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Electrical manipulation of a hole ‘spin’–orbit qubit in nanowire
quantum dot: The nontrivial magnetic field effects
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Strong ‘spin’–orbit coupled one-dimensional hole gas is achievable in a Ge nanowire in the presence of a strong
magnetic field. The strong magnetic field lifts the two-fold degeneracy in the hole subband dispersions, so that the effective
low-energy subband dispersion exhibits strong spin–orbit coupling. Here, we study the electrical spin manipulation in a Ge
nanowire quantum dot for both the lowest and second lowest hole subband dispersions. Using a finite square well to model
the quantum dot confining potential, we calculate exactly the level splitting of the spin–orbit qubit and the Rabi frequency
in the electric-dipole spin resonance. The spin–orbit coupling modulated longitudinal g-factor gso is not only non-vanishing
but also magnetic field dependent. Moreover, the spin–orbit couplings of the lowest and second lowest subband dispersions
have opposite magnetic dependences, so that the results for these two subband dispersions are totally different. It should be
noticed that we focus only on the properties of the hole ‘spin’ instead of the real hole spin.
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1. Introduction
Due to the potential applications in both quantum infor-

mation technologies and spintronics,[1–5] hole spins confined
in semiconductor quantum dots have attracted considerable in-
terest recently.[6–8] The hole spin in the valence band has sev-
eral additional merits in comparison with the electron spin in
the conduction band.[9–12] First, hole in the valence band has
p-type Bloch function, such that the hyperfine interaction be-
tween the hole spin and the lattice nuclear spins is small.[13]

For semiconductor Ge, this hyperfine interaction can be fur-
ther suppressed through isotopic purification.[14] Second, the
low-energy hole states in the bulk valence band are well de-
scribed by the 4×4 Luttinger–Kohn Hamiltonian,[15,16] where
there is a large intrinsic spin–orbit coupling. This spin–orbit
coupling can facilitate fast manipulation of the hole spin in an
external oscillating electric field.[17–21]

Before trapping a hole in a gated semiconductor quantum
dot, one should first achieve two-dimensional (2D) hole gas in
a quantum well[7,22] or one-dimensional (1D) hole gas[23–26]

in a quantum wire. Note that quantum wire also has exten-
sive application in the study of the spin wave physics.[27,28]

The large intrinsic hole spin–orbit coupling is expected to give
rise to sizable effects when strong quantum confinement is
present. It is well-known that for 2D hole gas, due to the strong
1D confinement of the quantum well, there is a heavy-hole-
light-hole anticrossing in the subband dispersions.[13] Nev-
ertheless, the lowest subband dispersion is nearly parabolic,
and the band minimum is at the center of k space.[13,29] How-
ever, for 1D hole gas, due to the strong 2D confinement of the
quantum wire, the results are totally different.[30–32] The low-

est two subband dispersions can be regarded as two mutually
displaced parabolic curves with an anticrossing at the center
of the kz space.[30–32] We note that, for both 1D and 2D hole
gases, each dispersion curve is two-fold degenerate.

When we use a strong magnetic field to lift the two-
fold degeneracy in the 1D hole subband dispersions, there
is a strong ‘spin’–orbit coupling in the remaining effective
low-energy subband dispersion.[33] Interestingly, the resulting
low-energy subband dispersion can be modeled as E0(kz) =

h̄2k2
z/(2m*

h )+ασ zkz +g*h µBBσ x/2, where σ z,x represents the
Pauli spin matrices.[33] Note that this strong spin–orbit cou-
pled 1D dispersion has many applications in the studies of the
spin–orbit qubit[34–39] and the Bose gases.[40–44] Inspired by
recent advances in manipulating electrically the hole spin in a
Ge nanowire quantum dot,[26,45–48] here we address the spin–
orbit coupling physics in a Ge nanowire.

In this paper, we study the spin–orbit qubit in a Ge
nanowire quantum dot for both the lowest and second low-
est hole subband dispersions. The nanowire quantum dot can
be achieved by applying local trap potential to a 1D strong
spin–orbit coupled hole gas. We use a finite square well to
model the quantum dot confining potential. Not only is finite
potential more realistic than infinite potential from the exper-
imental point of view, but also the square well model is ex-
actly solvable even in the presence of the strong spin–orbit
coupling.[49–51] Both the level splitting and the basis states of
the spin–orbit qubit are obtained exactly. We then study the
electric-dipole spin resonance[52,53] when an oscillating elec-
tric field is present. Both the qubit level splitting and the Rabi
frequency of the driving electric field are shown to have non-
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trivial and non-linear responses to the applied magnetic field
strength. Also, the magnetic field dependence of the spin–orbit
coupling of the lowest subband dispersion is opposite to that
of the second lowest subband dispersion, such that the results
for these two subband dispersions are totally different.

2. Nanowire hole quantum dot
Strong spin–orbit coupled 1D hole gas is achievable in a

cylindrical Ge nanowire in the presence of a strong external
magnetic field.[33] Here, let us briefly explain the realization
of this strong spin–orbit coupled 1D hole gas. The subband
quantization of the hole gas in a cylindrical Ge nanowire is
described by the following Hamiltonian:[30,54]

H0 =
1

2me

[(
γ1 +

5
2

γs

)
𝑝′2 −2γs(𝑝

′ ·𝐽)2
]

+2κµB𝐵 ·𝐽 +V (r), (1)

where me is the bare electron mass; γ1 = 13.35, γs = 5.11, and
κ = 3.41 are Luttinger parameters[55] in the spherical approx-
imation; 𝑝′ = −ih̄∇+ e𝐴 is the momentum operator in the
presence of the magnetic field, with 𝐴 being the vector poten-
tial 𝐵 = ∇×𝐴; 𝐽 = (Jx,Jy,Jz) is a spin-3/2 vector operator;
and V (r) is the transverse (xy plane) confining potential:

V (r) =
{

0, r < R,
∞, r > R, (2)

with R being the radius of the Ge nanowire. Note that in our
following calculations we have set R = 10 nm, a typical and
experimentally achievable radius.[24,56]

Via choosing proper gauge for the vector potential, e.g.,
we can let 𝐴=(0,0,By) when the magnetic field 𝐵=(B,0,0)
is transverse, we have the operator pz = h̄kz in Hamiltonian (1)
conserved. It follows that, even in the presence of the magnetic
field, Hamiltonian (1) will give rise to a 1D dispersion En(kz),
where n is the subband index. We next determine En(kz) by
treating the magnetic field as a perturbation. First, in the ab-
sence of the magnetic field 𝐵 = 0, the Hamiltonian (1) is ex-
actly solvable.[32,57,58] Interestingly, the lowest two subband
dispersions are just two mutually displaced parabolic curves
with an anticrossing at kzR = 0, and each dispersion curve is
two-fold degenerate.[30,32] Second, the strong magnetic field
lifts the two-fold degeneracy in the subband dispersions.

Typical results of the subband dispersions with spin split-
ting are shown in Figs. A1 (longitudinal field) and A2 (trans-
verse field) in Appendix A. Now, the four subband dispersions
can be merged into two sets of combined dispersions (we la-
bel them respectively the lowest and second lowest subband
dispersions), each of which can be modeled by[33]

E0(kz) =
h̄2k2

z

2m*
h

+ασ
zkz +

g*h µBB
2

σ
x + const, (3)

where σ z,x are the Pauli spin matrices. We also emphasize
that the effective hole mass m*

h ≡ m*
h (B), the Rashba-type

spin–orbit coupling[59] α ≡ α(B), and the effective g-factor
g*h ≡ g*h (B) are all magnetic field dependent.[32] This is the key
difference between our hole spin and the previous hole spin
models.[60,61] We note that recently a similar magnetic field
dependent hole spin model was also proposed in Ref. [48].
The two sets of combined subband dispersions in a transverse
field (see Fig. A2) are not well separated from each other, such
that in the following we only consider the longitudinal field
case. The detailed dispersion parameters in a longitudinal field
are given in Table A1 in Appendix A.

z

1 2 3  a↩a

(b)(a)

R Ge
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V↼z↽
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z

Fig. 1. (a) Possible realization of a gated nanowire hole quantum dot via
placing a cylindrical Ge nanowire on top of a series of metallic gates. The
nanowire has radius R and the longitudinal direction is defined as the z direc-
tion. A strong magnetic field is also applied in the z direction. (b) A finite
square well with size a and height V0 is used to model the longitudinal quan-
tum dot confining potential. The quantum dot size a is much larger than the
nanowire radius R.

We now consider a semiconductor Ge nanowire quan-
tum dot via introducing extra confining potential along the
nanowire. For example, we can apply positive voltages to the
metallic gates below the nanowire [see Fig. 1(a)]. When the
quantum dot size a [see Fig. 1(b)] in the longitudinal direction
is much larger than the nanowire radius R in the transverse di-
rection, the Hamiltonian of the hole quantum dot is expected
to be well represented by

H =
h̄2k2

z

2m*
h

+ασ
zkz +

g*h µBB
2

σ
x +V (z), (4)

where kz = −i∂z and a finite square well is used to model the
quantum dot confining potential

V (z) =
{

0, |z|< a,
V0, |z| ≥ a, (5)

with a and V0 characterizing the width and the height of the
well, respectively. We note that the nanowire hole quantum
dot is always in the strong spin–orbit coupling regime, i.e.,
m*

h α2/h̄2 > g*h µBB/2 is always satisfied for parameters given
in Table A1. Also, in our following calculations, unless other-
wise indicated, we have set a = 40 nm and V0 = 5 meV.

3. Electric-dipole spin resonance
In this section, we study the electrical manipulation of

a quantum dot spin–orbit qubit. Our first step is to obtain
the lowest two energy levels in the nanowire quantum dot,
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to which the information of a hole spin–orbit qubit is en-
coded. We note that, even in the presence of the strong spin–
orbit coupling, the 1D quantum dot Hamiltonian (4) is exactly
solvable.[49] A key step in the solution is to explore the Z2

symmetry of the model, i.e., (σ x𝒫)H(σ x𝒫) = H, where 𝒫 is
the parity operator. It follows that we can classify the eigen-
states Ψ(z) = [Ψ1(z),Ψ2(z)]T in the quantum dot using this Z2

symmetry. We find the ground state Ψo(z) always has symme-
try σ x𝒫 =−1, while the first excited state Ψe(z) has symmetry
σ x𝒫 = 1. Hence, the Hilbert subspace of our hole spin–orbit
qubit is spanned by |Ψo⟩ and |Ψe⟩. The detailed functional
form of these two states can be found in Ref. [49].

We now consider the electric-dipole spin resonance where
the hole spin–orbit qubit is manipulable by an external oscil-
lating electric field. The total driving Hamiltonian of the hole
quantum dot reads

Ht =
h̄2k2

z

2m*
h

+ασ
zkz +

g*h µBB
2

σ
x +V (z)+ ezE cos(2πνt), (6)

where E and ν are the amplitude and the frequency of the driv-
ing electric field, respectively. In the following, we consider
Eq. (6) for both the lowest and second lowest hole subband dis-
persions. The magnetic field dependences of parameters m*

h ,
α , and g*h are given in Table A1 in Appendix A. When the hole
occupies the lowest subband dispersion, e.g., the quantum dot
contains only one hole, the spin–orbit coupling α increases
with the magnetic field B. When the hole occupies the sec-
ond lowest subband dispersion, e.g., the quantum dot contains
a few of holes, the spin–orbit coupling α decreases with the
magnetic field B. The opposite magnetic field dependences of
the spin–orbit coupling of these two subband dispersions will
lead to quite distinct results in the following.

Restricted to the Hilbert subspace spanned by the basis
states |Ψo⟩ and |Ψe⟩ of the spin–orbit qubit, the Hamiltonian
(6) can be reduced to the Rabi oscillation Hamiltonian[62]

Ht =
1
2

Equτ
z +hΩRτ

x cos(2πνt), (7)

where Equ is the level splitting of the spin–orbit qubit, ΩR =

|eE⟨Ψo|z|Ψe⟩|/h is the Rabi frequency, with h being the Planck
constant, and τz = |Ψe⟩⟨Ψe| − |Ψo⟩⟨Ψo| and τx = |Ψe⟩⟨Ψo|+
|Ψo⟩⟨Ψe| are the Pauli matrices. When the frequency of the
driving electric field matches the qubit level splitting Equ = hν ,
we are able to achieve a coherent spin–orbit qubit manip-
ulation. In terms of the qubit density matrix, Eq. (7) will
give rise to periodic oscillation of the qubit inversion W (t) =
ρe,e(t)−ρo,o(t),[62] since we do not consider any external en-
vironmental noise.

We show the level splitting of the hole spin–orbit qubit
as a function of the applied longitudinal field in Fig. 2. In or-
der to reveal explicitly the impact of the spin–orbit coupling

on the qubit level splitting, we define a spin–orbit coupling
modulated g-factor, i.e., the g-factor of the spin–orbit qubit

gso = Equ/(µBB). (8)

Obviously, without the spin–orbit coupling in Hamiltonian (4),
gso would equal to g*h . Due to the presence of the strong
spin–orbit coupling, gso is much less than g*h (see both Fig. 2
and Table A1). Note that a recent experiment also reported
a non-vanishing longitudinal g-factor gso = 1.06[45] in the
weak magnetic field region (B < 0.4 T). The level splitting
Equ of the lowest subband dispersion decreases with the field
B [see Fig. 2(a)], while the level splitting Equ of the sec-
ond lowest subband increases with the field B [see Fig. 2(b)].
For these two subband dispersions, the spin–orbit coupling
modulated g-factors gso decrease with the field B. These re-
sults are understandable if we borrow the analytical result
gso = g*h exp(−a2/z2

so)
[34,35] when Vz is a harmonic potential.

When the magnetic field B increases, the spin–orbit length
zso = h̄2/(m*

h α) has only a very small magnetic field depen-
dence, while the hole g-factor g*h decreases significantly (see
Table A1), thus it is reasonable that gso decreases with the in-
crease of the magnetic field.
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Fig. 2. Both the level splitting Equ and the g-factor gso of the hole spin–
orbit qubit as functions of the longitudinal magnetic field B. (a) The
results for the lowest subband dispersion. (b) The results for the second
lowest subband dispersion.

The Rabi frequency is an important physical quantity
characterizing the manipulation time of the hole spin–orbit
qubit. We show the Rabi frequency as a function of the longi-
tudinal field in Fig. 3. Figures 3(a) and 3(b) show the results
of the lowest and second lowest hole subband dispersions, re-
spectively. The Rabi frequency of the lowest subband disper-
sion decreases with the magnetic field B, while it increases
with the magnetic field B for the second lowest subband dis-
persion. Note that the Rabi frequency of the lowest sub-
band dispersion can be as large as 0.059|e|Ea/h (∼ 568 MHz)
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given at B = 0.5 T. The frequencies of the driving electric
field in experiments are usually restricted to the interval 1–
20 GHz, such that the maximum detectable Rabi frequency of
the second lowest subband dispersion is about 0.083|e|Ea/h
(∼ 800 MHz) given at B = 1 T.
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Fig. 3. The Rabi frequency ΩR as a function of the longitudinal magnetic
field B. For a moderate ac electric field amplitude E = 103 V/m, the Rabi
frequency unit is |e|Ea/h = 9.67 GHz. (a) The result for the lowest subband
dispersion. (b) The result for the second lowest subband dispersion.

4. The effects of varying the well height
In the above considerations, we have set the height and

the size of the square well to V0 = 5 meV and a = 40 nm, re-
spectively. Here we study the effects of varying the well height
V0 (keep the well size a unchanging during this process). This
is highly relevant to the experimental circumstance. When a
gated nanowire quantum dot is fabricated experimentally, the
distances between the local gates below the nanowire are usu-
ally also fixed, such that it may be difficult to tune the quantum
dot size a. However, it is easy to tune the height of the con-
fining potential V0 via varying the corresponding gate voltage,
e.g., the voltage on gate 2 in Fig. 1(a).
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Fig. 4. Both the level splitting Equ and the g-factor gso of the hole spin–
orbit qubit as a function of the potential height V0. The magnetic field
is fixed longitudinally at B = 1 T. (a) The result for the lowest subband
dispersion. (b) The result for second lowest subband dispersion.

As a concrete example, in our following calculations, we
fix the longitudinal magnetic field at B = 1 T. When the hole
occupies the lowest hole subband dispersion, both the level
splitting Equ and the g-factor gso of the spin–orbit qubit as
functions of the potential height V0 are shown in Fig. 4(a).
When the hole occupies the second lowest hole subband dis-
persion, the corresponding results are shown in Fig. 4(b). For
these two subband dispersions, when we reduce the height of
the confining potential V0, the level splitting of the hole spin–
orbit qubit decreases. This response is very reasonable, be-
cause when we reduce V0, we effectively increase the char-
acteristic length aef of the nanowire quantum dot. We can
imagine that for smaller height V0, the eigenstate will pene-
trate more to the potential barrier given in the coordinate re-
gion |z| > a, such that the effective quantum dot characteris-
tic length is increased (aef > a). It follows that the relative
spin–orbit coupling characterized by aef/zso in the nanowire
quantum dot is also increased.

We show the Rabi frequency ΩR as a function of the po-
tential height V0 for the lowest and second lowest subband dis-
persions in Figs. 5(a) and 5(b), respectively. In both the cases,
there exists a maximum of the Rabi frequency when we reduce
the potential height V0. This phenomenon has been observed
before.[49] We can enhance the spin–orbit coupling effect in
the nanowire quantum dot via reducing the confining potential
height. After reaching the maximum, if we still reduce V0, the
Rabi frequency decreases sharply. Anyway, it is possible to
tune both the spin–orbit coupling modulated g-factor gso and
the Rabi frequency ΩR to some extent through the quantum
dot gate voltage.
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Fig. 5. The Rabi frequency ΩR as a function of the potential height V0.
The magnetic field is fixed longitudinally at B = 1 T. (a) The result for
the lowest subband dispersion. (b) The result for second lowest subband
dispersion.

5. Discussion and summary
In this study, we have only elaborately considered the lon-

gitudinal magnetic field case. Here, let us give a brief discus-
sion on the potential results when the external magnetic field is
transverse. The hole subband dispersions in a transverse field
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are shown in Fig. A2 in Appendix A. There still exist two sets
of combined subband dispersions, i.e., the solid line and the
dashed-dot line in Fig. A2, each of which can still be modeled
by Eq. (3). However, these two combined subband dispersions
are not well separated from each other. Nevertheless, for each
combined subband dispersion in Fig. A2, we can still have
similar results as those given in Figs. 2 and 3.

Note that the hole spin studied in this paper is essentially
different from the real hole spin. The real hole spin splitting
in a magnetic field is the splitting between the solid line and
the dashed dot line in Figs. A1 and A2 in Appendix A. The
longitudinal g-factor of the real hole spin at kzR = 0 is very
small gl ≈ 0.14,[30,32,63,64] while the longitudinal g-factor of
the hole spin can have significant values (see Table A1).[33]

Thus, in terms of the hole spin, we are able to produce both
non-vanishing spin–orbit coupling modulated longitudinal g-
factor and large electrical Rabi frequency that may be rele-
vant to the recent experimental observation,[45] where a non-
vanishing longitudinal g-factor gl

so = 1.06 is observed in the
low magnetic field region (B < 0.4 T). Note that in our con-
sidered magnetic field interval, the lowest two energy levels in
the quantum dot indeed represent a hole spin–orbit qubit, in-
stead of a real hole spin. Also, the magnetic fields considered
in this paper are experimentally achievable.[6,7]

In summary, we have detailedly studied the magnetic field
effects in the electric-dipole spin resonance in a Ge nanowire
hole quantum dot. The effective hole mass m*

h , the spin–orbit
coupling α , and the effective g-factor g*h are all magnetic field
dependent, such that both the level splitting and the Rabi fre-
quency of the spin–orbit qubit are shown to have non-linear
and non-trivial dependences on the magnetic field strength.
Also, the results of the lowest hole subband are totally dif-
ferent from that of the second lowest hole subband. The qubit
level splitting Equ of the lowest subband decreases with the
magnetic field, while it increases with the magnetic field for
the second lowest subband. The g-factor of the spin–orbit
qubit gso decreases with the magnetic field for both subband

dispersions. We finally show the tunabilities of both the g-
factor gso and the Rabi frequency ΩR of the spin–orbit qubit
by varying the quantum dot confining potential. Our paper
demonstrates that the hole spin manipulation frequency of sev-
eral hundreds of MHz is achievable in the Ge nanowire quan-
tum dot.

Appendix A: The magnetic field dependences of
the quantum dot parameters

In this appendix, we give the detailed parameters of the
Ge nanowire quantum dot when the external magnetic field
is varying. When the external magnetic field is applied lon-
gitudinally (parallel to the nanowire), the magnetic field de-
pendences of the quantum dot parameters are given in Ta-
ble A1. The values of these parameters are determined by
fitting Eq. (3) to the data of the subband dispersions, which
are obtained using quasi-degenerate perturbation theory.[33]

The fitting results are shown in Fig. A1. There are two sets
of combined subband dispersions, i.e., the solid line and the
dashed-dot line in Fig. A1, which are labeled as the lowest and
second lowest subbands, respectively. Also, with the increase
of the longitudinal field, these two subbands become more sep-
arated from each other [see Figs. A1(a) and A1(b)]. When the
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Fig. A1. Fitting to the data of the hole subband dispersions in a longi-
tudinal field by using Eq. (3). (a) The result for magnetic field B = 1 T.
(b) The result for magnetic field B = 3 T. The fitting parameters m*

h , α ,
and g*h can be found in Table A1.

Table A1. The magnetic field dependences of the effective hole mass m*
h , the spin–orbit coupling α , and the effective g-factor g*h . The magnetic

field 𝐵 = (0,0,B) is applied longitudinally and the nanowire radius is R = 10 nm.

B (T)
The lowest subband The second lowest subband

m*
h/me α (eV·Å) g*h m*

h/me α (eV·Å) g*h
0.5 0.07345 0.55354 19.27596 0.07425 0.53257 22.28171

0.75 0.07326 0.55867 12.43149 0.07446 0.52721 15.43724
1 0.07307 0.56375 9.03379 0.07467 0.52180 12.03955

1.25 0.07288 0.56879 7.01482 0.07488 0.51634 10.02057
1.5 0.07270 0.57379 5.68521 0.07510 0.51083 8.69096

1.75 0.07252 0.57874 4.74953 0.07533 0.50527 7.75526
2 0.07234 0.58365 4.06005 0.07555 0.49966 7.06577

2.25 0.07217 0.58852 3.53473 0.07579 0.49400 6.54041
2.5 0.07199 0.59334 3.12431 0.07602 0.48828 6.12995

2.75 0.07182 0.59812 2.79746 0.07627 0.48250 5.80304
3 0.07166 0.60286 2.53329 0.07651 0.47667 5.53880
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Fig. A2. The hole subband dispersions in a transverse field. (a) The re-
sult for magnetic field B= 1 T. (b) The result for magnetic field B= 3 T.

external magnetic field is applied transversely (perpendicular
to the nanowire), the hole subband dispersions are given in
Fig. A2. There still exist two sets of combined subband disper-
sions, each of which can still be modeled by Eq. (3). However,
these two subbands are not well separated from each other,
such that in this paper we do not give the detailed calculations
for the transverse field case.
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