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Nonadiabatic geometric phase in a doubly driven two-level system
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We study theoretically the nonadiabatic geometric phase of a doubly driven two-level system with an additional
relative phase between the two driving modes introduced in. It is shown that the time evolution of the system strongly
depends on this relative phase. The condition for the system returning to its initial state after a single period is given
by the means of the Landau—Zener—Stiickelberg—Majorana destructive interference. The nonadiabatic geometric phase
accompanying a cyclic evolution is shown to be related to the Stokes phase as well as this relative phase. By controlling the
relative phase, the geometric phase can characterize two distinct phases in the adiabatic limit.
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1. Introduction

Ever since its discovery by Berry!!! the gauge invariant
geometric phase has attracted immense interest both in theo-

(2-131 Originally, Berry pointed

retical and experimental study.
out that the quantum system will acquire a nontrivial phase
factor in the instantaneous eigenstate of the time-dependent
Hamiltonian in addition to the familiar dynamic phase, when
slowly, adiabatically changing the Hamiltonian around a cir-
cuit in the parameter space. Subsequently, Aharonov and
Anandan extended the adiabatic Berry phase to non-adiabatic
case for any cyclic evolution of the quantum system itself,
known as the Aharonov—Anandan (AA) phase, ! which tends
to the Berry phase in the adiabatic limit. Samuel and Bhan-
dari generalized the Berry phase to non-cyclic and non-unitary
cases.!”! Further generalizations have been studied in various
physical systems like nonlinear systems,['*! mixed states, ']
and open systems.[!®) Due to the geometric phases depend
only on some global geometric features and show the robust-

[17-19

ness against certain noise, | they are potential for quantum

computation and quantum information processing, and have
been observed in various quantum systems. [6--11,21-23]
Comparing with the adiabatic geometric phase, which
is constrained by the adiabatic condition in the actual ex-
periments, leading to an intrinsic limitation on the opera-
tion time, the alternative nonadiabatic geometric phase is in-
dependent of the operation time, and then is more exper-

e.2°) However, because the quantum sys-

imentally feasibl
tem with a true time-dependent Hamiltonian ordinarily is

hard to solve analytically,’>”) one has often to search for
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the various appropriate approximations to obtain the geomet-
ric phase. Recently, Landau—Zener—Stiickelberg—Majorana
(LZSM) interferometry has become a useful tool to handle a
kind of time-dependent two-level system involved in geomet-
ric phase.l?%-28-33 Based on the so-called adiabatic impulse
model (AIM), one can obtain analytically the evolution of the
state vector. Under the LZSM destructive interference condi-
tion, the system returns to the initial state after a cyclic evo-
lution and the non-adiabatic geometric phase can be obtained

28311 However, the re-

related to the so-called Stokes phase.|
lation between both the destructive interference condition and
the nonadibatic geometric phase with the system parameters
is less obvious and not so direct to obtain. One may need a
detailed description of how to manipulate the system to gener-
ate definite nonadiabatic geometric phases, which is help for
quantum computation, for instance, building a universal quan-
tum gate, [2634.33]

In this work, we consider a doubly driven two-level sys-
tem in which the two driving modes of Hamiltonian be ad-
justed by an additional relative phase. This model has recently
been realized experimentally in an optical lattice clock (OLC)
system, and observed clearly the interference between differ-
ent Floquet channels by fine-tuning this relative phase.?®! Dif-
ferent from the previous work,*®! which was based on the
resolved Floquet sideband approximation (RFSA) in the pa-
rameter region g < @, here we enter into the parameter re-
gions g > @ that beyond the RFSA. With the help of AIM,
we show various cases of the time evolution of system due to
turn-on and -off of the gaps between energies controlled by

the relative phase. The analytical results well agree with the
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numerical results from numerical Floquet approach. 37381 In

addition, under the LZSM destructive interference condition,
we show that the geometric phase (AA phase) accompanying
a cyclic state evolution is related to the Stokes phase as well
as the relative phase, and can be manipulated flexibly by the
system parameters. Due to the signs of gaps of the eigenener-
gies changed by controlling the relative phase in the avoided
crossing points, the geometric phase after a cyclic evolution
characterizes two distinct phases in the adiabatic limit.

2. The model

We consider a doubly driven two-level system which is
governed by the time-dependent Hamiltonian (2 = 1)
Ao E(1) A(r)

H(t)_761+76m (1)

with £(r) = § + Aws cos(@str) and A (1) = g cos(wst + ) are re-
spectively the longitudinal and transverse driving fields, where
0 is a static bias, @y is the driving frequency, A and g are the
longitudinal and transverse driving amplitudes, respectively,
and v is the initial phase of the transverse driving field. 6,
are the Pauli matrices. Denote |e) and |g) as the eigenstates
of 6, with the corresponding eigenvalues +1, which are also
the eigenstates of Hamiltonian (1) without the transverse drive
[i.e., A(t) = 0], forming the diabatic basis. When Aws > &, the
eigenenergies of Hamiltonian (1) without the transverse drive
experience crossings at 71  +nT, where @] = arccos(— ﬁ),
sty =21 — t;, n € Z and T = 2w/ws. While due to
the transverse coupling A (¢), the instantaneous eigenenergies
E. (t) of the Hamiltonian: H ()@ (t) = E1 (1)@ (t), can ex-
hibit the avoided crossing structures, where E (t) = £5Q(t)
with Q(1) = \/€2(1) + A% (1), and @ (1) = B (1) ) + B+ (1) g)

are the corresponding adiabatic instantaneous eigenstates with
Q(r)+e(r)

B(t) = \ 200

ings [|e(1)| > (1)

the diabatic basis.
We now study the time evolution of the system using

. When far away form the avoided cross-

], the adiabatic eigenstates coincide with

AIM.BL3T n this model, the system can be treated as ex-
periencing the non-adiabatic transition just at the avoiding
crossing point, apart from which the system undergoes a
free adiabatic time evolution. The adiabatic evolution pro-
cess is straightforward with the quantum adiabatic theory,
whereas the non-adiabatic evolution is generally not easy to
handle.
enough and approximating the diabatic energies crossing as

But considering the non-adiabatic region is small

linearity near the crossing point, the evolution of system can
be exactly obtained by solving the so-called Landau—Zener
(LZ) problem.!***3] Then the system evolution at the avoided
crossing point can be described with a unitary evolution ma-
trix (LZ transition matrix), concrete form of which depends on
the approximate linearized LZ Hamiltonian in the vicinity of

avoiding crossing point. To be specific, for the Hamiltonian
given in Eq. (1), the diabatic energy crossing can be linearized
in the vicinity of ; », that is,

Red +Awmgcos[og(t1 2 +1)] ~ Fvt, 2)
[ 2
where v = Aa)s2 1-— (ﬁ) . Then the Hamiltonian (1) can

be approximately expressed by a linear LZ Hamiltonian in the
vicinity of 11 »

~ vt 1,2 A

Ma=556.+526, 3)
where g1 = gcos[arccos(—&) + vy, and g =
gcos[arccos(—%@) — y]. The minus (plus) sign in front of

the first term in Eq. (3) applies to #; (f2). When we describe
the evolution of system in the diabatic basis, the LZ transition
matrix depends both on the sign of diagonal and off-diagonal
matrix element of the LZ Hamiltonian. So for the LZ Hamil-

tonian given in Eq. (3), the LZ transition matrix at #; and 5,
[31]

—g1\V/1-Pz1 eiq") @)
Pz ’

can be expressed respectively by

X = < Vizr
g1/ 1—Pzie "
X> = ( Az, i % I_PLZ’ZCNPZ> o)
—ghy/1—Pzoe'? Bz ’
where Pz () = exp[—27x;(2)] is the so-called LZ for-
[40-43] ,/  _
812) = Sg“[&(z)L
X12) = g%@)/(“")’ and @y5) = /4 + 212 [Inx12) — 1] +
arg[I"(1 — iy (2))] is the Stokes phase. Note that the system

mula for the non-adiabatic transition,

may undergo different LZ transition probabilities A 7 in #; and
1> due to the phase y. In the slow-passage limit [}(2) > 1],
which means the system will follow the adiabatic eigenstates,
then P 7 1(2) ~ 0 and @;(3) ~ 0; by contrast, in the fast-passage
limit [¥1(2) < 1], the system follows the diabatic states more
probably, then we have P 7 1(2) ~ 1 and @;2) ~ m/4.31]

Between these avoided crossings, the system undergoes a
free adiabatic evolution, which just accumulates a phase in the
eigenstates. The adiabatic evolution can be described with the
unitary matrix in the diabatic basis

Up=e %, 6)

where .

1
O(tr,t;) = ) /Q(t)dt. @)

Due to the diabatic energies crossing at #; and t,, we find the
unitary matrix Eq. (6) is suitable for evolution from t; = 0+nT
toty =ty +nT and from t; =t +nT to ty =t + (I’l—‘r ])T,
while the unitary matrix for evolution from t; = #; +nT to
ty =t +nT is given by U;, where * indicates the complex
conjugate. Then the system time evolution for the whole one-
period can be described by the following combined unitary
matrix:

* o —f*
Ur = Up, XoUj, X\Uy, = (/3 Ofi ) ®)
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where

o = gigh\ /(1 ~Az)(1 —PAzp)e ¢
+ PLz,1PLz,26_iC‘, 9)

B = g\/Pza(1 —PLZ,1)e’i(¢l+¢2*¢3+<P1)
—gh\/Piz1(1 —Bizn)e!(®2F0=0702) (10

with & = (¢1+03) + ¢+ @1+ @2, & = (¢1+ ¢3) — ¢2, and
¢ = ¢(t;,t;—1) with 3 =19+ T. So an initial state |y (t)) =
aele) + aglg) will evolve to the final state after one single pe-
riod as

[w(to+T)) = Urly(n))
= (aa, — B ag)le) + (Ba.+ o’ ag)|g)- (11)
If assuming the system is initially prepared in the ground state
lg) at to = 0, that is, a, = 0 and a; = 1 in Eq. (11), then the

population probability of the excited state |e) after one single
period can be calculated by

Pr = |BJ?
=Pz1(1-Bz2)+Pz2(1—Pz1)
_28113/2\/PLZ71PLZ,2(1_&Z,l)(l—PLZ,2)
x cos(Q1 + @ +2¢). (12)

We can see the excited state population oscillates as a func-
tion of the interference phase ¢7 = @) + @2 +2¢,, which is the
so-called Stiickelberg oscillation. 34?1 It can be interpreted as
a quantum interference between the two different evolution
paths of the system when passing successively two avoiding
crossing points like an optical Mach—Zehnder interferometer.
The maximum (minimum) of Pr correspond to the construc-
tive (destructive) interference, which also relates to the sign of
both g; and g, due to the relative phase y.

In the following we show some interesting results due to
this relative phase y. We here just consider y ranging from 0
to 7 by noticing Eq. (12) are the same for y and y + 7. This is
because when replacing y with y+ 7, g1 > is just simultane-
ously replaced by —gj 2, then the absolute values of @ and 8
in Egs. (9) and (10) keep unchanged, which leads to the same
result Eq. (12).

At first, when & = 0, we have gy = —gsiny and g, =
gsiny. Then in the case of ¥ =0 and 7, both g; and g;
are equal to zero, which induces the avoided crossing to a
real crossing,**! and leads to a degeneracy of the adiabatic
eigenenergies at the time instant #1 > +n7 shown in the inset
of Fig. 1.

Strictly speaking, both the diabatic and adiabatic energies
exhibit crossings does not belong to the conventional LZ prob-
lem and the LZ formula is thus not applicable. In this case,

one should search for other methods to study the time evo-
lution of the system, i.e., need to analyze carefully the adia-
batic evolution in this special case with the existence of a real

44.45] However, with the AIM, we can still con-

degeneracy. !
sider the adiabatic evolution works everywhere except the real
crossing points. Then the non-adiabatic transition probability
at the crossing can be treated as an asymptotic value of the LZ
formula as ) approaching zero. So for g; = g» = 0, we have
P71 =PFz, =1 and as a consequence P, = 0, which implies
that the system still keeps in the initial state |g) when cross-
ing t; and #, as shown in Fig. 1(a). This is also similar to the
results shown in Figs. 3(a) and 3(d) of Ref. [36], in which the
effective Rabi frequency of zeroth sideband is zero for y =0
or w. However, when A is comparable to g, the discrepancy
between the diabatic and adiabatic states will induce the quan-
tum transition to excited state even with a real crossing, then
the AIM fails, as shown in Fig. 1(b). Another case is that
v # 0 or 7, the magnitude of both g; and g, can be controlled
by the relative phase y. Then we can adjust only this phase to
manipulate smoothly the system evolution from fast (PLz ~ 1)
to slow (P_z ~ 0) limit or vice versa as shown in Fig. 2.
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Fig. 1. The population probability of state |e) is plotted as a function
of time with 6 =0, g/ws =1, y =0, (a) A =38, and (b) A = 1. The
solid blue lines are the numerical results from the Floquet method, and
the dashed red lines are the theoretical results from AIM. The insets
present the time evolution of energy levels during one period. Solid
black lines and dashed magenta lines indicate the adiabatic and diabatic
energy levels, respectively. There exists discrepancy in (b) between the
results from AIM and the numerical Floquet method with small A.

When & # 0, both g; and g are relevant to . In this case,
we can adjust the phase y to selectively turn on and off the gap

at 1 or t, independently, which also induce the avoided cross-
ing to a real crossing. Closing up whichever the gap g; and
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g» will lead to the interference disappearing, due to the system
evolution becoming certain at the crossing and the resultant
evolution path is definite. As shown in Fig. 3, the real cross-
ing at 1 (#,) leads to the excitation probability just depends on
Pz (P .z,1) after one single period, which is irrelevant to the
interference phase ¢r.

1.0

0.8}

0.6}

0.4}

0.2¢

0 0.1 0.2 0.3 0.4 0.5

v/
Fig. 2. The population probability of state |e) is plotted as a function of
yatr=T/2 with § =0, A =20, g/ws = 6. The solid blue line is the
numerical result from the Floquet method, and the dashed red line is the
theoretical result 1 — A 71 from AIM.
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Fig. 3. The population probability of state |e) is plotted as a function
of time with 6 =3, A =38, g/w, =2, (a) y =2.76 and (b) y = 0.38.
The solid blue lines are the numerical results from the Floquet method,
and the dashed red lines are the theoretical results from AIM. The in-
sets present the time evolution of energy levels during one period. Solid
black lines and dashed magenta lines indicate the adiabatic and diabatic
energy levels, respectively.

3. Geometric phase accompanying cyclic state
evolution

When a physical system undergoes a cyclic evolution and
returns to its initial state, the geometric phase can be defined

by removing the dynamic phase from the total phase.?! With
the AIM and given the initial state |y(tp = 0)) = |g), the con-
dition for system returning to the initial state after one sin-
gle period is given by f = 0 and the resultant finial state
can be expressed from Eq. (11) by |y(T)) =exp(i®)|g) with
& = —arg(a) as the total phase. In addition, the dynamical

phase can be expressed as[*?8]
T
%= - [ WOROYE)
=@ +¢3+(1—2Rz1). (13)

Therefore, the geometric phase can be obtained by

Yo=P— (01 +¢3) — (1 -2Pz1)>. (14)

In the following, we consider mainly two cases in which
the geometric phase emerging with different conditions and
can characterize two distinct phases in the adiabatic limit.

Case (i) We consider firstly the case of § = 0. We have
Pz1 =Pz ¢1 =@ ¢1+¢3= ¢, and g} = —g;. Thus
the single-period transition probability Eq. (12) is reduced to
Pr=4Rz1(1-P.z1) cos?(@; + @), so the condition for sys-
tem returning to its initial state is given by

@1+ = (1/2+n)x. (15)

We show the interference phase ¢r changing with A and
¢ in Fig. 4. And one can always manipulate A and y to make
the system return to initial state with the condition Eq. (15),
which corresponds to the dashed red lines in Fig. 4.

20 7.0
" 6.5
6.0

16
5.5

< 14
5.0
12 4.5
10 4.0
3.5

0 01 02 03 04 05
Y/

Fig. 4. The interference phase ¢r is plotted as a function of A and y
with 6 =0, g/ @, = 6. The dashed red lines form up to bottom indicate
the destructive interference with ¢r = 6.5, 5.57, 4.57, respectively.

Then the final state becomes |y(T)) = |g) with the total
phase @ = 0, which means the dynamical phase is totally com-
pensated by the geometric phase, thus the geometric phase can
be obtained by

Ye=—202(1-Pz1)

We can see the geometric phase is related to the Stokes phase

mod(27). (16)

as well as the relative phase y. In the adiabatic limit, we have
Pi712) =0 and @;(3) ~ 0, then the geometric phase Eq. (16)
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under the condition Eq. (15) is reduced to the adiabatic Berry
phase ¥z ~ —¢> = —x [mod(27)]. In Fig. 5, we show an ex-
ample for the geometric phase changing with y under the con-
dition ¢7 = 4.57 (the bottom dashed red line in Fig. 4). And it
is shown that the geometric phase approaches — 7 in the adia-
batic limit (P 7, tends to O shown in the inset).

0 i T ﬁ —
—0.5
< 10
[ 0.8
Y04
—1.5} &
0 0.2 0.4
! é ¥/
—-2.0 : - - -
0 0.1 0.2 0.3 0.4 0.5
Y/

Fig. 5. Geometric phase Eq. (19) as a function of y with 6 =0,
g/ ®s = 6 under the condition Y7 = 4.57. The inset shows the LZ tran-
sition probability changing with y under the same condition.

Case (ii) We consider § # 0 and v = 0. We have
Piz1 =Pz, ®1 = ¢, and g; = g2. Then the single-period
transition probability Eq. (12) is reduced to Pr = 4Pz (1 —

0
(a)
—0.5 =~ 1.0
&
i _1.0 E 0.5
& < o
6 7 8 9 10
~-1.5 8/es
— —
2'06 7 8 9 10
0/ ws
0
()
—0.5
& 1.0
> —1.0 S
e =
d:l 0.5
—1.5
00 246 810
6/ws
—2.0
0 4 6 8 10
0/ ws

0
1.0
- (b)
0.5 o 0.5
& "5 s 10
5 —1.0 0/ws
&
—1.5

Piz1) sinz((pl + ¢,), so the condition for system returning to
its initial state is given by

Q1+ ¢ =nrw. (17)

We also show the interference phase ¢7 changing with A and &
in Fig. 6. The dashed red lines indicate the condition Eq. (17)
for the system returning to the initial state.

20
12

15f 10
8

<< 10 %

6 <

5 4
2

0

—8 —4 0 4 8
0/ ws

Fig. 6. The interference phase ¢ is plotted as a function of A and & with
g/®s =6, y =0. The dashed red lines form up to bottom indicate the
destructive interference with ¢r = 47, 37, 27, and 17, respectively. The
inclined red lines show the region of the validity of the LZSM theory: the
region above lines indicates the system can experience avoiding crossing.

0/ ws

Fig. 7. Geometric phase Eq. (18) as a function of y with g/, = 6, y = 0 under the condition A > g and (a) yr = 17, (b) Yy =27, (c) yr =3,
and (d) yr = 4, respectively. The inset shows the LZ transition probability changing with y under the same condition.

Under this condition, the final state is |y/(T)) = e'¢-|g)
with the total phase @ = {_. Thus the geometric phase can be
obtained by

E—(d1+¢3)—(1-2Rz1)¢
—2¢2(1—Pz1) mod(2m),

Yo =

(18)

which holds the same form with the case of 6 = 0. In the adia-
batic limit, however, the geometric phase approaches 0 instead

of —x. In Fig. 7, we show the geometric phase changing with
0 under different destructive interference conditions. And it is
shown that the adiabatic geometric phase approaches 0 (—27)
as shown in Fig. 7(a).

On the other hand, the nonadiabatic geometric phase
for the two-level system can be more clearly visualized
by a circuit C in the projective Hilbert space.l>! We can
map the state evolution |y(f)) into a unit vector n =
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(sin® cos @, sin O sin P,cos @) on the Bloch sphere spanned
by the diabatic basis via the relation n(¢t) = (y(t)|o|y(1)).
Then the geometric phase is related to the solid angle sub-
tended by the evolution circuit C on the Bloch sphere as

1
te=—52(C). (19)

In the frame of AIM, the state evolution is obtained with the
combined unitary evolution matrix Eq. (8) with the initial state
|w(0)) = |g). Thus, the evolution circuit can be described
as follows. In the stage t = 0 to t = 1, the state remains at
the south pole; at the time t = ¢, the vector suddenly moves
along a meridian to the point (®;,®;) (here O is the angle
between the vector and south pole) via the fist LZ transition,
where @) =2arccos /P z,1 and @ = @) + (14 ¢} )7/2; in the
second stage, the vector moves along the parallel to (®;, P,),
where @) = P 4 2¢,; at the time ¢ = 1,, the system undergoes
the second LZ transition. For both the two cases discussed
above, it suddenly moves back to the south pole and then stays
there until + = 7. The solid angle subtended by this cyclic
curve C is Q(C) =4¢»(1 — Pz,1). Then the geometric phase
Ye = —2¢2(1 — P71 ), which is identical to Egs. (16) and (18).
In the adiabatic limit, the two cases show distinct vector trav-
eling paths on the sphere: for case (i), the vector first moves
along the meridian from south pole to north with @; = 0, and
then back to south with @, = 7 [due to 2¢» = 7mod(27)], thus
the vector travels on the sphere forms a great circle that makes
Y. = —; for case (ii), the vector moves along the meridian
from south pole to north with @; = 0 but back to south along
the original path (due to ¢» = nx), which makes the geometric
phase 7, = 0.

4. Discussion and conclusion

In this work, we study a time-periodic driven two-level
system, of which the Hamiltonian are both in longitudinal and
transverse modulation. Due to the on-off of gaps of the sys-
tem eigenenergies being controlled by the relative phase of the
driving modes, the time evolution of the system is strongly
related to this phase. In the parameter region with large lon-
gitudinal driving amplitude, with the help of AIM, we show
that when both the two gaps in one driving period closed, the
system will be trapped in the initial state, but the noncoin-
cidence between the adiabatic and diabatic states induced by
small driving amplitude will lead to the discrepancy between
the AIM results and accurate numerical results; when just one
of the two gaps closed, the interference effect will disappear
and the tunneling probability to the excited state depends only
on the LZ formula at another avoided crossing. These ana-
lytic results are confirmed with the help of numerical Floquet
method. In addition, we determine the non-adiabatic geomet-
ric phase accompanying a cyclic evolution under the condition

of destructive LZSM interference, and show that it can be ma-
nipulated by the relative phase. In the adiabatic limit, this ge-
ometric phase tends to —7 for § =0 and 0 for § #0, y =0,
respectively.

The time evolution processes and the nonadiabatic geo-
metric phase in our model with a true time-dependent Hamil-
tonian can possibly be measured experimentally in the OLC

system. 3646481 The parameters region g > @, which beyond

[36]

the previous work'°®! can be touched by increasing the inten-

sity of the clock laser or decreasing the driving frequency. 4%

It is worth noting that the dephasing effect due to tempera-
ture must be handled appropriately in the real OLC system. [46]
However, we can utilize the spin-echo technique to remove the
dynamic phase, making the state evolution purely geometric
dependent and then resilient to dephasing effect.[*6** ITn con-
clusion, the results discussed in this work pave the way for
observing and manipulating the nonadiabatic geometric phase
in the OLC system.
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