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Quantum metrology provides a fundamental limit on the precision of multi-parameter estimation, called the Heisen-
berg limit, which has been achieved in noiseless quantum systems. However, for systems subject to noises, it is hard to
achieve this limit since noises are inclined to destroy quantum coherence and entanglement. In this paper, a combined con-
trol scheme with feedback and quantum error correction (QEC) is proposed to achieve the Heisenberg limit in the presence
of spontaneous emission, where the feedback control is used to protect a stabilizer code space containing an optimal probe
state and an additional control is applied to eliminate the measurement incompatibility among three parameters. Although
an ancilla system is necessary for the preparation of the optimal probe state, our scheme does not require the ancilla system
to be noiseless. In addition, the control scheme in this paper has a low-dimensional code space. For the three components
of a magnetic field, it can achieve the highest estimation precision with only a 2-dimensional code space, while at least a
4-dimensional code space is required in the common optimal error correction protocols.
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1. Introduction

Quantum metrology exploits some unique properties of
quantum systems, such as entanglement, superposition and co-
herence, to provide higher measurement precision than clas-
sical metrological schemes.!'=3! Due to high resolution and
high sensitivity, they have been widely used in the field of
high-precision measurement and sensing, ranging from mag-
netometry, frequency spectroscopy, gravitational wave detec-
tion, Hamiltonian identification to quantum imaging, quantum
biology, and so on.[+-10]

Quantum parameter estimation aims to obtain the true
values of estimated parameters that are encoded in the state of
a quantum system through the interaction of the quantum sys-
tem with an external signal of interest. A complete quantum
parameter estimation process includes three steps: the prepa-
ration of an initial probe state, the encoding process of param-
eters to be estimated, and the measurement of the final state.
Most existing studies focus on the determination of an optimal
initial probe state and optimal measurements.!!!=1#! Tn recent
years, it has been realized that control can be used to change
the dynamics of the system and further improve the estimation
precision of parameters.[!3-2?]

Control is an important and effective resource in quan-
tum parameter estimation. For example, optimal control has
been used to improve the estimation accuracy of the magnetic

23,24

field and to image nanoscale magnetic fields.!>>?*! For uni-

tary dynamics, quantum coherent control was used to achieve
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the highest estimation accuracy of a parameter by encoding it
into a time-independent Hamiltonian.!'®! For a parameter con-
tained in the time-dependent Hamiltonian of a quantum sensor,

Pang et al.["’]

showed that the highest measurement accuracy
of the parameter can be achieved by adaptive control. In view
of the fact that a practical quantum system is often affected
by noises, which greatly reduce the precision limit of esti-
mation, Liu et al.?"! used the gradient-based optimal control
method to suppress the negative effect of noises on the estima-
tion accuracy. However, as the system dimension increases,
the gradient-based optimization methodology becomes more
and more difficult since the gradient update requires a new
simulation of the system dynamics. To solve this problem,
reinforcement learning (RL) was proposed, e.g., in Ref. [21].
By the generalization ability of RL, the optimal control ob-
tained at a certain value of the parameter is also applicable to
the other values around it, which avoids the re-training process
after the parameter is updated. For high-dimensional systems,
the situation becomes more complex. Thus, a relatively simple
and effective scheme with feedback control and QEC can be
considered to improve the estimation accuracy of the parame-
ter to be estimated in the noisy system.

Feedback control, which usually uses the measurement
information to manipulate a system, is an effective method to
suppress the decoherence of the system and has been used
in the generation of robust entanglement in open quantum
systems, (> the protection of quantum correlation, %! etc. In
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the field of parameter estimation, feedback control has also
been widely investigated to improve the estimation accuracy
of the decoherence parameter!?’! and physical quantities such
as phase and magnetic field strength.>8-3%! It should be noted
that only the case of estimating a single parameter has been
considered at present. However, single-parameter models are
usually an oversimplification of real-life metrological setups.
As a matter of fact, there are many scenarios involving the si-
multaneous estimation of multiple parameters, e.g., simultane-

31,32

ous estimation of multiple phases,3!-*?! and simultaneous es-

33.34] Recent studies have shown

timation of phase and noise.|
that the simultaneous estimation of multiple parameters may
achieve a higher accuracy than the individual estimation of
each parameter, which prompts the development of quantum
multi-parameter estimation. 33361

In quantum multi-parameter estimation scenarios, control
is still an important resource. For example, a sequence feed-
back control scheme was proposed in Ref. [37], which solves
the problem that the incompatibility of optimal measure-
ments on various parameters hinders their simultaneous high-
precision estimation and achieves a joint quantum-enhanced
measurement of all three components of a magnetic field. Hou
et al.13®] further achieved this scheme by experiment. On the
other hand, in order to restore the Heisenberg limit (HL), quan-
tum error correction (QEC) has been proposed for general
non-unitary dynamics.**! As a special control means, QEC is
an important approach to reduce noises in quantum channels.
In recent years, it has shown a powerful ability to the quantum

(40-44] However,

parameter estimation in noisy environments.
the HL can only be reached, e.g., in some special cases of de-
phasing and erasure noises.

In this paper, we propose a new combined control scheme
with feedback and QEC to improve the accuracy of quantum
multi-parameter estimation, where the estimation precision
can reach the HL in the presence of spontaneous emission.
Compared with the pure QEC schemes, our combined control
scheme does not require the ancilla system that is used to con-
struct an optimal probe state to be noiseless, which reduces the
experimental requirements. Generally, feedback and QEC are
two important tools to combat with the environment-induced
decoherence. The former applies feedback control based on
continuous measurement to suppress noises and the latter cor-
rects errors by performing projective measurement. In our
scheme, we combine these two tools. An immediate benefit
of this combination is that the dimensionality of the correction
code space can be reduced. For the Hamiltonian parameter
estimation in two-qubit systems, an optimal error correction
protocol requires the dimensionality of the code space to be at
least P+ 1 when the number of parameters is P,13°! while our
scheme can greatly reduces this dimensionality. For example,
for the simultaneous estimation of the three parameters of a

magnetic field, the code space is 4-dimensional in the optimal
error correction protocol while the 2-dimensional code space
is sufficient to achieve the highest estimation precision of the
three components of the magnetic field simultaneously in our
scheme. Accordingly, our scheme is at the expense of reducing
the kinds of errors that can be corrected (one type of stabilizer
code usually corrects one type of errors), and the information
of errors needs to be accurately detected.

This paper is organized as follows. Some preliminar-
ies for quantum multi-parameter estimation and the methods
used in this work, including feedback control and quantum er-
ror correction, are introduced in Section 2. In Section 3, we
present our control scheme in detail. Finally, we summarize
our results in Section 4. Some necessary details are provided
in Appendices A and B.

2. Backgrounds and preliminaries
2.1. Quantum multi-parameter estimation

When the detected signal contains p parameters, denoted
as the vector & = [xy,...,x,]" € R, these parameters can be
encoded into a quantum state p (x) through the interaction of
the quantum system with the external signal. A set of mea-
surement results is obtained by applying a set of measurement
operators M,,, (M,,, > 0, Y, M,, = I) to the multiple copies of
the quantum state p (). Then, we can construct an estima-
tor function & (a p x 1 vector) for the true value  based
on the measurement results. The performance of the estimator

function £ can can be written as[*’!
Z(i’> :me|m [iL‘—ii’]-[SE—Zﬁ}T, (D
m

where P, = Tr(p (z) My,) represents the conditional prob-
ability and m is the measurement result. In this paper, we
use the notation tr(+) to stand for the matrix trace associated
with the parameter space and the notation Tr(+) to denote the
trace with respect to the relevant Hilbert space of quantum
states. Each diagonal element of Y () represents the variance
of the estimator of the corresponding parameter while the oft-
diagonal element represents the covariance between different
parameters.

According to the Cramér—Rao bound, the covariance ma-
trix ¥ (&) is bounded as!*!

Y (@) >F;", )

where F; denotes the classical Fischer information ma-
trix (CFIM). It represents the achievable precision in multi-
(Vo] [VBuia]

Prfas ’
where V denotes the gradient operator with respect to . The
(i, j)th entry of the CFIM is give by

0 P 0 P
(Fa)y = Y CoFnie) O Prie), 3)

m Pm|:n

parameter estimation, defined as Fy =Y,
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In order to measure the precision of multi-parameter esti-

mation intuitively, we introduce a scalar cost function, defined
[46]
as

C=u(W) (&), 4)

where W is a p X p real symmetric positive definite weight ma-
trix, and therefore C is also called weighted mean square error
(WMSE). Now, we can trace Fch with the weight matrix W
to obtain the corresponding scalar bound Cp = tr(WFCI’I), ie.,
the classical Cramér—Rao bound (CCRB). It is easily attain-
able. From Eq. (2), the WMSE is lower bounded through the
generalization of the matrix Cramér-Rao bound, i.e.,

C > Cr. )

For simplicity, in this paper we take W = I, where [ is the
identity matrix. Then, we can obtain

14
c=Y 61, (6)
j=1

where 5x% represents the variance of the estimator for the jth
parameter. Here, the achievability of the HL means that there
exists a set of protocols, including the optimal probe state,
the control scheme, and the optimal measurement, such that
C o< 1/T?, where T is the total sensing time. This equals that
the estimation precision of each parameter reaches the HL.

2.2. Quantum feedback control

Quantum feedback control manipulates the system by
employing the information obtained from the continuous mea-
surement. The dynamics of the measured system can be de-
scribed by a Markov master equation, which is the average dy-
namics over all possible measurement records and is therefore
not random. The form of the master equation is not unique due
to the different ways of collecting system information from the
environment. For example, there are master equations based
on direct photodetection, and master equations based on ho-
modyne detection. In this paper, we mainly consider the mas-
ter equation based on direct photodetection, and the detection

s.1471 It is as-

process can be described by two Kraus operator
sumed that the change of the state of the system in time interval
dt under the environment-induced error can be described by a
jump operator c¢. This means that we can use a Kraus operator
Q| = c/dt to represent the process of jump. The other Kraus
operator is Qp=1— QlT Q; /2 —iHydr. By this way, the master

equation without feedback can be written as’!

p(t+di) = Qop (1)) +Qi1p(1) Q. (7)

The first term on the right-hand side of Eq. (7) represents
the evolution of the system when no photons are detected,
and the second term corresponds to the system evolution when

photons are detected. In the feedback scheme based on pho-
todetection measurement, feedback control is applied as soon
as an emitted photon is detected by the detector. We use a
special unitary operator U to represent the feedback control.
Then, the master equation of the system with the feedback

control can be obtained as

Qop(1)Q) —p(t) +UQip(1)Q[UT
— —i[Ho,p(1))dt + D[U cJp(r)dr, (®)

dp(t)

where the superoperator D[A]p = ApAT — J(ATAp + pATA)

represents the decoherence caused by the environment.

2.3. Quantum error correction

Quantum error-correcting codes are specifically designed
to protect unknown quantum states, in which stabilizer codes
are a very important class. The introduction of the notion of
stabilizer not only helps discover more quantum error cor-
rection codes, but also makes the theory of quantum error-

¢.8 In this paper, we use this

correction codes more systemati
type of error-correcting codes.

Suppose that the stabilizer code is encoded into k qubits
of n qubits and S represents the stabilizer of the code. To
describe the stabilizer code, we firstly define a Pauli group
G, ={%1,+i} ®{I,X,Y,Z}*", where X, Y, and Z denote the
Pauli matrices oy, 0y, and o, respectively, and the notation
® denotes the Kronecker product. S is a 2" ¥-dimensional
Abelian subgroup of the Pauli group G,,, which means that any
element in S satisfies the commutation relation. It is enough
to describe S with n — k generators. The code space C(S) is
an eigenspace of eigenvectors corresponding to the eigenvalue
41 of all operators in S, and its dimension is 2X. Hence, one
can think that the system is encoded into k qubits, instead of n
qubits.

The general protocol for the stabilizer code begins with
the measurement of stabilizer generators. The projection mea-
surement discretizes the error that has occurred in one of 2" %
error syndromes. After obtaining the information of what error
syndrome occurred, the corresponding unitary recovery oper-
ator is applied immediately to correct the error, thereby pro-
tecting the system state in the code space. In this protocol, the
system needs to be entangled with a meter in order to diagnose
the error syndrome by directly measuring the meter. In this pa-
per, we employ continuous measurements and feedback con-
trol to correct the error instead of the projective measurements
and fast unitary gates. By this means, the error syndrome can
be diagnosed by directly measuring the environment without

entangling with the meter.
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3. Feedback control and QEC for multi-
parameter estimation

In this section, we focus on the simultaneous estimation
of multiple parameters. We use a feedback control scheme
combined with error correction to improve their simultaneous
estimation precision in the presence of spontaneous emission.
We consider the simultaneous estimation of the three compo-
nents of a magnetic field in a two-qubit system. This is a very
classic problem in the Hamiltonian parameter estimation and
quantum sensing.

Consider a two-qubit system, where one qubit is used to
sense the parameters to be estimated and the other qubit acts
as an ancilla system, which is not required to be noiseless. We
use the notation X}, ¥;, and Z; to denote the Pauli operators
Oy, Oy, and o; acting on the jth qubit. The Hamiltonian of the
system sensing a magnetic field can be expressed as

Hy=x1X| + 02V +x3Z1 2 B-o), 9)

where x1, x, and x3 represent the magnitudes of the three com-
ponents of the magnetic field in the directions of x, y, and z
and are the parameters to be estimated; o) = (X1, 11,21);
B = (x1,x2,x3) 2 (Bsinfcos ¢, BsinOsin¢, Bcos ) with B
and (6,¢) being the magnitude and direction angles of the
magnetic field in the polar coordinate system.

The optimal probe state for this system is any maximally
entangled state (see Appendix A for detailed derivation). In
this paper, we choose |yp) = %(\OO>—|11)) as the probe
state. Accordingly, the codewords of the stabilizer code can
be selected as

{oc> = (|00)~]11))/V2, (10)

[1e) = (101)+]10))/v2.

By this means, the optimal initial probe state is located in
the code space, which is one of the conditions of our scheme.
In the stabilizer representation, the generator of the stabilizer
corresponding to the code is Y ®Y, that is, the codewords in
Eq. (10) are all the eigenstates corresponding to the eigenvalue
+1of Y ®Y.

Since the probe system is affected by the spontaneous
emission noise, according to Subsection 2.2, the jump oper-
ator corresponding to the noises on the jth qubit is

Qj = /Ydt(X; —iY)), (1)

where y; represents the damping rate of the jth qubit. The
master equation (7) without any controls can be rewritten as

2
p = —i[Ho,p]+ }_ v/ DIX; —iY]p. (12)
j=1

Assume that the probe system has a spontaneous emission
error on the first qubit. Then, the codewords of the stabilizer

code immediately become

Q10c) = —v/2pdion),
Q1]1e) = VZ7di|00).
The encoded state in the code space can be represented as
p = (al0.) +b|1.))(al0.) +b|1.))", where a and b are com-
plex numbers. Then, we have Q; p Q[ =2, df (aa*|01) (01|
—ab*|01) (00| —a* b|00)(01|+bb*|00)(00|). A similar change
occurs when spontaneous emission occurs on the second qubit.

13)

It is not hard to see that the spontaneous emission noise will
cause the state originally in the stabilizer code space to jump
out of the code space, so that the coherence and entanglement
that are helpful in enhancing the precision of parameter esti-
mation will gradually disappear. To suppress this negative ef-
fect of the noise, we use a continuous measurement to obtain
the information about the time and location of a spontaneous
emission, and then immediately apply a set of unitary recov-
ery operators to protect the code space from the noise. It is
known that there exists a set of unitary recovery operators that
can correct the error as long as the stabilizer code and the error

satisfy the following sufficient and necessary condition*”]

(0] Q)| 1) = ;8 (14)

where |¢) and |¢;) are the elements of an orthonormal ba-
sis of the stabilizer code, and c; is a constant. Obviously, the
codewords |0.) and |1.) in Eq. (10) satisfy the conditions in
Eq. (14). Therefore, there exists a set of unitary recovery op-
erators that can correct this spontaneous emission error.

For the stabilizer code selected in this paper, if the uni-
tary recovery operators can return the codewords in Eq. (13)
to the code space, that is, U;1]0.) — |0c),U121|1c) — |1c),
then it is not difficult to obtain U 2,p QU] — 2y,drp. That
is to say, the role of U;2;pQ;U] in the code space can be
regarded as an identity matrix. By this way, the jump error in-
duced by spontaneous emission can be corrected. Hence, the
unitary recovery operators can be chosen as

{U1=\%(X®I+?I®Y), s
U, = ﬁ(l®X+1Y®I).

Here, U; and U, correspond to the feedback control in Eq. (8).
The set of unitary recovery operators can be realized by the
following feedback Hamiltonian
2 dN; (1)

Hr = Z dr
j=1

4 (16)

where N; is the number of photons emitted by the qubit j, and
U = e Vi,

However, the existence of the unitary recovery operators
is only a necessary condition for returning the encoded state
to the code space. The non-trivial evolution between sponta-
neous emissions can cause the encoded state to jump out of
the code space, and therefore destroys the entanglement and
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coherence and reduces the precision of parameter estimation.
According to Subsection 2.2, such an evolution can be de-
scribed by the following Kraus operator:

2
Q= IR — Z.QJT.QJ-/2—iH0dt
j=1

=IQI(1— (N +7)d) —nZ®Idt

— pI®Zdt — iHydt. (17)

In order to solve the problems caused by the non-trivial
evolution, we introduce a driving Hamiltonian as

Hi=nXoY+pYoX. (18)

Thus, Eq. (17) can be rewritten as

2
Q) =Ix1-Y _QJT_QJ-/z—i(HO + Hg)dt

=
= I®I(1 —()/] —|—’}’2)dl) —V]dtZ®[(I®I—Y®Y)
—pdIRZ(IRI—-Y ®Y) —iHydr. (19)

Since I®I-Y®Y)|0) =(IR[-Y®Y)|1:) =0, for any
quantum state p in code space, we have (I @I —-Y ®Y)p = 0.
Therefore, the nonunitary part in the non-trivial evolution can
be eliminated.

With Egs. (11), (15) and (19), we can obtain the evolu-
tion equation of the system under feedback control and driving
Hamiltonian as

2
QopQq —p+ Y, U;2;pQ]U}
j=1

—NdtZRQIUI®I-Y QY)p

—pdIRZ(IRI-Y RY)p
—ndtp(IRI-YQRY)ZRI
—pdip(IQI-YQRY)IRZ
—i[Ho, p]dt 4+ O(dr?). (20)

dp

It is not hard to see that the code space can be protected by
our scheme. However, for the simultaneous estimation of the
three components of the magnetic field, the scheme with only
feedback control and driving Hamiltonian is not sufficient. A
fundamental problem is that the optimal protocols correspond-
ing to each parameter are incompatible, which makes it impos-
sible to achieve the highest precision for the simultaneous es-
timation of all three parameters. In the noiseless case, for each
parameter g € {x,x2,x3}, the Heisenberg uncertainty relation
gives a fundamental limit on the estimation precision as

5g° > !

=V ey

where <Ah§> = (¥, | hé | W) — (We | he | We)? is the vari-
ance of hg, h, = i(agUg)U; is the generator of parameter

translation U, = e s with respect to g, Hy is the Hamilto-
nian that encodes the parameter g, and ¢ is the unit sensing
time. Assuming that the total sensing time is 7 = Nt. Then,
hgv) =i(UN(UN)" = ) Ufhg(U¥)T holds and the vari-

ance of hg,N) has the upper bound as

AN < NHAR2). 22)

It can be seen that h§N>

= Nh, holds if U, commutes with
hg. Thus, the upper bound of the variance of héN) in Eq. (22) is
saturated. In order to achieve the highest estimation precision
for all parameters, U, needs to commute with the generators
hy,» hy,, hy, of all parameters simultaneously. However, this
condition is almost impossible to be satisfied without any addi-
tional controls. Conversely, if there exists additional controls
to make the total evolution of the system equal to Uy, = I, then
since Uior = I commutes with all generators, we can solve this
fundamental problem. It is necessary to emphasize that such
controls actually exist. In particular, we can choose U, = Ug .
In this case, Uiy = U.Ug = 1.

Accordingly, the optimal control in our scheme can be
chosen as H. = —B - o,
only completely protect the code space, but also solve the in-

The introduction of H. can not
compatibility problem between multiple parameters. How-
ever, since B contains the parameters to be estimated, their
true values are unknown before estimation. In this paper, we
use their estimated values B alternatively. To this end, we
introduce an additional control of the form

Hyg=—-B-oW. (23)

It is easy to see that H,qq needs to be updated adaptively ac-
cording to the estimated values of the parameters. We adopt
a sequential scheme to obtain the additional control, that is,
an additional control H,yq is added for every time interval dr.
The master equation (20) with the additional control can be
rewritten as

dp = —i[dH, p]dr, (24

where dH ~ ((B — B) (sin@ cos ¢,sin @ sin¢,cos 0)) - ol =
(dB(sin 8 cos ¢,sinBsin ¢, cos0)) - oV, To simplify analysis,
we assume that the additional control affects the three compo-
nents of the magnetic field mainly by changing the magnitude
of B.

We have known that the optimal measurement is the pro-
jective measurement on the Bell basis (|@1),|@2),]93),|94)),
where [1) = (100)~[11))/V2. [¢2) = ([00)+[11))/v2.
[@3) = (|01)~[10))/v2, |g) = (|01)+]10))/v/2.57) There-
fore, the measurement operators can be selected as M; =
[@1){(@1]. My =[@2) (2], M3 =|3) (3], and My =|4) (@4].

The initial probe state |yp) undergoes the evolution de-
scribed by Eq. (24) for some period 7', and then the projective
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measurements on the Bell basis are applied to the system. The
probability of the measurement results can be obtained as

Pm1 = cos?(TdB),

pm2 = sin?(TdB) cos?

pm3 = sin?(T'dB) sin? Ocos 9,
Pma = smz(TdB) sin? @ sin ¢

(25)

From Eq. (3), we can obtain the CFIM corresponding to
the parameters (B, 0, ¢) as follows (see detailed derivations in
Appendix B):

e 0 0
Fy=4| 0 sin’(TdB) 0 . (26)
0 0  sin?(TdB)sin’ 6

According to Eq. (2), the estimation precision corresponding
to (B, 0, ¢) has the following lower bounds:

)
662 Z 4T271
06° > 427(”&7 27
6(}32 Z 1

In order to intuitively show the estimation preci-
sion corresponding to each component of the magnetic
field, we rewrite the Hamiltonian encoding the parame-
ters to be estimated as Hy = x;X| + x2Y; + x3Z;, where
= BsinBsing, = Bcos0.
The precision of each component of the magnetic field
is 8% = sin@cospSB + BcosOcospS5H — BsinOsingS59,
8%y =sinOsinpSB+BcosOsin 56 — BsinOcos 98¢, 553 =
cos 03B — Bsin080, respectively. As described in Subsec-

X1 = Bsinfcos¢, x; and x3

tion 2.1, we take the weight matrix as W = I, and the corre-
sponding WMSE C is shown in Eq. (6). Plugging Eq. (27) into
Eq. (6), we can obtain the minimum value of the WMSE (i.e.,
the estimation precision limit) corresponding to the simultane-
ous estimation of the three components of the magnetic field
as

831+ 0843+ 6% = 8B*+dB*66 + dB?sin* 05¢°
l(i n 2dB? )
4\12 :

sin’(TdB)
When B — B, the additional control results in dB — 0.

(28)

_dp? € 246824682 3,
Thus, we have - Z(rap) 12 and 8X7 + 6% + 685 — 7. It
has been known that the highest estimation precision is ﬁ for

a single parameter in the magnetic field.[!>! If the three param-
eters reach the highest estimation accuracy, then the minimum
value of WMSE is equal to ;7>
can achieve the highest estlmatlon precision asymptotically for

. This implies that our scheme

each parameter.
Figure 1 shows the performance of our scheme, espe-
cially the effect of the additional control. As can be seen

from Fig. 1, the additional control can significantly enhance

the multi-parameter estimation precision. Moreover, even if
the parameters in the additional control are not very close to
the true values at the beginning, it does not affect the HL of
the multi-parameter estimation.

102

101 ¢

41)

Fe

1

c

100t

tr(

101

102

Fig. 1. Classical Cramér—Rao bound (CCRB) tr(FCl’l) versus the evo-
lution time ¢ is plotted. The black dashed line represents the case with
feedback control and driving Hamiltonian. The blue dotted line, green
dashed line, and red solid line indicate the cases with feedback control,
driving Hamiltonian, and additional control, where the corresponding
parameter value in the additional control is B =0.8B, B=0.9B, and
B = 0.99B respectively, the true value of 2z = (B, 6,0) to be estimated
is setas (1,1,1), and the values of other parameters are ¥, = 95 = 0.1.

4. Conclusion

We explored the application of feedback control and
quantum error correction to quantum multi-parameter estima-
tion. One of the main challenges is decoherence caused by the
environment such as spontaneous emission, which leads to the
error in qubits. Our research shows that as long as the error can
be detected, the encoded state can be maintained in the code
space by the feedback control and QEC scheme in this paper
and thereby the estimation precision of parameters can be im-
proved. Compared with existing QEC schemes, our scheme
does not require the ancilla system to be noiseless, and the
dimensionality of the code space is greatly reduced. In a two-
qubit system with spontaneous emission, our scheme achieves
the highest simultaneous estimation precision for the three
components of the magnetic field with only a two-dimensional
code space. It should be pointed out that the types of errors that
can be corrected decrease although the dimension of the code
space is reduced. In future research, we will apply the com-
bined control scheme to more complex quantum parameter es-
timation scenarios, e.g., the case of time-dependent parameter
estimation.

Appendix A: The optimal probe state

Here, we detail the selection of the optimal probe state for
simultaneous estimation of the three components of the mag-
netic field. The corresponding Hamiltonian has the form of

Hy = x1X1 +x2Y1 +x324, (A1)

040603-6
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where xj, xp, and x3 are the parameters to be estimated.
Since the highest parameter estimation precision can only be
achieved in the absence of noises, the corresponding optimal
initial probe state |Wop(0)) is a pure state. The precision
limit of multi-parameter estimation is bounded by the quantum
Fisher information matrix (QFIM). For the pure state |y(0)),

the elements of QFIM are

(Fo) jx = 4Re((9;w(T) | ey (T))
— (v (T) [W(D)(w(T) | ey (T))),

where |y(T)) = e 0T |y(0)) is the system state at time 7.
By using Eq. (A2), the entries of QFIM can be calculated as

( (w(0) | X1 | w(0))),
(FQ)xyr, =4T*(1—(w(0) | Y1 | y(0))),
(FQ)xsxy =4T2(1=(yw(0) | Zy | w(0))),
(Fo)xix, = 4T ((w(0) | X111 | w(0))

(A2)

FQ)Xlxl = 4T2(1

(

—(y(0) [ X1 [ w(0)){w(0) | Y1 [ w(0))), (A3)
(Fo)xixs = 4T ((w(0) | X1Zy | w(0))

—(w(0) [ X1 [ w(0))(w(0) | Zi | w(0))),
(Fo)xyxy = 4T ((y(0) [ 11Zy | w(0))

—(w(0) [ Y1 [ w(0))(w(0) | Z1 | y(0))).

In order to achieve the highest estimation precision for

each parameter, the corresponding QFIM should be a diagonal
matrix of the following form:

FQpu =4T71. (A4)

With Egs. (A4) and (A3), it is not difficult to see that the opti-
mal initial probe state needs to satisfy

{(Wopt (0)[ X1 |Wopt (0)) =0
(Wopt (0) Y1 | wopt(0)) =0, (AS5)
(Wopt(0)|Z1 | wopc(0)) =0

Denote the optimal initial probe state as |Wopi(0)) = a|00) +

b|01) +¢|10)+d|11) (a, b, and ¢ are complex numbers). Then,
Eq. (AS) is equivalent to

)

a‘c+b*d+c*a+d*h =0,
a‘c+b*d—c*a—d*b =0,
jaf? +[b]* = |e|* = d|* =0

(A6)

Considering that the initial probe state satisfies |a|® + |b|* +
|c|? +|d|* = 1, we have

1
2 2
b=
16 = 5,
1
lef* +1df* = 3, (A7)
a‘c+b*d =0,
cfa+d*b=0.

It is easy to see that any maximum entangled state satisfies
this condition. Hence, the optimal initial detection state can
be selected as

[Wopt (0)) = 7(|OO>:I:|11>) (A8)
or
1
[ Wopt (0)) = %(|01>i|10>)~ (A9)

Appendix B: Calculation of CFIM

As described in the main text, our control scheme main-
tains the encoded state in the code space. The evolution
equation is shown in Eq. (24). The evolution can also be
described by a unitary operator as U(z,T) = e T @1,
where dH ~ ((B — B)(sin8 cos ¢,sin8sin¢,cos0)) - ol =
dBsin 6 cos ¢ X +dBsinOsin@Y; +dBcos 0Z;.

We choose the optimal initial probe state as [y(0)) =

w - ﬁ (ﬁ] ® [ﬂ - {(1)} ® {é]) For some time T,

the system undergoes the evolution U (x, T'). Then, the system
state becomes

w(T)) =
_ L [ —isin(TdB)sin6e™ 20
/2 |cos(TdB) +isin(TdB)cos 6 1

1 fcos(TdB) —isin(TdB)cos 0 ®

—isin(7'dB) sin Be'?

V2

In the Bell basis, Eq. (B1) can be rewritten as

|W(T)) = cos(TdB) (W)

+isin(7dB)cos 0 (|00>\—/~_§|11>)

+isin(TdB)sin 6 cos ¢ <|01>f2|10>)

—sin(7'dB)sin O sin ¢ (|01>\~;2|10>) .

After simple calculation, we can obtain the probability of the

U(z,T)w(0))

1
0}. (B1)

(B2)

measurement result with the Bell basis as Eq. (25). By substi-
tuting it into Eq. (3), the CFIM can be obtained as shown in
Eq. (20).
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