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An ocean-acoustic joint model is developed for research of acoustic propagation uncertainty in internal wave envi-
ronments. The internal waves are numerically produced by tidal forcing over a continental slope using an ocean model.
Three parameters (i.e., internal wave, source depth, and water depth) contribute to the dynamic waveguide environments,
and result in stochastic sound fields. The sensitivity of the transmission loss (TL) to environment parameters, statistical
characteristics of the TL variation, and the associated physical mechanisms are investigated by the Sobol sensitivity anal-
ysis method, the Monte Carlo sampling, and the coupled normal mode theory, respectively. The results show that the TL
is most sensitive to the source depth in the near field, resulted from the initial amplitudes of higher-order modes; while in
middle and far fields, the internal waves are responsible for more than 80% of the total acoustic propagation contribution.
In addition, the standard deviation of the TL in the near field and the shallow layer is smaller than those in the middle and
far fields and the deep layer.
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1. Introduction
In real oceans, especially in shallow water with internal

waves, temporal and spatial variations of water medium prop-
erties, sea-surface motion, acoustic source depth and interfer-
ence due to multi-path superposition are significant.[1,2] How-
ever, these environmental and acoustic parameters are usually
not perfectly known. Therefore, the time-variant sound fields,
calculated using an acoustic model with the uncertain environ-
mental and acoustic parameters as input data, are also partially
known,[3,4] and the acoustic propagation uncertainty is intro-
duced for this affair.

Some modelling simulations and acoustic experiments on
the acoustic propagation uncertainty have improved our un-
derstanding about it. The probability density function (PDF)
are used to describe the acoustic propagation uncertainty and
can be fitted by an exponential or a lognormal distribution in
nonlinear internal wave environment.[5,6] The mean and stan-
dard deviation of TL are determined by the macrostate and
microstate of the environment, respectively.[7] The polar plots
of broadband TL are shown to be anisotropic with internal
waves and continental shelfbreak, and the PDFs tends to be-
come wider.[8,9] The sound field depends on multiple environ-
mental parameters, among which the TL is most sensitive to
the sediment sound speed and the water column sound speed

field.[10,11] Moreover, some methods such as the polynomial
chaos expansions, the uncertainty matrix, and the field shift-
ing approximation are developed to quantify or approximate
the acoustic propagation uncertainty.[12–15]

Summarizing the past research work, it is known that the
acoustic propagation uncertainty is transferred from the envi-
ronmental parameters. For the studies of acoustic propagation
uncertainty in dynamic environments, the environmental pa-
rameters are usually obtained from the oceanographic mea-
surements or by assigning priori PDFs (i.e., the upper and
lower bounds, the distributions) to them. However, in real
ocean acoustic experiment/survey,[16,17] several conductivity-
temperature-depth (CTD) or sound-speed casts can not pro-
vide accurate sound speed field, and the moored temperature-
depth (TD) continuous observation system is only valid for
the waveguide environment near its deployment point. Mean-
while, the dynamic ocean environment parameters generated
randomly by computer may deviate greatly from the actual in-
ternal wave process.

A feasible solution is to use the joint ocean-acoustic
model, while the ocean model is to provide environmental
data for input to the acoustic model. Some research work
on ocean-acoustic modelling has been carried out and vali-
dated. It is reported that the ocean models can simulate the
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ocean states as well as dynamical processes well, such as in-
ternal waves, fronts, and eddies, and provide high resolution
data for the acoustic studies.[18–20] What’s more, some ocean-
acoustic modelling systems are used for underwater security
applications.[21,22] Several recent studies have pointed out that
the ocean models may not be best for acoustics,[23,24] due to
the limitation of model resolution, physical approximations,
as well as computational efficiency. Nevertheless, the ocean
modelling has its unique advantages, and meanwhile there
is no effective technological alternative currently. Thus, the
ocean-acoustic modelling will continue to be an important di-
rection for the underwater acoustic research and applications
for some time to come.

In this paper, the acoustic propagation uncertainty is in-
vestigated using an ocean-acoustic joint model, the TL sensi-
tivity to dynamic environmental parameter is quantified, and
the relevant physical mechanisms are interpreted by the cou-
pled normal mode theory. This paper is organized as follows.
In Section 2 we introduce the ocean-acoustic joint model and
numerical setups. The results of ocean modelling, TL sensi-
tivity and uncertainty analysis are presented in Section 3. The
interpretation and discussion for the results are provided in
Section 4. The summary and main conclusions are given in
Section 5.

2. Model and theory
2.1. Ocean-acoustic joint model

The ocean-acoustic joint model is developed for subse-
quent acoustic propagation research, consisting of three parts

as shown in Fig. 1: the ocean model, the acoustic model, and
the joint module. The ocean model is utilized for internal wave
simulations and provides dynamic CTD data for the joint mod-
ule. The joint module acts as a connector between the ocean
model and the acoustic model, which converts the CTD data
into sound speed and make them suitable for acoustic calcula-
tion. The acoustic model receives the sound speed data from
the joint module before sound field calculation.

The ocean model is set up for internal wave simulation
using the generalized operator model of the ocean (GOMO).
The GOMO is a simple operator library for the decoupling of
parallel computing and ocean modelling,[25,26] with the sigma
coordinate, free-surface and the capability of non-hydrostatic
calculation, etc. The tidal flow and complex geometry are im-
portant roles to generate internal wave, and the internal waves
are ubiquitous near the continental slopes and shelves,[1,27]

of which the main physical mechanism is that the periodic
tidal currents drive the interaction of stratified seawater with
seafloor topography. Thus, the GOMO is an ideal tool for
generation of dynamic internal wave by setting periodic tidal
currents through its open lateral boundary with a continental
slope lower boundary, and the CTD data output by the model
provides an estimation of the dynamic ocean state.

The joint module receives the CTD data from the ocean
model and calculates their corresponding sound speed values,
based on the empirical formula.[28] Since the ocean model and
the acoustic model are two separate models and the output of
the former should be suitable for the input requirements of the
latter, another function of the joint module is to perform inter-
polation calculations.
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Fig. 1. Flowchart of the simulation and research process.
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The acoustic propagation simulations are conducted us-
ing the model based on parabolic equation (PE) theory.[29]

The PE model are adapted well to marine environments with
range-dependent sound speed and water depth, and can also
achieve high precision, calculation efficiency and stability,
which makes it suitable for analyzing acoustic propagation in
the environments with internal waves and continental slops.

2.2. Input uncertainty specification and numerical setups

An idealized two-dimensional (r, z) environment model
is constructed for studying dynamic internal wave generation
and acoustic propagation uncertainty, which is shown in Fig. 2.
The horizontal range for simulation is 8 km. The bottom to-
mography is featured with a slope, of which the water depth in
the range 2 km–6 km is set as a sine function and given by

h(r) =

 110, r ≤ 2 km,
110+90sin(πr/2L), 2 km < r < 6 km,
200, r ≥ 6 km,

(1)

where L = 4 km is the slope width. The acoustic propaga-
tion uncertainty caused by the dynamic environment is the
main study issue in this paper. Three stochastic parameters are
thought to be caused by the dynamic environment: the internal
wave, source depth, and the water depth.
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Fig. 2. The schematic of simulation domain for the ocean-acoustic joint
model.

The first uncertain information is associated with the
time-evolution and range-dependent sound speed field in the
internal wave environment. The sound speed is calculated
based on the CTD data from the ocean model as mentioned
above. The internal waves are generated by tidal forcing from
the boundary using the ocean model, and the periodic baro-
clinic M2 tidal currents are imposed through the east open
boundary, which are given by

u(z, t) =U0ε(z)cos(2πt/T ), (2)

where U0, ε(z), and T are the amplitude, vertical structure
function, and period of the M2 tidal currents, respectively.

The time-varying sound speed field ξ1(t), in the internal
wave environment, can be described with the definite field 𝑐0

and perturbation part δ𝑐(t):[30]

ξ1(t) = 𝑐0 +δ𝑐(t), (3)

where ξ1(t) provides the sound speed field for the acoustic
model, 𝑐0 can be calculated using the initial temperature field
𝑇0, and 𝑇0 provides the initial state for the ocean model. The
time-varying temperature field 𝑇 (t) is the output of the ocean
model, and ξ1(t) can be obtained with 𝑇 (t) through the joint
module in Fig. 1.

The second uncertain parameter for the acoustic simula-
tion is the source depth, given by

s(t) = zs +ξ2(t), (4)

which is comprised of the definite part zs and the uncertain
part ξ2(t). In the real ocean, the underwater source would not
remain stationary relative to the seafloor, whereas it will be
influenced by the background currents and the density pertur-
bation due to the dynamic internal wave.

The third uncertain part parameter for the acoustic sim-
ulation is the water depth, which can also be written as the
definite part h(r) and the uncertain part ξ3(t):

f (r, t) = h(r)+ξ3(t), (5)

where h(r) [seen in Eq. (1)] provides the initial water depth for
the ocean model. In real conditions, there are multiple factors
for the uncertainty of ξ3(t), e.g., the tidal range, the surface el-
evation anomaly by the internal waves, and the measurement
errors from marine survey.

Meanwhile, acoustic propagation is relatively sensitive
to the random sea-surface motion.[31] The rough surfaces of
different sea states change the propagating angle and lead to
stochastic scattering. As the ocean model cannot simulate
the sea states and wind speed, the acoustic propagation un-
certainty caused by the sea-surface motion is not investigated
in this paper.

The initial field of the ocean model is provided using
the average profile of several CTD casts in the South China
Sea. The thickness of shallow mixed layer is about 25 m,
and the strong thermocline exists at 25–55 m, while the tem-
perature decreases slowly from 55 m downward (Fig. 3(a)).
The buoyancy frequency profile N(z) is presented in Fig. 3(c),
calculated based on the equation N2(z) = −gρ−1∂ρ/∂ z =

−g(αT∂T/∂ z+βS∂S/∂ z), where αT and βS are the thermal
expansion coefficient and haline contraction coefficient, re-
spectively. The maximum buoyancy frequency occurs at the
depth of 40 m. Since the vertical variation of the salinity pro-
file (Fig. 3(b)) and its effects on the buoyancy frequency and
sound speed are much smaller compared to the temperature
profile, the salinity is set as a constant (equals 33.5 psu) to
improve simulation efficiency.

To preserve the internal waves with small amplitudes and
also to satisfy the Courant–Friedrichs–Lewy (CFL) condition,
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the horizontal and vertical grid resolutions of the ocean model
are set to be 10 m and 2 m, respectively, and the temporal reso-
lution for computing is set as 3 s. The non-hydrostatic pressure
solver for the vertical momentum equation is switched on, for
higher computing accuracy and stability.[32] The open condi-
tions are used for the eastern boundary with periodic tidal cur-
rents, while the radiation conditions are used for the western
boundary. The Coriolis parameter is ignored. A temperature
advection scheme is used for the ability of internal wave mix-
ing simulation. The detailed parameters settings for the ocean
model are outlined in Table 1.

The bottom features of the waveguide for the acoustic
model is idealized to be two layers (Fig. 2), with a 30 m sed-
iment layer over the base layer. The source is set to be on the
continental shelf area, to allow the sound waves to propagate
in the downwards direction. The vertical computing grid dz

should be less than λ/20 and the horizontal grid dr is set as
10dz, where λ is the acoustic wavelength. The detailed pa-
rameters settings for the ocean model are outlined in Table 1.

For internal waves driven by periodic tides, the inter-
nal waves and their corresponding temperature field 𝑇 (t) and
sound speed field ξ1(t) are also periodic.[33] Thus, the first un-
certain parameter ξ1(t) is defined to be uniformly distributed
in an M2 tidal period T , i.e., ξ1(t) ∼ U(ξ1(t), ξ1(t + T )).
The uncertain source depth ξ2(t) is specified as normal dis-
tributed with mean zero and standard deviation 5 m, and its
variation range is limited in the range from −5 m to 5 m, i.e.,
ξ2(t) ∈ [−5,5]. The uncertain water depth ξ3(t) is specified
as normal distributed with mean zero and standard deviation
2.5 m, and its variation range is limited in the range from−2 m
to 2 m, i.e., ξ3(t) ∈ [−2,2].
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Fig. 3. Typical background profiles of temperature (a), salinity (b), and buoyancy frequency (c) for the ocean model initialization.

Table 1. The ocean-acoustic model parameters setups.

Part 1: Ocean model parameters

Horizontal, vertical viscosity 5×10−4 m2/s, 1×10−4 m2/s

Horizontal, vertical diffusivity 5×10−5 m2/s, 1×10−5 m2/s

Thermal expansion coefficient 2.×10−4 ◦C−1

Free surface true

Bottom drag coefficient 3×10−3

Horizontal, vertical grid resolution 10 m, 2 m

Temporal computing resolution 3 s

Sponge boundary condition 100

Part 2: Joint module parameters

Sound speed algorithm Chen–Millero

Part 3: Acoustic model parameters

Source frequency, depth 300 Hz, 10 m, 60 m

Sound speed, density, attenuation coefficient and
thickness in sediment layer

1550 m/s, 1.5 g/cm3, 0.25 dB/λ , 30 m

Sound speed, density, attenuation coefficient in base
layer

1700 m/s, 2.0 g/cm3, 2.5 dB/λ

Horizontal, vertical computing resolution 2.5 m, 0.25 m

Part 4: Monte Carlo sampling parameters

ξ1(t) uniform distribution U(ξ1(t), ξ1(t +T ))

ξ2(t) ∈ [−5,5] normal distribution N(0,5)

ξ3(t) ∈ [−2,2] normal distribution N(0,2.5)
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3. Results and analysis
3.1. Periodic and dynamic internal wave environment

The ocean model is run for 7 days (about 14 M2 tidal cy-
cles) to produce internal wave data. The tidal amplitude U0

and period T are set to be 0.12 m/s and 12.42 h, and the ver-
tical structure function ε(z) = cos(zπ/3H), where H = 200 m
is the water depth of the eastern boundary. The forcing tidal
currents decrease to U0/2 near the bottom boundaries.

The temperature anomaly T ′ = T −T0, resulted from the
perturbation of the internal wave, at z= 40 m of the simulation
results for the first five days is presented in Fig. 4, in which the
left panel is the sine curves of the baroclinic tidal currents at
z = 0 m, and T0 (= 26.096 ◦C) is the initial temperature at
z = 40 m. The results show that the temporal variation of tem-
perature anomaly section becomes periodic after 1.5 days (3
M2 tidal cycles), whose period is also equal to the M2 tidal cy-
cle. It is also shown that the internal waves on the continental
slope are stronger than those on the west and east sides.

Four snapshots of the temperature field and its associated
sound speed field are shown is Fig. 5, which are typical to rep-

resent the temperature anomaly features during an M2 tidal pe-
riod. The sound speed value in water depends on the salinity,
temperature, and pressure. The temperature is the main factor
in the shallow water, which results in the similar distribution
features of temperature field and sound speed field.
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Fig. 4. The left panel is the plot the of the M2 periodic tidal cur-
rents. The right panel is the contour plot of the temperature anomaly
at z = 40 m versus time. The lower panel is the plot of the water depth.
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Fig. 5. Four snapshots of the temperature field and sound speed field at t = 51.2 h [(a), (b)], t = 54.3 h [(c), (d)], t = 57.5 h [(e), (f)] and
t = 60.5 h [(g), (h)]. The rectangle blanks show the boundary tidal forcing in an M2 tidal period.
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During the flood tide (Figs. 5(a) and 5(c)), the boundary
tidal forcing is toward the west and acts continuously on the
water column, with the eastward velocity components weak-
ening and the westward velocity components enhancing, re-
sulting in western horizontal velocity (Fig. 6(a)). Thus, the
internal waves propagate westward and the cold water moves
upward along the continental slope, which causes significant
variation to the temperature and sound speed field. During
the ebb tide (Figs. 5(e) and 5(g)), the boundary tidal forcing
is toward the east, and leading to eastern horizontal velocity
(Fig. 6(c)). The vertical displacements of the internal waves
are associated with the vertical velocity, and the positive and
negative velocity correspond to the crest and tough of the in-
ternal waves. It is found that the positive and negative verti-
cal velocity zones are interleaved in the horizontal direction
(Figs. 6(b) and 6(d)), which are consistent with the vertical
displacements of the internal waves (Figs. 5(c) and 5(g)).

The temperatures of the thermocline interfaces are 29 ◦C
and 23 ◦C (Fig. 3(a)), whose contours are marked in Fig. 5.
The buoyancy frequency of the thermocline layer is the largest
as shown in Fig. 3(c), which provides good conditions for
internal wave generation. The internal wave characteris-

tics can be analyzed based on the Froude number and slope
parameter.[34,35] The Froude number Fr and slope parame-
ter γ are given by Fr = U/(NmaxH) and γ = ∂h/∂x[(ω2 −
f 2)/(N2−ω2)]−1/2, where U is the current speed, H is the
tomography height, ω is the angular frequency of tides, and
f is the Coriolis parameter. According to the numerical se-
tups of the ocean model, Frmax = 0.044ll1 and γmax = 3.2,
which indicate that the nonlinear waves and lee waves coexist
and the slope enable the generation and propagation of waves
beams. As shown in Fig. 5, the internal wave perturbation is
significant, and the nonlinear internal waves and soliton in-
ternal wave are generated and propagate during an M2 tidal
cycle.

There are mainly two mechanisms for the excitation and
control of the internal waves, the tidal forcing temporal and
spatial variations. The tidal forcing F can be written as[36,37]

dF/dt = ∂F/∂ t +U∇F . The local time partial term ∂F/∂ t
is controlled by the boundary driven M2 tidal flow, of which
the strength and direction changes over a tidal cycle. The ad-
vection term U∇F , affecting the vertical movement of water
volume, is governed by both the tidal flow and bottom depth,
and U varies spatially due to the continental slope.
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Fig. 6. Two snapshots of the horizontal and vertical velocity field at t = 54.3 h [(a), (b)] and t = 60.5 h [(c), (d)]. The rectangle blanks show
the boundary tidal forcing in an M2 tidal period.

3.2. TL sensitivity analysis

The dynamic waveguide environment includes three un-
certain parameters (i.e., internal wave ξ1, the source depth ξ2,
and the water depth ξ3), which are necessary input data for the
acoustic model in TL calculations. Since the physical mech-
anisms and contributions of different parameters affecting the
acoustic propagation are different, it is necessary to analyze
the sensitivity of TL to them. The Sobol method is widely used
for the sensitivity analysis of strongly nonlinear and computa-
tionally complex model.[13,38] It is a global sensitivity analy-
sis method that can provide quantitative index to describe the

sensitivity of different input parameters and the correlation be-
tween them.

The TL, calculated by using the PE acoustic model, can
be given by

TL(z,r, t) = F(ξ1,ξ2, . . .ξN), (6)

where z, r, and t are the depth, range, and time, respectively.
The function F(·) is the acoustic model, which refers to the
PE model of the ocean-acoustic joint model. N is the number
of variables ξi(t), 1 ≤ i ≤ N. If M Monte Carlo simulations
are conducted over the time domain of the variables, the total
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standard deviation (std) of TL(z,r) is composed of a series of
std components

D =
N

∑
i=1

Di +
N−1

∑
i=1,i< j

Di, j + · · ·D1,2,...,N (7)

where D is the total std. By sampling in the dimension of
ξi(t), the std Di can be obtained. Di, j refers to the std resulted
from the interaction of ξi(t) and ξ j(t). D1,2,...N is the std re-
sulted from all variables. By dividing D and substituting the

Sobol index in Eq. (7), the normalized form of Eq. (7) can be
obtained as

N

∑
i=1

Si +
N−1

∑
i=1,i< j

Si, j + · · ·S1,2...,N = 1, (8)

where Si = Di/D and Si, j = Di, j/D are the 1st and 2nd order
Sobol indices, respectively. When the variables ξi(t) are statis-
tic independent, the Sobol indices above 2nd order can be ig-
nored.
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Fig. 7. The first-order index of TL sensitivity versus range and depth due to different uncertain parameters, (a) internal wave ξ1, (b) source depth ξ2,
and (c) water depth ξ3.
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Fig. 8. The mean and std of TL versus range and depth due to different uncertain parameters: [(a), (b)] internal wave ξ1, [(c), (d)] source depth
ξ2, [(e), (f)] water depth ξ3.

In this paper, three uncertain parameters are considered,
i.e., N = 3 in Eqs. (6)–(8). M = 10000 samples are drawn for
all uncertain parameters using the Sobol quasi-random point
set, and M = 10000 samples are drawn for each parameter.

Thus, totally 40000 simulations are conducted using the PE
model. The 1st order Sobol index of TL sensitivity versus
range and depth is computed as shown in Fig. 7.

It can be seen that the 1st order index is not mono-
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tonic, whereas oscillates with range and depth. As shown in
Fig. 7(a), the 1st order index is greater than 0.5 in most areas,
and the sensitivity index in the near field and the mixed layer
is relatively small, which increases to 0.7–0.8 with range and
depth. In Fig. 7(b), for the near sound field in the range less
than 0.5 km, the sensitivity index of the source depth is larger
than 0.8, and it decreases rapidly to nearly 0 as the range in-
creases.

By comparing the sensitivity index of the three uncertain
parameters, it is observed that the internal wave is the main
factor affecting the TL in most areas, while the source depth
has the largest effect on the near-field TL. The water depth ef-
fects the TL weakly (Fig. 7(c)), whose sensitivity is less than
0.2 in most areas.

According the Sobol sensitivity method, the 1st order
Sobol index is the ratio of the std caused by a single uncertain
parameter to the total std. We analyze the characteristics of the
std distribution due to different uncertain parameters. Figure 8
shows the mean and std distribution of the TL field for the
source depth zs = 60 m, obtained from M = 10000 samples for
each of the three uncertain parameters. Figures 8(a) and 8(b)
are obtained with the uncertain internal wave ξ1, while ξ2 = 0
and ξ3 = 0. Figures 8(c) and 8(d) are obtained with the un-
certain source depth ξ2, while ξ1(t) = ξ1(0) and ξ3 = 0. Fig-
ures 8(e) and 8(f) are obtained with the uncertain water depth
ξ3, while ξ1(t) = ξ1(0) and ξ2 = 0.

The mean TL of the uncertain internal wave is the maxi-
mum, due to acoustic mode coupling and energy transfer be-
tween modes[39] (Fig. 8(a)). The “mudslide effect” occurs as

the acoustic waves propagate down the slope (Figs. 8(c) and
8(e)), and the mean TL in the deeper layer is smaller to the
shallow surface layer.

Several features can be observed by comparing the std
distribution in Figs. 8(b), 8(d), and 8(f). Firstly, the std caused
by the uncertain internal wave is great in most area (Fig. 8(b)),
and the std increases significantly with range, corresponding
well with the 1st order index distribution in Fig. 7(a). Sec-
ondly, in the near field, the std caused by the uncertain source
depth (Fig. 8(d)) is larger than that by the uncertain inter-
nal wave and water depth, proving that the uncertain source
depth is the main factor contributing to acoustic propagation
uncertainty. Thirdly, the uncertain water depth can also lead
to acoustic propagation uncertainty, but the effect is weaker
compared to internal wave and source depth.

3.3. TL uncertainty analysis

In the case that all the three parameters are uncertain,
sound fields are calculated using M = 20000 Monte Carlo
samples for source depths of 10 m and 60 m, respectively. The
mean and std of TL(z,r) are obtained for the study in this sec-
tion.

Figure 9 shows the mean and std of TL versus range. It
is observed that the mean TL for the 60-m source depth is sig-
nificantly smaller than that for 10-m source depth. Figure 10
shows the std of TL versus range for the source depths of 10 m
and 60 m. The std of TL varies from 2 dB to 7 dB, and it can
be seen that it increases with range because the slope of the
2nd order polynomial fitting curve is greater than 0.
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Fig. 9. Mean and std of TL versus range for the source depths of 10 m (a) and 60 m (b). The curves represent the mean TL and shadowed areas
represent corresponding std.
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Figure 11 shows the mean and std of TL versus depth for
the receiver ranges 1 km, 4 km, and 7 km, respectively. It is
observed that the mean TL decreases noticeably with depth.
The reason is that low-order normal modes can be efficiently
excited when the source depth is below the thermocline. The
std of TL in the shallow layer is relatively small and increases
rapidly from the surface downward.

The std is a quantitative indicator of the TL variation due
to the uncertain environment. According to the distribution
characteristics of the std analyzed above, it can be concluded
that the TL is more sensitive to the dynamic waveguide envi-
ronment at larger receiver ranges and depth, which is similar
to the distribution characteristics of the 1st Sobol index of the
TL for the internal waves (Fig. 7(a)).

The PDFs of the TL at three depths and three ranges for
the source depth 60 m are shown in Fig. 12. The dynamic en-
vironments result in significant sound field perturbations, and
the PDFs show wide TL distributions with perturbations of up
to 40 dB. By comparing the mean and std of the TL for differ-
ent ranges and depths, it can be seen that the PDFs correspond
well to the mean and std of the TL characteristics analyzed
above.

It is seen that the PDFs of the TL at the receiver
range 1 km can be best fitted by an exponential distribution
(Figs. 12(a), 12(d), and 12(g)), while tend to be a normal
distribution at the receiver range 7 km (Figs. 12(c), 12(f),
and 12(i)), which is consistent with the results of previous
studies.[5]
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4. Discussion
For the ocean-acoustic joint model, the range-dependent

waveguide environment is characterized by a continental slope
and dynamic internal waves. The coupled normal mode the-
ory is suitable for revealing its physical mechanisms of the
TL sensitivity and uncertainty. The acoustic pressure p(r,z)
of angular frequency ω in 2D cylindrical coordinates can be
decomposed into L propagation modes:[40,41]

p(r,z) =
L

∑
l=1

Al(r)φl(r,z), (9)

where L is the total number of normal modes. Al and φl(r,z)
are the lth mode amplitude and eigenfunction, respectively.
To subdivide the horizontal range into Q range-dependent seg-
ments, the mode eigenfunction φ

q
l can be obtained by the local

equation:

1
ρ0

∂

∂ z

(
1
ρ0

∂φ
q
l

∂ z

)
+

[
ω2

c2
q(z)
−
(
kq

l

)2

]
φ

q
l = 0, (10)

where q is the segment number, kq
l and cq is the local eigen-

value and sound speed in the segment q, and ρ0 is the density.

The mode amplitude Aq+1
l can be express as

Aq+1
l =

L

∑
d=1

Cq+1
l,d Hq

d (rq)Aq
d , (11)

where Cq+1
l,d and Hq

d (rq) are the coupled coefficient and Han-
kel function, respectively. For a point source in the cylindrical
geometry, the initial amplitude A1

l is

A1
l =

i√
k1

l

2πφ
1
l (zs), (12)

where zs is the source depth. By combining Eqs. (9)–(12) and
integrating over the Q segments, the mode amplitude Aq

l and
the sound field p(r,z) can be obtained.

According to the coupled mode theory, the source depth
affects the acoustic TL through the initial amplitude (Eq. (12)).
The eigenfunctions and sound fields of different normal modes
are shown in Fig. 13, which are calculated using the coupled
mode model. In the calculations, the sound speed field given
in Fig. 5(b) is used.
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Fig. 13. Eigenfunctions and sound fields for different normal modes: [(a), (e)] mode 1; [(b), (f)] mode 3; [(c), (g)] mode 10; [(d), (h)] mode 30.
In panels (a)–(d), the black solid lines and blue dashed lines represent the real and imagine parts of the eigenfunctions, respectively.

The vertical structure of the eigenfunctions of lower-

order modes are affected more significantly by the sound

speed profile of the water volume than the higher-order modes

(Figs. 13(a)–13(d)). On the one hand, the small variation of

the sound source depth (i.e., ξ2(t) ∈ [−5,5]), caused by the

dynamic ocean environment, mainly affect the initial ampli-
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tude of the higher-order modes, while the effect on the lower-
order modes is less. On the other hand, the sound field for the
higher-order modes attenuates rapidly with range (Figs. 13(e)–
13(h)). Therefore, among the three environmental parameters,
the source depth variation is the main factor contributing to the
acoustic propagation uncertainty in the near field.

The internal waves affect the sound field intensity through
the mode amplitude Al(r) and the mode eigenfunction φl(r,z)
[see Eq. (9)]. The horizontal sound speed gradient, caused
by the internal waves, makes the local modes between two
adjacent segments q and q+ 1 do not satisfy the orthogonal-
ity property, and the energy is transferred between different
modes.[42–44] The energy attenuation rates of different mode
are different. Thus, the internal wave causes perturbations to
the sound field intensity.

On the one hand, the mode amplitude Al(r) determines
the variation characteristics of the sound field intensity with
range. The depth-averaged sound field intensity I(r) is used to
quantify the overall intensity of the sound field, which can be
given by

I (r) = 20log10

(
1
L

√
L

∑
l=1

Al(r)A∗l (r)

)
, (13)

where * represents the conjugation. We calculate the depth av-
eraged intensity for different times, which is shown in Fig. 14.
It is seen that the difference in the depth averaged intensity of
different time increases with range. In other words, the TL
std caused by the internal waves increases with acoustic prop-
agation range, which corresponds the features of the 1st Sobol
index in Fig. 7(a) and the std of the uncertainty in Figs. 9 and
10.
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Fig. 14. Depth averaged intensity versus range at different times:
t = 0 h represents environment without internal waves, while t = 51.2 h,
t = 54.3 h, t = 57.5 h and t = 60.5 h represent the internal wave envi-
ronments shown in Fig. 5.

On the other hand, the mode eigenfunction φl(r,z) affects
the vertical distribution of the sound field. The sound field in-
tensity in the middle and the far field is mainly contributed

by the lower-order modes (Figs. 13(e)–13(h)). However,
the lower-order mode eigenfunction φl(r,z) approaches zero
above the thermocline (Figs. 13(a)–13(b)), which is strongly
influenced by the water stratification. Therefore, the sound
field above the thermocline is less affected by the internal
waves, which leads to a smaller std of TL in the shallow layer
than that in the deep layer in Fig. 11.

5. Summary and conclusions

We have studied the uncertainties of acoustic propagation
and corresponding physical mechanisms in dynamic internal
wave environments with continental slopes in shallow water
(110–200 m). The ocean-acoustic joint model including three
parts is first developed. The ocean model is configured to pro-
vide high resolution dynamic internal wave data for input to
an acoustic model for range-dependent waveguides, the joint
module is used to convert CTD data to sound speed and inter-
polate them, and the sound field is calculated using the acous-
tic model. The dynamic waveguide environment with imper-
fect information is idealized to be contributed by three uncer-
tain parameters, i.e., internal wave, source depth, and water
depth. Then the TL sensitivities to the three parameters are
analyzed using the Sobol method. The mean and std of the
TL are calculated using time domain Monte Carlo samplings
of the uncertain parameters, for a source frequency of 300 Hz
within the range 0–8 km. Finally, the physical mechanisms of
the sensitivity and uncertainty of the TL are further elaborated
by the coupled mode theory. Several principal conclusions are
obtained as follows:

(i) Source depth is the main factor affecting the acous-
tic propagation uncertainties in the near field (within several
hundred meters), which has great influence on the initial am-
plitudes of higher-order acoustic modes. In the middle and far
fields (from several hundreds of meters to 8 km), the uncer-
tainties are mainly caused by the internal waves, through the
modes coupling and energy transfer.

(ii) In the vertical direction, the TL of the shallow layer
is less affected by the internal waves, and the std of TL of
the shallow layer is smaller than that of the deep layer. In the
horizontal direction, the difference in depth-averaged intensity
due to internal waves at different moments increases with the
distance of acoustic propagation, and the std of TL in the near
field is smaller than that in the middle and far fields.

It should be noted that the internal wave simulations are
for the common scenario of a continental slope interacting
with tide current, but not for a specific internal wave process
in a specific sea area. The simulation results are consistent
with the basic general characteristics of the internal waves.
For acoustic study purpose, the numerical ocean model is an
excellent support. With appropriate configuration for specific
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environmental scenarios, the ocean model is capable to pro-
vide dynamic environmental data.

In addition, the variation of the source depth caused by
the internal waves is far less than that for water depth. In the
future work, we will estimate real dynamic ocean state and
study its effects on the acoustic propagation and sonar detec-
tion performance using the ocean-acoustic joint model.
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