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Super-resolution imaging with superlens has been one of the fundamental research topics. Unfortunately, the res-
olution of superlens is inevitably restrained by material loss. To address the problem, we introduce the solid immersion
mechanism into the slab superlens and the cylindrical superlens. The proposed solid immersion slab superlens (SISSL) and
the solid immersion cylindrical superlens (SICSL) can improve the resolution by converting evanescent wave to propagat-
ing wave using high refractive index materials. From the perspective of applications, the cylindrical superlens with finite
cross section and the ability of magnification or demagnification has more advantages than the slab superlens. Therefore,
we focus on demonstrating analytically the super-resolution imaging of SICSL. Due to the impedance mismatching caused
by solid immersion mechanism, the whispering gallery modes (WGMs) are excited between SICSL and the air interface.
We clarify the excitation conditions of WGMs and analyze their influence on the imaging quality of SICSL. The SISSL and
SICSL may pave a way to apply in lithography technique and real-time biomolecular imaging in future.

Keywords: super-resolution imaging, material loss, solid immersion cylindrical superlens, whispering gallery
modes
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1. Introduction
Resolution, an important parameter of distinguishing the

object details in optical imaging systems, has been exten-
sively studied in science and engineering. However, the Abbe
diffraction limit tells us that the resolution of conventional
optical imaging systems is always limited to around half a
wavelength, and it stems from that the evanescent waves
carrying the detailed information decays rapidly and cannot
reach the far field.[1,2] In recent years, many efforts have been
made to improve the imaging resolution. For example, the
scanning near-field optical microscopy uses a probe to cap-
ture evanescent waves near the objects.[3] Later on, Pendry
theoretically proposed perfect lens that can produce ideal
diffraction-free images, which utilizes the negative refractive
index materials to restore the evanescent waves.[4] Following
the concept of perfect lens, the superlens has been realized
in metamaterials,[5–11] metals,[12,13] surface plasmonons,[14]

and hyperbolic metamaterials.[15,16] At the same time, the
hyperlens[17–21] as far-field super-resolution lens was also de-
signed by hyperbolic metamaterials which can convert the
near-field evanescent waves to the far-filed propagating waves.
The cylindrical and spherical hyperlenses have been manu-
factured in a similar way.[22,23] However, the superlens and
hyperlens face the challenges of insurmountable manufactur-
ing and material loss, which seriously hinder the practical

applications and further development of the superlens and
hyperlens.[24–28] Solid immersion lens (SIL) as another super-
resolution lens was widely studied due to the easy prepara-
tion and low loss.[28–32] The SIL, utilizing the positive high
refractive index materials to convert the evanescent waves
to propagating waves, achieves the super-resolution imaging
with higher magnification and numerical aperture than ordi-
nary lens. So far, various SILs have been fabricated by natural
materials[28,33,34] and novel metamaterials.[35,36] As a well-
developed imaging method, SIL has been widely applied to
lithography technique[37] and data storage.[38] At the same
time, solid immersion mechanism provides more chance to
improve the resolution of imaging systems.

In this work, we combine the solid immersion mecha-
nism with slab superlens and cylindrical superlens, and pro-
pose solid immersion slab superlens (SISSL) and cylindrical
superlens (SICSL). Solid immersion mechanism provides a
new solution to the problem since the superlens system with
material loss has the unsatisfied resolution. We make use of
the transfer matrix method (TMM)[39] to analyze the trans-
mission function of SISSL. The results verify that SISSL can
transfer more evanescent wave components with higher wave
vectors into imaging in contrast to the conventional superlens
system at the same loss level. For the applications and practi-
cability, we focus on the super-resolution imaging of the whole
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or a part of SICSL, which similarly applies the advantages
of solid immersion mechanism to convert evanescent wave to
propagating wave on the image point and to improve the res-
olution. We also verify analytically the super-resolution per-
formance of SICSL. The analytical results of super-resolution
imaging agree well with the numerical results. In addition, due
to the impedance mismatching between SICSL and the air in-
terface, the whispering gallery modes (WGMs)[11] are excited
and affect the imaging quality. We clarify the relation between
the resolution and exciting WGMs by solving the eigen equa-
tions of SICSL. In addition, the proposed SISCL has a certain
bandwidth and no aberration under the condition of no excit-
ing WGMs, which is a significant advantage compared to the
conventional solid immersion lenses.

2. Results and discussion
It is well known that a perfect lens can form perfect imag-

ing by restoring all evanescent wave components at the imag-
ing point, as shown in Fig. 1(a). We plot the lens system in
x–y plane and the perfect lens slab is centered at x = 0, y = 0.
The perfect lens can focus light from a point source (x = −d,
y = 0) to another point (x = d, y = 0). In wave optics, all the
incident waves can be considered as a superposition of plane
waves with different k components in different directions. For
simplicity, we only consider the transverse electric field (Ez,
Hx, Hy),

E(x,y, t) = ∑
ky

E (ky)exp(ikxx+ ikyy− iwt)𝑧, (1)

where kx and ky are the components of the wave vectors
in x and y directions. According to the dispersion relation,
k2

0 = k2
x + k2

y (k0 = 2π/λ is the free-space wavenumber), if
ky is larger than k0, kx becomes a purely imaginary number,
which means that this electromagnetic wave component ex-
ponentially decays along the x-direction. For ease of clarifi-
cation, we divide the slab lens system into four layers from

left to right as layer 1, 2, 3, and 4 respectively, as shown in
Fig. 1(a). To verify the imaging performances of the lens sys-
tem, the transmission function,[6] which describes the ampli-
fication ratio of evanescent field amplitudes with respect to
each normalized plane-wave number ky/k0 components, from
layer 1 to 4 for different k0 components is calculated at the
operating wavelength λ = 2d. For a perfect lens, it will be
enhanced exponentially for all larger k components (the red
solid curve in the log scale plot), as shown in Fig. 1(b). How-
ever, when material loss (e.g., a small imaginary part for the
permittivity ε2 of 0.0004i) is considered, only part of evanes-
cent wave components can be restored at the image position.
Therefore, there is a maximum transmission coefficient. When
the ky/k0 component keeps on increasing, it will decay rapidly
as shown by the transmission curve (see the green solid curve
in Fig. 1(b)). In this case, the perfect lens becomes superlens,
and it thereby becomes a challenge that the loss affects the res-
olution for the whole optical imaging superlens system. Here,
to circumvent the challenge, we propose a valid method, solid
immersion mechanism, to improve the imaging performance
of superlens with small loss, e.g., 0.0004i. From Fig. 1(b), we
can find that high-k evanescent wave components make a more
valuable contribution towards the imaging quality with the in-
crease of the slab material perturbation δ . Obviously, high
index materials transfer evanescent waves with high-k compo-
nents into the imaging point to improve the resolution of the
superlens gradually when the slab material perturbation δ in-
creases from 1 to 9. The normalized wave number ky/k0 for
the peak of transmission function curve shifts from a small
value to a large one, as depicted in Fig. 1(b). To further ex-
plore the relationship between the peak in transmission func-
tion and the degree of refractive index mismatching, we cal-
culate the value of each peak in the transmission function for
different material perturbations ranging from 1 to 9 and the re-
sults are described in Fig. 1(c). The results demonstrate that
solid immersion mechanism improves the imaging resolution
of the superlens system.
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Fig. 1. Schematic of SISSL and transmission functions for a SISSL system from left (medium 1, with different values of permittivity) to right
(air background). (a) A slab superlens with a thickness of d (permittivity ε2 =−δ +0.0004i, permeability µ2 =−1) is immersed in medium 1
(permittivity ε1 = δ , permeability µ1 = 1). The right part is air. (b) Comparisons of transmission functions for the superlens with four different
permittivities ε2. (c) The peak position in each transmission function for the superlens with respect to different values of permittivity ε1 and ε2
where the material perturbation δ increases from 1 to 9, and the corresponding peaks in (b) are also marked.
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The results in Fig. 1 demonstrate that the SISSL can col-
lect more high-order wave vector evanescent wave compo-
nents information at the imaging points to improve the res-
olution of the superlens system. However, the cross section
of slab superlens is infinite length, which greatly limits ap-
plications. By the method of transformation optics,[40–43] one
can easily design a cylindrical superlens.[4,6,44] The advantage
of this transformation is that it not only makes the superlens
system have finite cross-sectional size, but also makes the su-
perlens system have the ability of magnification or demagnifi-
cation imaging. Therefore, the cylindrical superlens is one of
the best choices for super-resolution imaging to overcome the
diffraction limit from both the perspective of application and
practicality. Figure 2(a) shows a particular radial coordinate
transformation from a virtual space (r′, θ ′, z′) to a physical
space (r, θ , z).[5,44] A cylindrical superlens is obtained by the
following transformation:

r′ =


c
a

r, 0 < r ≤ a,

b2

r
, a < r ≤ b,

r, b < r,

(2)

where a and b are the inner and outer radii of the cylindrical
superlens, respectively. The continuity of endpoint at r = a is
considered, hence c= b2/a. Besides, we can follow the folded
mapping function[5] described by Eq. (1) to obtain the mate-
rial parameters of the cylindrical superlens, where 0 < r ≤ a
as the region 1,

εr1 = µr1 = 1, εθ1 = µθ1 = 1, εz1 = µz1 = b4/a4; (3)

a < r ≤ b as the region 2,

εr2 = µr2 =−1, εθ2 = µθ2 =−1, εz2 = µz2 =−b4/r4; (4)

and b < r as the region 3,

εr3 = µr3 = 1, εθ3 = µθ3 = 1, εz3 = µz3 = 1. (5)

Obviously, region 2 has both negative permittivity and perme-
ability, and it is the cylindrical version of a slab superlens. To
further investigate the imaging properties of the SICSL, we
verify analytically the imaging performance. It is well known
that the radial wave equation (transverse electric (TE) polar-
ization) in cylindrical coordinate system can be written as

r2 d2Ez

dr2 + r
∂Ez

∂ r
+
(
k2r2−m2)Ez = 0, (6)

where k = nk0, k0 = 2π/λ is the free-space wave number, n is
the refraction index profile and m is an integer number. For the
cylindrical superlens, we can obtain the general solution of the
wave equation at different locations according to Eqs. (3)–(5)
as follows:

for region 1, 0≤ r ≤ a,

E1
z =

∞

∑
m=−∞

(
AmJm

(
k0b2r

a2

)
+BmYm

(
k0b2r

a2

))
e imθ ; (7)

for the region 2, a < r ≤ b,

E2
z =

∞

∑
m=−∞

CmJm

(
k0b2

r

)
e imθ ; (8)

for the region 3, b < r,

E3
z =

∞

∑
m=−∞

(DmJm (k0r)+EmYm (k0r)) e imθ , (9)

where Jm is the mth-order Bessel function and Ym is the mth-
order Neumann function. Am, Bm, Cm, Dm, and Em are the
corresponding coefficients.
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Fig. 2. Design of the cylindrical superlens. (a) The folded-geometry
mapping function in the radial direction. (b) The simulated electric field
pattern (Ez) for a line source of λ = 1 near a cylindrical superlens with
a = 1, b = 2, and c = 4, the dashed circles denote the positions for the
line source (black dotted line) and the image point (red dotted line).

The slab superlens and cylindrical superlens are essen-
tially consistent, and they have similar imaging properties.
The radial folded mapping can directly project the field of vir-
tual space to physical space in the cylindrical superlens. Ac-
cording to the electromagnetic parameters of cylindrical super-
lens, the background material (r > b) of the superlens system
is air, the middle part (a < r < b) is a negative refractive index
material, and the inner core material of r < a is a high refrac-
tive index medium with quadruple refractive index relative to
air. Similar to the slab superlens, by placing the line current
source at different positions inside the cylindrical superlens,
it will be imaged outside of the superlens system with differ-
ent field patterns. For ease of illustration, we consider electric
field solely polarized in z direction (Ez polarization), and cal-
culate analytically the imaging characteristics of the proposed
cylindrical superlens. When the location of the line source
satisfies 0 ≤ r0 ≤ a2/b, the cylindrical superlens only forms
an image at region 1 of the lens. When the line source r0

is located between a2/b and a, two perfect duplicates of the
line source are obtained at the middle and outside layers of the
cylindrical superlens, respectively. For example, when the line
source is placed at r0 = a(b+ c)/2c, we calculate the electric
field pattern of imaging, as shown in Fig. 2(b). It clearly shows
that there are two different images located at 2b2/(b+ c) (re-
gion 2) and (b+c)/2 (region 3). The wavelength of the image
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outside the cylindrical superlens is significantly amplified by
four times compared with the inner core line source.

Similarly, the cylindrical superlens has the ability to over-
come the diffraction barrier, and their imaging resolution is
also inevitably restrained by the material loss. As we all
know, the cylindrical perfect lens can produce a perfect imag-
ing. However, when the material loss is introduced into the
cylindrical superlens system, only part of the evanescent wave
components can be recovered at the imaging position outside
the superlens system. A very small material loss will cause
the resolution of the superlens system to decrease rapidly or
even exceed the diffraction limit 0.5λ . To further verify the
super-resolution imaging of the cylindrical superlens, we ana-
lytically calculate the normalized electric field intensity |Ez|2

and full width at half maxima (FWHM) of the cylindrical su-
perlens system with material loss of 0.002i and 0.0008i at
different wavelengths, as shown in Figs. 3(a), 3(b) and 3(d),
3(e). For the convenience of explanation, we define a com-
mon factor τ = −κ2 + ξ i (κ is a constant and ξ is the ma-
terial loss). The permittivity of the cylindrical superlens with
loss satisfies ε ′z1 = κ2εz2ε ′z2 = −τεz2ε ′z3 = κ2εz3. The cylin-
drical superlens is also divided into four layers from inside to
outside as layer 1, 2, 3, and 4, respectively, where the bound-
aries are at r = a, b, x0 (the image point). Figures 3(a) and
3(d) show respectively the normalized electric field intensity
|Ez|2 of the cylindrical superlens with τ = −1+ 0.002i and
τ = −1+ 0.0008i, and the relative FWHM in the vertical di-
rection at x0 = (b+ c)/2 and −b < y0 < b at wavelengths of
0.20 and 0.50. In the figures, the red curves represent the nor-
malized electric field intensity |Ez|2 at the imaging plane and

the relative FWHM 0.55λ and 0.40λ of the imaging point are
marked on the red curve, respectively. To improve the reso-
lution of the cylindrical superlens with material loss, the solid
immersion mechanism is introduced into the cylindrical super-
lens, which becomes a SICSL. Here, we choose a SICSL with
τ =−2+0.002i and τ =−2+0.0004i as examples to explore
the super-resolution imaging. Based on Eqs. (7)–(9), we ob-
tain the normalized electric field intensity |Ez|2 of the SICSL
with τ = −2+ 0.002i and τ = −2+ 0.0004i, and the rela-
tive FWHMs of the SICSL are respectively 0.45λ and 0.26λ

at wavelengths of 0.20 and 0.50, as shown in Figs. 3(b) and
3(e). By comparing the FWHMs at λ = 0.20 and λ = 0.50,
the FWHMs of SISCL with material loss of 0.002i and 0.0008i
are respectively reduced by 0.10λ and 0.14λ compared to the
superlens system, which indicates that SISCL has a smaller
imaging resolution. Besides, we compare the transmission
coefficients η = |E i

z|/|Es
z | between SICSL and the cylindri-

cal superlens at wavelengths of 0.20 and 0.50, where |Es
z | is

the electromagnetic field amplitude of the point source com-
ponent (x = 0.75, y = 0) and |E i

z| is the electromagnetic field
amplitude of the transmitted component. It reveals that the
more high-order evanescent wave components contribute to
the imaging resolution of the SISCL (red solid line) com-
pared to the cylindrical superlens (black solid line), as shown
in Figs. 3(c) and 3(f), resulting in improvement of the imag-
ing resolution in SISCL compared with the superlens system.
Therefore, we analytically demonstrate that the solid immer-
sion mechanism can improve the resolution of the cylindrical
superlens with material loss.
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Fig. 3. The normalized electric field intensity |Ez|2 of SICSL (left) with a = 1, b = 2, c = 4, and FWHM curve located at the dashed red line (right) at
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z|/|Es
z | for SISCL with (c) τ = −1+ 0.002i (black curve in a log scale plot) and τ = −2+ 0.002i (red curve in a log

scale plot), (f) τ = −1+ 0.0004i (black curve in a log scale plot) and τ = −2+ 0.0004i (red curve in a log scale plot). k = 2π/λ is free-space wave
number, and kθ = m/ri, ri is the radial of the image position and m represents the azimuthal momentum number.
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Due to the impedance mismatching between SICSL and
air interface, WGMs are excited at the specific wavelengths
and damage the super-resolution imaging quality of SICSL. In
fact, when the electromagnetic wave propagates from SICLS
into the air, the WGMs excited on the superlens are con-
strained by the eigen equations. By solving the eigen equation
of the SICSL, we obtain the eigenfrequencies of the WGMs.
Next, we will analytical calculate the excited WGMs in SICSL
with τ =−2+0.0004i (κ2 = 2). By solving two separate 2D
Helmholtz equations of air and SICSL, we can obtain the so-
lution form as follows:

ψm (r) =

{
αmJm (κk0r) e imθ , r ≤ x0,

βmH(1)
m (k0r) e imθ , r > x0,

(10)

where αm, βm are the complex coefficients, and x0 = cr0/a is
the location of the imaging point. With the continuous bound-
ary conditions of electric and magnetic fields at r = x0, we can
obtain the eigen equation which determines the eigenfrequen-
cies as follows:

αm

βm
=

H(1)
m (k0x0)

Jm (κk0x0)
,

J′m (κk0x0)

Jm (κk0x0)
=

1
κ

H ′(1)m (k0x0)

H(1)
m (k0x0)

, (11)

where H(1)
m denotes the first Hankel function of the mth-order.

The above characteristic equation is a transcendental equation
and can only be solved numerically. According to Eq. (11),
we analytically calculate all the relative FWHM of the imag-
ing point in the air background whose wavelength is from 0.2
to 1.5 with a step of 0.01 under τ =−2+0.0004i, as shown in
Fig. 4(b) (red circles). The relative FWHM of the cylindrical
superlens with τ = −1+0.0004i is also simultaneously plot-
ted as comparison, as shown by black circles. We can clearly
find that the excitation wavelength of WGMs is consistent
with the super-resolution failure wavelength of SICSL. For
example, when m = 23, we obtain the corresponding eigen-
wavelength of WGMs λ ≈ 0.99 by solving Eq. (11). At the
same wavelength, we analytically calculate the electric field
patterns |Ez|2 of the imaging utilizing Eqs. (7)–(9). Figure 4(a)
shows the corresponding result, where the WGMs with m= 23
are also excited. The red curve represents the normalized elec-
tric field intensity |E|2 at the imaging plane and the relative
FWHM of SICSL is 1.36λ , which is far larger than the diffrac-
tion limit of 0.5λ . The results indicate that the WGMs damage
the super-resolution imaging of SICSL. Although the FWHM
results of SICSL have no obvious change trend, we can clearly
find that it is always slightly smaller than the control group of
τ = −1+ 0.0004i when the WGMs is not excited. Besides,
the WGMs depend greatly on the geometry of the resonator
cavity, and we can optimize the geometry of the cavity to re-
duce or eliminate the excitation mode of WGMs. Therefore,
we could conclude that the imaging resolution of SICSL is af-
fected at the wavelength of WGM excitation. The imaging

resolution of SICSL with material loss in the air background
can be improved when the WGMs are not excited.

τ=-2+0.0004i
τ=-1+0.0004i



↩

4

 4

F
W

H
M

=
1
.3

6
λ

Intensity

(a)

(b)

0 0.5 1.0 1.5

0.5F
W

H
M

/
λ

Diffraction limit

1.0

1.5 0.99

x

y

0
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Fig. 4. (a) The WGMs of normalized electric field intensity |Ez|2 (left)
and the FWHM curve located at the dashed red line (right) at λ = 0.99.
(b) The relative FWHM of τ = −1 + 0.0004i (the black circle) and
τ =−2+0.0004i (the red circle) with increasing wavelength from 0.2
to 1.5 with a step length of 0.01.

3. Conclusion
In summary, we combine the solid immersion mechanism

with the slab and cylindrical superlens system to design the
SISSL and SICSL, and analytically prove that the solid im-
mersion mechanism can improve the imaging resolution of
the superlens system by restoring more evanescent wave com-
ponents at the image point. However, due to the impedance
mismatch between SICSL and air interface, the phenomenon
of WGMs is generated in SICSL. We make clear the con-
ditions of WGMs excitation in the SICSL, and analytically
demonstrate that the WGMs can damage the super-resolution
imaging of SICSL. These findings could contribute in multiple
perspectives to our further understanding of high-resolution
imaging, and may provide more possibility for lithography
technique[37] and real-time imaging.[23]
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