written as SM =−Tr[ρ̂ ln ρ̂].

C2. Integral representation of 𝑔(𝑙)

In this subsection, we give an integral representation of
the elements of the correlation matrix Γ A: g(l).

We have proved in the last section, g(l) is

g(l) =
2
N ∑

k>0
coskl cos2φk− sinkl sin2φk ≡

2
N ∑

k>0
gk(l), (C15)

where φk is the Bogoliubov phase defined in Eq. (B2).
We notice both the denominators of cos2φk and sin2φk

have the structure 1/
√

a2−b2. Similar to Eq. (B11), we can
also introduce the auxiliary variable θ . We use the following
integral identity (see Ref. [27], p. 393, 3.613.1.):

1√
1−a2

=
1
π

∫
π

0

dθ

1+acosθ
(C16)

and choose a =
sinh 2Γ

N sinh 2K
N

cosh 2Γ
N cosh 2K

N −cosk
. We have

gk(l) = coskl cos2φk− sinkl sin2φk =
coskl(cosh 2Γ

N − cosh 2K
N cosk)− sinkl sinh 2K

N sink

cosh 2Γ

N cosh 2K
N − cosk

1√
1−a2

=
1
π

∫
π

0
dθ

1
[cosh 2Γ

N cosh 2K
N + sinh 2Γ

N sinh 2K
N cosθ ]− cosk

×
[

cosh
2Γ

N
coskl− 1

2

(
cosh

2K
N

+ sinh
2K
N

)
cosk(l−1)− 1

2

(
cosh

2K
N
− sinh

2K
N

)
cosk(l +1)

]
=

1
π

∫
π

0
dθ

[
cosh

2Γ

N
coskl− 1

2

(
cosh

2K
N

+ sinh
2K
N

)
cosk(l−1)

− 1
2

(
cosh

2K
N
− sinh

2K
N

)
cosk(l +1)

]/
(coshx− cosk), (C17)

where, in the last equality, we use the notation coshx defined in Eq. (B14) again.
To substitute Eq. (C17) into Eq. (C15), we have

g(l) =
2
N

1
π

∫
π

0
dθ

[
cosh

2Γ

N
Il−

1
2

(
cosh

2K
N

+ sinh
2K
N

)
Il−1−

1
2

(
cosh

2K
N
− sinh

2K
N

)
Il+1

]
, (C18)

where we define Il = ∑k>0
coskl

coshx−cosk for l ∈ Z.

110205-15



Chin. Phys. B 31, 110205 (2022)

C3. Calculate 𝐼l

As shown in the last subsection, in the integral representa-
tion of g(l) in Eq. (C18), we define the function Il , labeled by
integer l, by a complex summation of positive k modes. In this
sub-section, we prove that Il can be simplified to be a simple
function of l.

Since Il is an even function of l: Il = I−l ≡ I|l|, we only
need to consider the case l ≥ 0.

In the following, let us derive a recursion formula of Il .
We divide Il into two parts Al and Bl ,

Il = ∑
k

cosk(l +1)
coshx− cosk

= ∑
k

1
coshx− cosk

[coskl cosk− sinkl sink]

≡ Al−Bl . (C19)

After some algebra, we find

Al = ∑
k

coskl
[

coshx
coshx− cosk

−1
]

= coshxIl−∑
k>0

coskl = coshxIl−
N
2

δl,0, (C20)

Bl = ∑
k

sink
coshx− cosk

[sink(l−1)cosk+ cosk(l−1)sink]

= ∑
k

sink sink(l−1)
[

coshx
coshx− cosk

−1
]

+∑
k

cosk(l−1)
1− cos2 k

coshx− cosk

= ∑
k

cosk(l−2)− coskl
2

coshx
coshx− cosk

−∑
k

sink(l−1)sink

+∑
k

cosk(l−1)
[

cosk− sinh2 x
coshx− cosk

+ coshx
]

=
coshx

2
Il−2−

coshx
2

Il− sinh2 xIl−1

−∑
k>0

coskl + coshx ∑
k>0

cosk(l−1)

=
coshx

2
Il−2−

coshx
2

Il− sinh2 xIl−1

− N
2

δl,0 +
N coshx

2
δl,1, (C21)

where we use ∑k coskl = N
2 δl,0.

To substitute Eqs. (C20) and (C21) into Eq. (C19), we
have a recursion formula of Il (with an extra term δl,1),

Il+1 =
3coshx

2
Il + sinh2 xIl−1−

coshx
2

Il−2−
N coshx

2
δl,1.

(C22)

When we consider l ≥ 0, Eq. (C22) is reduced to be a
simple recursion series,

Il+3 =
3coshx

2
Il+2 + sinh2 xIl+1−

coshx
2

Il , l ≥ 0. (C23)

If we denote the eigen-solution to be Il(k) = e ikl ≡ α l ,
we will find three eigenvalues: α1 = − coshx

2 , α2 = e−x, and
α3 = ex. Then the general solution is

Il =
3

∑
j=1

a jα
l
j, (C24)

where the coefficients ai can be determined through the initial
condition: I0, I1, and I2.

To calculate I0, we need the following identity (see
Ref. [27], p. 40, 1.382.1):

N
2 −1

∑
n=0

1
sin2 π(2n+1)

2N
sinhx + 1

2 tanh x
2

= N tanh
Nx
2
, (C25)

we have

I0 = ∑
k>0

1
coshx− cosk

= ∑
k

1
2sin2 k

2 +2sinh2 x
2

=
1

2sinhx ∑
k

1
sin2 k

2
sinhx + 1

2 tanh x
2

=
N tanh Nx

2
2sinhx

. (C26)

The I1 is easy to calculate based on the result of I0,

I1 = ∑
k

[
coshx

coshx− cosk
−1
]
= coshxI0−

N
2
. (C27)

We can get I2 using the recursion formula Eq. (C22) and prop-
erty I1 = I−1,

I2 =
3coshx

2
I1 + sinh2 xI0−

coshx
2

I−1−
N coshx

2

= sinh2 xI0 + coshxI1−
N coshx

2
. (C28)

To substitute the above three initial conditions in
Eqs. (C26)–(C28) into the general solution in Eq. (C24),
we can determine the three coefficients: a1 = 0, a2 =

N
4sinhx (tanh Nx

2 + 1), and a3 = N
4sinhx (tanh Nx

2 − 1). Since Il is
an even function of l, we finally have

Il =
N

2sinhx

[
tanh

(
Nx
2

)
cosh(xl)− sinh(x|l|)

]
. (C29)

C4. The 1/ N expansion of 𝑔(𝑙)

For the moment, we have found a relatively simple ex-
pression of g(l) in Eqs. (C18) and (C29) with trotter step N.
In this subsection, we try to find the form of g(l) in the contin-
uum limit N→∞. We need to expand g(l) up to the first order
of 1/N.

To substitute the expression of Il into g(l), we have

g(l) =
1
π

∫
π

0
dθϕ(θ , l),

ϕ(θ , l) =
1

sinhx

[
cosh

2Γ

N
Ĩl−

1
2

(
cosh

2K
N

+ sinh
2K
N

)
Ĩl−1
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− 1
2

(
cosh

2K
N
− sinh

2K
N

)
Ĩl+1

]
, (C30)

where we define Ĩl =
2sinhx

N Il for convenience.
In the continuum limit, we can define the continuous co-

ordinate as r = limN→∞
l
N , and then we have

xl = (Nx)(
l
N
)≡ (Nx)r. (C31)

Instead of l, we can view Ĩl as the function of r.
In the expression of ϕ(θ , l), we have Ĩl , Ĩl−1, and Ĩl+1

three terms, with the difference δ r = ± 1
N near r. For r ̸= 0,

we expand Ĩ(r+δ r) near r,

Ĩ(r+δ r) = Ĩ(r)+ Ĩ′(r)δ r+
1
2

Ĩ′′(r)(δ r)2 +𝒪((δ r)3),

Ĩ(r) = tanh
(

Nx
2

)
cosh(Nxr)− sinh(Nx|r|),

Ĩ′(r) = Nx[tanh
(

Nx
2

)
sinh(Nxr)− sign(r)cosh(Nxr)],

Ĩ′′(r) = (Nx)2
[

tanh
(

Nx
2

)
cosh(Nxr)− sign(r)sinh(Nxr)

]
.

(C32)

To substitute the formulas in Eq. (C32) for Ĩl+1≡ Ĩ(r+ 1
N )

and Ĩl−1 ≡ Ĩ(r− 1
N ) into the expression of ϕ(θ , l) in Eq. (C30),

we have

ϕ(θ , l) =
1

sinhx

[(
cos

2Γ

N
− cosh

2K
N

)
Ĩ(r)

+
1
N

sinh
2K
N

Ĩ′(r)− 1
2N2 cosh

2K
N

Ĩ′′(r)+𝒪
(

1
N3

)]

=
1

sinhx

[(
cos

2Γ

N
− cosh

2K
N

)
×
(

tanh
(

Nx
2

)
cosh(Nxr)− sinh(Nx|r|)

)
+ xsinh

2K
N

(
tanh

(
Nx
2

)
sinh(Nxr)

− sign(r)cosh(Nxr)
)

− x2

2

(
tanh

(
Nx
2

)
cosh(Nxr)

− sign(r)sinh(Nxr)
)
+𝒪

(
1

N3

)]
. (C33)

To simplify Eq. (C33), we need the following Taylor ex-
pansion formulas:

Nx = 2
√

Γ 2 +K2 +2Γ K cosθ +𝒪
(

1
N2

)
≡ 2κ(θ)+𝒪

(
1

N2

)
,

tanh
Nx
2

= tanhκ +𝒪
(

1
N2

)
,

cosh(Nxr) = cosh(2κr)+𝒪
(

r
N

)
,

sinh(Nx|r|) = sinh(2κ|r|)+𝒪
(

r
N

)
,

sinhx =
2κ

N
+𝒪

(
1

N3

)
. (C34)

To substitute them into Eq. (C33), for l ̸= 0, we have

ϕ(θ , l) =
1

sinhx

[
2(Γ 2−K2)

N2 (tanhκ cosh2κr− sinh2κ|r|)+ 4Γ K
N2 (tanhκ sinh2κr− sign(r)cosh2κr)

− 2κ2

N2 (tanhκ cosh2κr− sign(r)sinh2κr)+𝒪
(

1
N3

)]
=

Γ 2−K2−κ2

κ
sinhκ(1−2|r|)− sign(r)2K coshκ(1−2|r|)

N coshκ
+𝒪

(
1

N2

)
≡ 1

N
f (θ ,r)+𝒪

(
1

N2

)
. (C35)

However, we must take care of the case l = 0 (r = 0) because Ĩ(r) is not differentiable at r = 0. (Notice sinh(Nx|r|) is not
differentiable at r = 0.) We should discuss it separately.

When r = 0, since

Ĩ0 = tanh
Nx
2
, Ĩ1 = Ĩ−1 = tanh

Nx
2

coshx− sinhx, (C36)

we have

ϕ(θ , l = 0) =
1

sinhx

[
cosh

2Γ

N
Ĩ0− cosh

2K
N

Ĩ1

]
=

1
sinhx

[
2κ

N
+

2(Γ 2−K2−κ2) tanhκ

N2 +𝒪
(

1
N3

)]
= 1+

1
N

f (θ ,0)+𝒪
(

1
N2

)
.

(C37)

In summary, up to the first order of 1/N, we have

g(l) = δl,0 +
1
N

1
π

∫
π

0
dθ f

(
θ ,

l
N

)
, (C38)
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f (θ ,x) =
Γ 2−K2−κ2(θ)

κ(θ) sinh[κ(θ)(1−2|x|)]− sign(x)2K cosh[κ(θ)(1−2|x|)]
coshκ(θ)

, (C39)

where we use the definition

κ(θ) =
√

Γ 2 +K2 +2Γ K cosθ

and sign(x) is the sign function: sign(x) =

 1 x > 0,
0 x = 0,
−1 x < 0.

C5. Derive integral equation

With the preparation of the above subsections, we can fi-
nally derive the integral equation of the correlation matrix in
the continuum limit. We consider the subsystem with ratio
Λ = β ′/β ∈ [0,1]. The continuum limit can be realized as fol-
lows. We assume under certain trotter step τ , the total system
has N fermion modes and subsystem M fermion modes, which
satisfies

Λ = lim
N→∞

M
N
. (C40)

The corresponding correlation matrix Γ A
M is real anti-

symmetric and thus iΓ A
M is Hermitian. According to Eq. (C12),

the eigen-equation for iΓ A
M is

iΓ A
M χ = λ χ→

M

∑
k=1,β

i[g( j− k)σ+
αβ
−g(k− j)σ−

αβ
]χkβ

= λ χ jα , (C41)

where we denote the corresponding eigenvector as χ j =

(χ j1,χ j2), j = 1,2, . . . ,M.
In the continuum limit, since χ(x) = χ j/

√
τ , we have

i ∑
y

1
N

[∫
π

0
dθ f (θ ,x− y)σ+

αβ
−
∫

π

0
dθ f (θ ,y− x)σ−

αβ

]
χβ (y)

+ i(σ+
αβ
−σ

−
αβ

)χβ (x) = λ χα(x), (C42)

where we use Eq. (C38).
To transform the above summation into an integral, we

instead of the summation ∑y
1
N with

∫
Λ

0 dy,∫
Λ

0
dy𝐾(x− y)χ(y)−σ

y
χ(x) = λ χ(x), (C43)

where the kernel is

𝐾(x− y) =

(
0 i

π

∫
π

0 dθ f (θ ,x− y)
− i

π

∫
π

0 dθ f (θ ,y− x) 0

)

and f (θ ,x) has been defined in Eq. (C39).
As the result, the eigen-equation of the correlation ma-

trix becomes an integral equation in the continuum limit. The
corresponding entanglement entropy is given by Eq. (36), as
described in the main text.

Appendix D: Ground state correlation at the con-
tinuum limit

The ground state of TFIM’s cMPO is a fermion Gaussian
state, which is completely captured by its two-point correla-
tion functions: ⟨ψ(x)ψ(y)⟩, ⟨ψ†(x)ψ(y)⟩, ⟨ψ†(x)ψ†(y)⟩ and
⟨ψ(x)ψ†(y)⟩.

We can find the explicit form of correlation functions at
the continuum limit. Since we have anti-periodic boundary
condition for the ground state in the fermion representation,
we can label the two points as x and y with x,y ∈ [0,β ). Using
the relation ψ(x) = c j/

√
τ , where τ = β/N, we have

⟨ψ(x)ψ(y)⟩

=
N
β
⟨c jcl⟩=

N
4β
⟨(ă2 j−1 + iă2 j)(ă2l−1 + iă2l⟩

=
N
4β

[−g( j− l)+g(l− j)]

=− 1
4πβ

∫
π

0
dθ

[
f
(

θ ,
x− y

β

)
− f
(

θ ,
y− x

β

)]
, (D1)

where, in the second equality, we use the transform relation
Eq. (C1) between the fermion and Majorana representation;
while in the last equality, we use the 1/N expansion of g(l) in
Eq. (C38).

To substitute the definition of f (θ ,x) into the above equa-
tion, we finally have

⟨ψ(x)ψ(y)⟩= sign(x− y)
J
π

∫
π

0
dθ

cosh[(β −2|x− y|)
√

h2 + J2 +2hJ cosθ ]

cosh[β
√

h2 + J2 +2hJ cosθ ]
, (D2)

where x,y ∈ [0,β ) (as the result, −β < x− y < β ).
Similarly, we have

⟨ψ†(x)ψ(y)⟩= J
π

∫
π

0
dθ

J+hcosθ√
h2 + J2 +2hJ cosθ

sinh[(β −2|x− y|)
√

h2 + J2 +2hJ cosθ ]

cosh[β
√

h2 + J2 +2hJ cosθ ]
. (D3)
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We can calculate ⟨ψ†(x)ψ†(y)⟩ and ⟨ψ(x)ψ†(y)⟩ follow-
ing the same routine. However, using the commutation rela-
tions, we can easily find ⟨ψ†(x)ψ†(y)⟩ = −⟨ψ(x)ψ(y)⟩ and
⟨ψ(x)ψ†(y)⟩= δ (x− y)−⟨ψ†(x)ψ(y)⟩.

Appendix E: Exact cMPS representation at ℎ =
0

E1. Exact cMPS

At h = 0, TFIM reduces to the classical 1D Ising model

Ĥ =−J ∑
j

σ
z
j σ

z
j+1 (E1)

and the corresponding cMPS’s unit cell becomes

ti j =

(
1

√
τJσ z

√
τJσ z 0

)
i j
. (E2)

In this section, we prove that the dominant eigenvector
has the following exact cMPS representation with bond di-
mension two:

ϕ
αβ

i =

(
1√

τJσ z

)
i
, (E3)

where Q = 0 and R =
√

Jσ z.
For convenience, we set J = 1. By exchanging the phys-

ical index {α,β} and the virtual index {i, j} in Eq. (E2), the
cMPO’s unit cell has a diagonal form

t̃αβ =

(
A 0
0 D

)
αβ

, (E4)

where A≡
(

1
√

τ√
τ 0

)
and D≡

(
1 −

√
τ

−
√

τ 0

)
.

Then the cMPO reads

T = Tr
[
∏ t̃

]
= lim

τ→0
[⊗N

j=1A+⊗N
j=1D], (E5)

where Nτ = β .
If we denote the dominant eigenvector of matrice A and D

as |λ+⟩ and |η+⟩. We argue that the exact dominant eigenstate
of T has the following form:

|Φ⟩= lim
τ→0

[⊗N
j=1|λ+⟩+⊗N

j=1|η+⟩]. (E6)

To prove this, we solve the eigen-problem for A and D up
to the first order of τ . We have

A =UΛU†,

D =VΛV †, (E7)

where

U ≡ (|λ+⟩, |λ−⟩) =
(

1− τ

2 −
√

τ√
τ 1− τ

2

)
+𝒪(τ2),

V ≡ (|η+⟩, |η−⟩) =
(

1− τ

2
√

τ

−
√

τ 1− τ

2

)
+𝒪(τ2),

Λ =

(
1+ τ

−τ

)
+𝒪(τ2). (E8)

We find, up to the first order of τ , A and D have the same
eigenvalues: {1+ τ,−τ}. We can also determine the trans-
formation rule between two eigenstates |λ+⟩ and η+⟩ from
Eq. (E8):

|η+⟩= (1−2τ)|λ+⟩−2
√

τ|λ−⟩+𝒪(τ2),

|λ+⟩= (1−2τ)|η+⟩+2
√

τ|η−⟩+𝒪(τ2). (E9)

We first prove that Eq. (E6) is an eigenstate of T , then we
prove that it corresponds to the dominant eigenvalue.

The T |Φ⟩ has the following form:

T |Φ⟩= lim
τ→0
⊗N

j=1A|λ+⟩+⊗N
j=1A|η+⟩

+⊗N
j=1D|λ+⟩+⊗N

j=1D|η+⟩. (E10)

Since A|λ+⟩ = (1 + τ)|λ+⟩ + 𝒪(τ2), D|η+⟩ = (1 +

τ)|η+⟩+𝒪(τ2), A|η+⟩ = (1+ τ)(1− 2τ)|λ+⟩+𝒪(τ
3
2 ), and

D|λ+⟩=(1+τ)(1−2τ)|η+⟩+𝒪(τ
3
2 ), where we use Eq. (E9),

we have

T |Φ⟩= lim
τ→0

(1+ τ)N [1+(1−2τ)N ]

× [⊗N
j=1|λ+⟩+⊗N

j=1|η+⟩]
= eβ (1+ e−2β ) lim

τ→0
[⊗N

j=1|λ+⟩+⊗N
j=1|η+⟩]

= 2coshβ |Φ⟩. (E11)

As the result, we find |Φ⟩ is an eigenstate of T with eigen-
value 2coshβ .

To compare it with the exact free energy density of the 1D
Ising model, which is β f =− ln(2coshβ ), we find that |Φ⟩ is
the dominant eigenvector.

The |Φ⟩ in Eq. (E6) is a cMPS because we can rewrite it
as

|Φ⟩= Tr
[ N

∏
i

ϕ̃
i
αβ

]
, (E12)

where ϕ̃ i
αβ

=

(
|λ+⟩ 0

0 |η+⟩

)
αβ

.

To exchange the physical index {α,β} and the virtual in-
dex {i} again, we find that the cMPS’s unit cell is

ϕ
′αβ

i =

(
1− τJ

2 1√
τJσ z

)
i

(E13)

which is equivalent to Eq. (E3). In fact, the state in Eq. (E13)
is different from the state in Eq. (E3) by a normalization factor
e

βJ
2 : |Φ ′⟩= e

βJ
2 |Φ⟩ if we denote the state in Eq. (E3) as |Φ ′⟩.

We complete our proof.
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E2. Entanglement entropy

The entanglement entropy for the general cMPS can be
calculated by Schmidt decomposition.[28]

For the Ising cMPS in Eq. (E6), the corresponding nor-
malized state is

ϕ
αβ

i =

(
1− τa1√

τσ z

)
i
, (E14)

where the normalized factor is a = 1
2β

ln(4coshβ ).
If we denote the subsystem as A, whose size is β ′,

and denote the rest as B, whose size is β − β ′, we
find that the state in Eq. (E14) is already Schmidt de-
composed |Φ⟩ = ∑(αβ ) s(αβ )|ΦA

(αβ )⟩|Φ
B
(αβ )⟩, where s(αβ ) =√

Λ A
(αβ )

Λ B
(αβ )

. We have Λ A = e−2aβ ′(eβ ′ , e−β ′ , e−β ′ , eβ ′)

and Λ B = e−2a(β−β ′)(eβ−β ′ , e−β+β ′ , e−β+β ′ , eβ−β ′). Then,
the entanglement entropy is S = −∑(αβ ) s2

(αβ ) lns2
(αβ ). The

concrete calculation shows

S = ln2+δS(β ), (E15)

where

δS(β ) =−e−2β

[
2ln2

(1+ e−2β )2 − e2β ln(1+ e−2β )

]
+β e−4β × e2β

2(coshβ )2 − e−4β

× e4β ln(1+ e−2β )

2(coshβ )2 . (E16)

We find that the entanglement entropy S is independent of the
subsystem’s size β ′. When β → ∞, S tends to be ln2 with an
exponential small correction δS(β )< 0. Up to the sub-leading
order, we have

S = ln2− e−2β (2ln2−1)+𝒪(β e−4β ). (E17)

Appendix F: Calculation details of cMPS
F1. Explicit form of 𝜌𝑘 and 𝑁𝑘

For a general model, we denote the optimized ground
state as (

1+ τQ√
τR

)
. (F1)

To distinguish notations of cMPS and cMPO, we denote
cMPO’s unit cell with subscript o,

to =
(

1+ τ(hσ z + f )
√

τJσ x
√

τJσ x 0

)
≡
(

1+ τQo
√

τLo√
τRo 0

)
, (F2)

where, in the first equality, we use the TFIM as an example.
As explained in the main text, since we rescale the cMPO T
to be eβ f T , we need to replace Qo by Qo + f for cMPO’s unit
cell, where f is the free energy density.

We first calculate the Nk,
1
β
⟨φk|φk⟩= Tr[(W ⊗W̄ )eβ T̂ ]+Tr[(1⊗V̄ +R⊗W̄ )

×
∫

β

0
dτ e ikτ eτT̂ (V ⊗1+W ⊗ R̄)e(β−τ)T̂ ]

= δk,0 ∑
n
⟨ln|W ⊗W̄ |rn⟩eβΛn

+∑
n,m
⟨ln|1⊗V̄ +R⊗W̄ |rm⟩

×⟨lm|V ⊗1+W ⊗ R̄|rn⟩
∫

β

0
dτ e ikτ eτΛm e(β−τ)Λn

= ∑
n
⟨ln|W ⊗W̄ |rn⟩eβΛn

+∑
n,m
⟨ln|1⊗V̄ +R⊗W̄ |rm⟩

×⟨lm|V ⊗1+W ⊗ R̄|rn⟩
eβΛm − eβΛn

Λm−Λn + ik

≡ 1
β
(V †,W †)Nk

(
V
W

)
, (F3)

where T̂ = 1⊗ Q̄ + Q⊗ 1 + R⊗ R̄ is the transfer matrix of
cMPS’s overlap ⟨Φ |Φ⟩. We diagonalize it to be T̂ =UΛU−1

and express it using Dirac’s bra-ket notation as

T̂ |rn⟩= Λn|rn⟩, ⟨ln|T̂ = Λn⟨ln|, (F4)

where U = (|r1⟩, |r2⟩, . . .) and U−1 =

⟨l1|⟨l2|
...

.

Since the denominator of eβΛm−eβΛn

Λm−Λn+ik will cause numerical
instability when Λm = Λn and k = 0, we should take the limit
k→ 0 by hand,

eβΛm − eβΛn

Λm−Λn + ik

=


eβΛm−eβΛn

Λm−Λn+ik , k ̸= 0,

δΛm,Λnβ eβΛn +(1−δΛm,Λn)
eβΛm−eβΛn

Λm−Λn+ik , k = 0.
(F5)

Similarly, for the ρk, we have

1
β
⟨φk|T |φk⟩

= ∑
n,m
⟨ln|1⊗1o⊗V̄ +1⊗Lo⊗W̄ |rm⟩

×⟨lm|V ⊗1o⊗1+W ⊗Ro⊗1|rn⟩
eβΩm − eβΩn

Ωm−Ωn + ik

≡ 1
β
(V †,W †)ρk

(
V
W

)
, (F6)

where we denote the corresponding transfer matrix of the over-
lap ⟨Φ |T |Φ⟩ as Ĝ,

Ĝ = Q⊗1o⊗1+1⊗Qo⊗1

+1⊗1o⊗ Q̄+R⊗Ro⊗1+1⊗1o⊗ R̄, (F7)

and we can diagonalize it as

Ĝ|rn⟩= Ωn|rn⟩, ⟨ln|Ĝ = Ωn⟨ln|. (F8)
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F2. Gauge fix condition

Both the cMPS and its tangent space state have gauge
freedom. We can fix the gauge using the canonical form.[18]

In our calculation, we use the left canonical form.
First, we shift a constant to make the dominant eigenvalue

of the transfer matrix of cMPS to be 0,

⟨l|T̂ = 0, T̂ |r⟩= 0. (F9)

To rewrite the above equation in matrix form, we have

lQ+Q†l +R†lR = 0, Qr+ rQ† +RrR† = 0. (F10)

Doing an additional invertible linear transformation, we
can realize the left canonical form: l = 1 and r = Λ 2, where
Λ 2 is a positive diagonal matrix satisfying by Tr[Λ 2] = 1. We
denote the cMPS in the left canonical form as (QL,RL). Equa-
tion (F10) becomes

QL +Q†
L +RLR†

L = 0, QLΛ
2 +Λ

2Q†
L +RLΛ

2R†
L = 0.

(F11)

As a tangent vector of cMPS, the variational excited state
|φk⟩ is gauge-invariant under the following reparameterization:

V ←V +[QL,X ], W ←W +[RL,X ], (F12)

where X is an arbitrary matrix. We can use the following gauge
fix condition to eliminate the D2 gauge freedom:

V =−R†
LW. (F13)

Therefore, the Nk is nonsingular.

F3. Jordan–Wigner string

We want to calculate the expectation values of cMPS with
the Jordan–Wigner strings:

⟨e iπ
∫ x

0 ρ(x′)dx′
ψ(x)e iπ

∫ y
0 ρ(x′)dx′

ψ(y)⟩,

⟨e iπ
∫ x

0 ρ(x′)dx′
ψ

†(x)e iπ
∫ y

0 ρ(x′)dx′
ψ(y)⟩.

We evaluate the expectation value in the meaning of nor-
mal order. We should distinguish the cases x < y and x > y.
For example, we could rewrite

⟨e iπ
∫ x

0 ρ(x′)dx′
ψ(x)e iπ

∫ y
0 ρ(x′)dx′

ψ(y)⟩

as

⟨e iπ
∫ x

0 ρ(x′)dx′
ψ(x)e iπ

∫ y
0 ρ(x′)dx′

ψ(y)⟩

= θ(x− y)⟨e iπ
∫ x

y ρ(x′)dx′
ψ(x)ψ(y)⟩

+θ(y− x)⟨ψ(x)e iπ
∫ y

x ρ(x′)dx′
ψ(y)⟩. (F14)

To derive the formulas of expectation values in a sim-
ple way, we can view the cMPS as the limit of a (discrete)

MPS.[4] We consider a discretized lattice with lattice param-
eter ε . Then the cMPS can be approximated as the following
MPS up to the first order:

|Φ⟩=
1

∑
si=0

Tr[As1 · · ·AsN ](a†
1)

s1 · · ·(a†
N)

sN |0⟩,

As =

(
1+ εQ√

εR

)
s
, (F15)

where ai is the boson mode living on the site i and has the fol-
lowing relation with the field operator at the continuum limit:
ψ(x) = limε→0 ai/

√
ε .

Correspondingly, the Jordan–Wigner string becomes
e iπ ∑ j n j , where ni = a†

i ai. Thus, for x < y, we have

⟨ψ(x)e iπ
∫ y

x ρ(x′)dx′
ψ(y)⟩

=

〈
a j√

ε
e iπ ∑ j≤k<l ni

al√
ε

〉
=

〈(
a j√

ε
e iπn j

)( l−1

∏
k=i+1

e iπnk

)
al√

ε

〉
. (F16)

We consider the local vacuum state |ϕ⟩ ≡ (1+ εQ)⊗ |0⟩+√
εR⊗a†|0⟩. Since a√

ε
e iπn|ϕ⟩=−R⊗|0⟩ and ⟨ϕ|e iπn|ϕ⟩=

1⊗1+ ε[Q⊗1+1⊗ Q̄−R⊗ R̄]≡ eεT̂str , up to the first order
of ε , we have

⟨ψ(x)e iπ
∫ y

x ρ(x′)dx′
ψ(y)⟩

=−Tr[e(β+x−y)T̂ (R⊗1)e(y−x)T̂str(R⊗1)], (F17)

where T̂ is the transfer matrix of cMPS and T̂str is the modified
transfer matrix because of the Jordan–Wigner string.

Similarly, for x > y, we have

⟨e iπ
∫ x

y ρ(x′)dx′
ψ(x)ψ(y)⟩

=

〈(
e iπn j

a j√
ε

)( l−1

∏
k=i+1

e iπnk

)
al√

ε

〉
= Tr[e(β−x+y)T̂ (R⊗1)e(x−y)T̂str(R⊗1)], (F18)

where, in the last equality, we use e iπn a√
ε
|ϕ⟩= R⊗|0⟩.

In summary, we have

⟨e iπ
∫ x

0 ρ(x′)dx′
ψ(x)e iπ

∫ y
0 ρ(x′)dx′

ψ(y)⟩

= θ(x− y)Tr[e(β−x+y)T̂ (R⊗1)e(x−y)T̂str(R⊗1)]

−θ(y− x)Tr[e(β+x−y)T̂ (R⊗1)e(y−x)T̂str(R⊗1)]. (F19)

Following a similar routine, we can also calculate
⟨e iπ

∫ x
0 ρ(x′)dx′ψ†(x)e iπ

∫ y
0 ρ(x′)dx′

ψ(y)⟩,

⟨e iπ
∫ x

0 ρ(x′)dx′
ψ

†(x)e iπ
∫ y

0 ρ(x′)dx′
ψ(y)⟩

= θ(x− y)Tr[e(β−x+y)T̂ (R⊗1)e(x−y)T̂str(1⊗ R̄)]

+θ(y− x)Tr[e(β+x−y)T̂ (1⊗ R̄)e(y−x)T̂str(R⊗1)]. (F20)
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