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This paper investigates fault-tolerant finite-time dynamical consensus problems of double-integrator multi-agent sys-
tems (MASs) with partial agents subject to synchronous self-sensing function failure (SSFF). A strategy of recovering
the connectivity of network topology among normal agents based on multi-hop communication and a fault-tolerant finite-
time dynamical consensus protocol with time-varying gains are proposed to resist synchronous SSFF. It is proved that
double-integrator MASs with partial agents subject to synchronous SSFF using the proposed strategy of network topology
connectivity recovery and fault-tolerant finite-time dynamical consensus protocol with the proper time-varying gains can
achieve finite-time dynamical consensus. Numerical simulations are given to illustrate the effectiveness of the theoretical

results.
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1. Introduction

During the past twenty years, consensus of multi-agent
systems (MASs), owing to its wide applications in multi-
ple robot systems, wireless sensor networks, intelligent trans-
portation systems, smart grids, social networks, and so on, has
received a lot of attention from researchers in different dis-
ciplines. Consensus means that all agents under distributed
control inputs called consensus protocols eventually reach a
common value. According to different convergence time, con-
sensus is divided into asymptotical and finite-time consen-
sus. Compared with asymptotical consensus,!!~® finite-time
consensus possesses more advantages such as faster conver-
gence rate, better disturbance rejection, and robustness to un-
certainties. Also, in real application, an agent, such as an un-
derwater robot and an unmanned aerial vehicle, is controlled
for its desired motion by its acceleration rather than by its
speed. Therefore, finite-time consensus problems of double-
integrator MASs have been well studied. [°~14]

Notice that successful implementation of all of the finite-
time consensus protocols in Refs. [9—14] depends on the avail-
ability of the position and velocity state errors between an
agent and its local neighbors. In general, to compute the state
errors, an agent has to measure its own absolute states by satel-
lite positioning systems such as GPS. However, in some com-
plex work scenarios, it is hard for an agent to obtain its own
absolute states based on satellite positioning systems. For ex-
ample, a group of unmanned aerial vehicles are required to
keep a particular formation, get into a thick forest, and com-
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plete a task of extinguishing a fire. Once a vehicle gets into
the forest, which can be regarded as a typical indoor environ-
ment, its own absolute position and velocity states will be no
longer measured by GPS. In this situation, the vehicle that has
got into the forest is called to suffer from self-sensing function
failure (SSFF). If the vehicle subject to SSFF is not controlled
by a new measure, it will no longer keep the particular for-
mation with other vehicles, which might result in the loss of
timely completing the task of putting out the fire. One can
see from this example that once an agent suffers from SSFF,
its absolute states can be no longer measured by its sensors,
making the state errors between itself and its local neighbours
unavailable and further making itself unable to be controlled
in a closed-loop manner. If an agent subject to SSFF is not
given a novel control scheme, it cannot achieve consensus with
other normal agents. Moreover, if an agent suffers from SSFF,
its neighbours can no longer obtain its states in spite of keep-
ing communicating with it. Hence, the occurrence of SSFF at
an agent might destroy the connectivity of network topology
among normal agents in the sense of obtaining information.
If the connectivity of network topology among normal agents
is not recovered, the subsystems composed of normal agents
cannot reach consensus, let alone the whole MASs. In sum-
mary, SSFF can destroy the achievement of consensus among
the whole MASs.

Therefore, we need to find an appropriate strategy of re-
covering the connectivity of network topology among normal
agents and a proper fault-tolerant finite-time consensus proto-
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col to ensure that double-integrator MASs with partial agents
subject to SSFF can still reach finite-time consensus. As far as
we know, there is no open result on fault-tolerant finite-time
consensus of double-integrator MASs with partial agents sub-
ject to SSFF.

Based on the above considerations, in this paper we in-
vestigate the fault-tolerant finite-time consensus problems of
double-integrator MASs with partial agents subject to SSFF.
First, a strategy of recovering the connectivity of network
topology among normal agents is proposed based on multi-
hop communication together with agents subject to SSFF as
routing nodes. Second, a fault-tolerant finite-time dynami-
cal consensus protocol with time-varying gains is proposed.
Third, convergence analysis is made in theory. Last, numer-
ical simulations are provided to illustrate the effectiveness of
the theoretical results.

The main innovations of this paper are summarized as
follows. First, different from sensor faults in Refs. [15-19],
where the states or outputs of an agent mixed with sensor faults
can be directly measured for designing consensus protocols,
SSFF discussed in this paper means that if an agent suffers
from SSFF, its states can be no longer directly measured for
designing consensus protocols. Second, unlike the research
idea on dynamical network topology in Ref. [20], where the
conditions on dynamical network topology guaranteeing con-
sensus are derived from the perspective of analysis, the method
of actively recovering the network topology connectivity is
proposed in this paper. Third, different from the consensus
protocols in Refs. [9—14], where a closed-loop control scheme
is always put on each agent, a fault-tolerant finite-time con-
sensus protocol is proposed to cope with SSFF in this paper,
where an agent is controlled in a closed-/open-loop manner
before/after suffering from SSFF, respectively.

The rest of this paper is organized as follows. In Sec-
tion 2, some preliminaries are provided and the problem is
formulated. The strategy of recovering the connectivity of
network topology among all normal agents is proposed in
Section 3. The fault-tolerant finite-time dynamical consen-
sus protocol is presented, and its effectiveness to guarantee
finite-time dynamical consensus is demonstrated theoretically
in Section 4. Numerical simulations are provided to illustrate
the effectiveness of the theoretical results in Section 5. Con-
clusions with future research directions are included in Sec-
tion 6.

2. Preliminaries and problem formulation
2.1. Algebraic graph theory

Let G = (V,E,A) be a weighted undirected graph with the
set of nodes V.= {v,vz,...,vn}, the set of edges E CV XV,
and the weighted adjacency matrix A = [g;;] with nonnega-
tive adjacency elements a;;. The node indexes of G belong

to a finite index set I = {1,2,...,N}. An edge of G is de-
noted by e;; = (v;,v;). The adjacency elements associated
with the edges are positive, i.e., ¢;; € E < a;; > 0. For a
weighted undirected graph G, ¢;; € E < ¢j; € E. Assume
that a;; = a;;,Vi,j € I and a; = 0,Vi € I. Thus, the adja-
cency matrix A is symmetric. The set of neighbours of node
v; is denoted by N; = {v; € V : ¢;; € E}. The degree of node
v; is defined as d; = Zz'v a;j. The Laplacian matrix of G is
X,

defined as L = D —A{ where D = diag(d,,da,...,dy) is the
degree matrix of G with diagonal elements d; and zero oft-
diagonal elements. An important property of L is that all of
row sums are zero and thus L has a right eigenvector with
all elements equal to 1. A path between two distinct nodes
v; and v; refers to a sequence of distinct edges of the form
(visviy), (Vky > Ve )5 -+ (Vk;» vj). An undirected graph is called
connected if there is a path between any two distinct nodes of
the graph. An undirected graph is called a complete graph if
there is an edge between any two distinct nodes of the graph.

2.2. Problem formulation

For MASs with N agents, agent i and the available in-
formation flow between agent i and agent j are regarded as
node v; and edge ¢;; in an undirected graph G, respectively.
For double-integrator MASs, the dynamics of agent i can be
described by

{ pi(t) = qi(t),

Gi(1) = wi(r),

where p;(t) €R, ¢i(t) € R, and () € R are the position state,
the velocity state, and the control input of agent i, respectively.
It was proved in Ref. [9] that double-integrator MASs (1) with
a fixed, undirected, and connected network topology under the

iel, 1)

consensus protocol

ui(t) =Y, aij(sen(p;(t) = pi(0)) |p; () = pi(0)[°

JEN;

+sen(g;(1) i) |a; ()~ a: ()71 °), i1, @)
have the property
L (pj(0)+4;(0))
pilt) == ’ .
XQj(O) Vi>T, Viel,
ailt) = = ——,

i.e., reach finite-time dynamical consensus, where sgn(-) is
the sign function, ¢ € (0,1), and T is a finite time relying
on (p;(0),¢:(0)),i € 1.

Definition 1 Agent i with double-integrator dynamics (1)
is called to suffer from SSFF at 7;", if its position state p;(f) and
velocity state ¢;(7) can be measured only in [0,7;] but cannot be
done in (f;, +0), where 0 < #; < +oo.

One can see from Eqgs. (1) and (2) that to reach finite-time
dynamical consensus among the whole MASs, agent i needs
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to get the states (p;(t),q;(t)) of its neighbours j € N; and its
own states (p;(t),q;(t)). However, just as we said above, once
agent i suffers from SSFF, the closed-loop control scheme in
Egs. (1) and (2) can be no longer carried out, and the connec-
tivity of network topology among normal agents might be de-
stroyed, leading to the loss of finite-time dynamical consensus
among the whole MASs.

In the following, we will propose a strategy of recover-
ing the connectivity of network topology among normal agents
and a fault-tolerant finite-time dynamical consensus protocol
to tackle SSFF and simultaneously guarantee the achievement
of finite-time dynamical consensus among the whole MASs.

Before moving on, we need to present the following as-
sumptions.

Assumption 1 SSFF is synchronous, i.e., tr =1 = 1},
tg 21 =1],Vi, j € F, where F represents the set of all agents
subject to SSFF, and the number |F| of agents subject to SSFF
satisfies 1 < |F| <N.

Assumption 2 The network topology before SSFF is
fixed, undirected, and connected, and there is no factor bring-
ing about the change of network topology except SSFF and
carrying out the strategy of recovering the connectivity of net-
work topology among normal agents to be presented.

3. Network topology connectivity recovery

In this section, a strategy of recovering the connectivity
of network topology among normal agents is proposed, where
Assumption 1 and Assumption 2 are satisfied. A specific ex-
ample is used to better show the processes of the network
topology connectivity recovery.

For MASs with ten agents and the initial network topol-
ogy shown in Fig. 1, without loss of generality, assume that
agents 3, 5, 10 suffer from synchronous SSFF at 7.

oO—0© ©

Fig. 1. Network topology among all agents in [0,zg].

At tf, because agent 3 can no longer measure its own
states by its own sensors, agent 3 knows that itself suffers from
SSFF and immediately relays the states received from agent 2,
agent 4, and agent 5 to agents 4, 5, agents 2, 5, and agents 2,
4, respectively. However, because agent 5 also suffers from
SSFF at tF+ , agent 3 cannot receive the states of agent 5, knows
that agent 5 also suffers from SSFF, informs agent 5 to repay
the states received from agents 6, 8 to it, i.e., agent 3, and
immediately relays the states received from agent 2, agent 4,
agent 6, and agent 8 to agents 6, 8, agents 6, 8, agents 2, 4,

8, and agents 2, 4, 6, respectively. For agents 5, 10 subject
to SSFF at tF+ , similar procedures are implemented simultane-
ously. It follows from the above procedures that when agents
3, 5, 10 suffer from synchronous SSFF at tF+ , new undirected
edges (V27V6), (VQ,Vg), (V4,V6), (V4,Vg), (V6,Vg), and (V7,V9)
are added to the network topology among normal agents from
the viewpoint of obtaining information, where multi-hop com-
munication technology together with agents 3, 5, 10 as routing
nodes is utilized. For these newly added edges, without loss
of generality, all of their weights are set as 1. The new net-
work topology among normal agents shown in Fig. 2 is estab-
lished via the above procedures, which is obviously connected
in (l‘]:, + 00).

Fig. 2. Network topology among normal agents in (g, + o°).

For general cases, it is obvious that under Assumption 1
and Assumption 2, the above strategy of recovering the con-
nectivity of network topology among normal agents can guar-
antee that the new network topology among normal agents is
connected in (fp, + ).

For the convenience of the following expression, we
present the following definitions.

Definition 2 Set V' is called maximum failure connected
subset (MFCS) of graph G, if the following conditions are si-
multaneously satisfied: (i) V' C F; (ii) when any normal node
is not used as a routing node, any two distinct nodes of V' are
connected; (iii) when any normal node is not used as a rout-
ing node, Yv; € F — V', ¥v; € V/, node v; and node v; are not
connected.

According to Definition 2, G in the above example only
has two MFCSs, i.e., {v3,vs} and {vio}.

Definition 3 Set V" is called maximum normal neighbor
set (MNNS) of MFCS V', if V" is only composed of all normal
neighbor nodes of each node in MFCS V',

According to Definition 3, {v2,v4,v6,v3} and {v7,vg }are
MNNSs of MFCSs {v3,vs5} and {vjo}, respectively.

Definition 4 Set V" is called minimum-hop normal
neighbour set (MHNNS) of node v; suffering from SSFF, if
the following conditions are simultaneously satisfied: (i) if
node v; belongs to MFCS V', then V" is a subset of MNNS
V" of MFCS V’; (ii) v; € V" if and only if Dis(v;,v;) =

min Dis(vg, v;), where Dis(v;,v;) is the length of the shortest
keV

path between node v; and node v;.
According to Definition 4, MHNNSs of node v3, node vs,
and node vy are {va2,v4}, {ve,vs}, and {v7,v9}, respectively.
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Remark 1 The core of the above strategy of recovering
the connectivity of network topology among normal agents is
to use multi-hop communication technology together with all
agents subject to SSFF as routing nodes for reconnecting any
two distinct nodes of each MNNS and ensuring that the sub-
graph composed of all nodes in each MNNS is a complete
graph.

Remark 2 Multi-hop communication technology has
been successfully used in topology control and routing pro-
tocol design of wireless sensor networks, which are typical
MASSs, and has been used for designing consensus protocols
of MASs to improve the convergence rate of achieving con-
sensus in Refs. [21-25]. Besides, when the number of agents
in an MFCS is not large, carrying out the proposed strategy of

network topology connectivity recovery will not quite damage
the distributed property of MASs.

4. Fault-tolerant finite-time dynamical consen-
sus protocol and convergence analysis

In this section, a fault-tolerant finite-time dynamical con-
sensus protocol is proposed for double-integrator MASs with
partial agents subject to synchronous SSFF and its effective-
ness to ensure finite-time dynamical consensus is theoretically
demonstrated.

For double-integrator MASs (1) satisfying Assumption 1
and Assumption 2, we propose the following fault-tolerant
finite-time dynamical consensus protocol:

Y a (sgn (pj(t) = pi(0) |p;(t) — pit) | +sgn (g;(t) — 4i(t)) |q;(t) — qi(2) !20/(”6)), te0)iel,

3

JEN;(0)
26/(1+ .
Y ay (sen (pi(0) = pi0) p () = pi0)|° +sen (a0 =) |a, () ~ a7 ), 1€ g, +o0)i€ 1=,
JEN(t)
20/(1+
Y X amlsen(pn() = pi)]pu(t) = pi(0)]” +sen (gn(t) = 4;0)) lgn(0) = a;() )
JEN; (t Jnop meN; (1))
}]vi(t];r)hop‘
Y pil) Y qi()
jeNi(tl;r)hop jeNi(t};r)hnp .
—0;(t)| pilte) — — 77— | B qilte) —— 7|, tE{r, +), iEF,
( |N: (5 o |Ni(t Jhop |
\

where N;(0) is the neighbour set of agent i (i € I) att =0,  vided that
N;(t) is the neighbor set of agent i (i € [ —F) att =1, ' v
Ni(t Jhop is the MHNNS of agent i (i € F), o;(t) and B;(r) /t}:ai(t)dt =0, " (/IF ai(l)dt) de=1,
are time-varying gains defined in (fg, + o), o € (0,1), and Vit >tr+A, ViEF, 4

. »l »l xt
other notations are the same to those above. Bi(t)dr =1, / <1 _ ﬁ,-(t)dt) dr =0,

Theorem 1 Under Assumption 1 and Assumption 2, e fr IF
Vit>tg+A, VieF, (@)

double-integrator MASs (1) applying the proposed strategy of
recovering the connectivity of network topology among nor-
mal agents and the fault-tolerant finite-time dynamical consen-

sus protocol (3) reach finite-time dynamical consensus, pro-

pi(t) = qi(t),

where A is a positive constant that can be arbitrarily chosen.
Proof Substituting Eq. (3) into Eq. (1) gives the closed-
loop model of agent i (i €I — F) in (tg, + oo) as follows:

)= Y, ai(sen(ps(0) = pi0)[pi(0) = pi(0)|” +sen(q;(0) = 1)) a0~ ai() 7)1 € tr, + o), I€I-F. (6)

JENi(ty)

Using the analysis method in Ref. [9] yields that systems (6) satisfy

Y (pitr) +q;(tr))

JEIF
(1) =
[71() |I—F|
Y. qilte)
JEI-F
()= —ou

where T* is a finite time relying on (p;(tr),qi(tr)), i €I — F.

Vit >te+T*, Viel-F, @)

128902-4



Chin. Phys. B 31, 128902 (2022)

Substituting Eq. (3) into Eq. (1) can also yield the open-loop model of agent i (i € F) in (tg, + o) as follows:
pi(t) = qi(t),
20/(1+
Y X am(sen(pa(®)=pi0) |pnlt) = pi(0)]° +sen(gn(t) = ;) [an(e) - ;0 )

JEN; (t];r )hop meN; (t]:r>

Gi(t) =

’]Vz (l‘lgL )hop ‘ (8)
Z pj(te) Z q;(tr)
jeNi(t;r>hop ./IENi(t]:r)hop .
— (1) Pi(fF)—W —Bi(t) Qi(fF)—W , tE(tp, +o0), i€F.
i\l Jhop i\lr Jhop

It follows from Egs. (6) and (8) that

Y 4 Y pile) Y alm)
. jENi(t];r)hop jENi(t;r)hop jENi(t];r)hop .
Gi(t) = —F— —0i(t) | pi(tg) - ——F—— | = Bi()| gi(tf) - ——————|, tE(tp, +o0), i€F. (9)
= N ’”(*” Wl ) PO TN )
Integrating both sides of Eq. (9) about 7 from #F to ¢ leads to

q;(t) Y pilw)

)3
JENi(F Dhop B L _ _jENi(fﬁr)hop
%@‘W@MM<LM“@<M@ yw¢m4>
Y, ()

! JENI (1 hop .
+ 11— [3<tdt> qi(tp) ————F—— |, tE€(tg,+o), i€F. (10)
(1- [ B0 (mw — (1, +20)
Further integrating both sides of Eq. (10) about ¢ from #f to ¢ derives
Y, pi@) Y, pite)
jENi(t;)hup < 4 ! jENi(t;)hop
pit) = —F——+—+ l—/ / o;(t)de ) de | | pi(tp) - —F—7F———
‘Ni(tg)h0p| IF by ’M(t;)hOP‘
Y q()
! ! jENi(t;)hop .
+ / (1 - ﬁ,»(t)dt) dt) qi(tp) —————— |, t€(tp, +), i€F. (11)
( Ig g ’Ni(tl_;)hop‘

Substituting Egs. (4), (5), and (7) into Egs. (10) and (11) yields

Y (pj(te) +q;(te))

jeI-F
pi(t) = T—F] ;
Vi > tg+max{T*,A}, Vie F. (12)
Y. 4i(m)
jelI-F
it)=—F/7—%—>
qi(t) T—F]

It directly follows from Egs. (7) and (12) that

Y, (pjlte) +q;(te)r)

jEI-F
pi(t): |I*F| )
Vi > tp+max{T",A}, Viel.
Y. 4i(m)
JEI-F
(1) =
ql() |I*F| )

This means that double-integrator MASs (1) under the  time dynamical consensus protocol (3) achieve finite-time dy-
proposed strategy of recovering the connectivity of network ~ namical consensus. The proof is completed.

topology among normal agents and the fault-tolerant finite- Remark 3 The effectiveness of the fault-tolerant finite-
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time dynamical consensus protocol (3) depends on the exis-
tence of o (¢) satisfying condition (4) and f;(¢) satisfying con-
dition (5). It is easy to see that any constant gain does not
satisfy condition (4) or condition (5). Fortunately, both o;(z)
satisfying condition (4) and f;(¢) satisfying condition (5) re-
ally exist. It can be verified that

4 te(t t+é}
A247- F7 FA 2 )
oi(t)=4¢ 4 ( a } VieF, (13)
A7 te IF+2,ZF+A ,
0, t€(tp+A, +),
3 te(t t+é}
A’ F,'F 3 )
3 tE(t +ét +%]
Bi(t) =14 24° FT3 T3 vieF, (14)
3 ;e(r L4, +A}
ZA’ F 3 s IF )
0, te(tr+A, +),

satisfy condition (4) and condition (5), respectively.
Remark 4 The function of

Y am (sgn (ult) =) w0 =2 0°, )
meN ) +sgn (g (1) —q;(1)) |gm(t) —q;(1))|

in Eq. (3) is to compute control input u;(t) (¢ € (tg, + o)) of
agent j (j € Ni(t; )nop) by agent i (i € F). For agent i (i €
F), both of (p;(1),4,(1)) (j € Ni(t Jhop) and (p(t), g (1))
(m € N;(t;)), which are need while computing control input
u;j(t) (¢ € (tr, +0)), can be obtained by using multi-hop com-
munication technology together with partial or all agents in
an MFCS where agent i (i € F) is located as routing nodes.
Similarly, when the number of nodes in an MFCS is not large,
implementing the fault-tolerant finite-time dynamical consen-
sus protocol (3) will not quite damage the distributed property
of MASs.

5. Numerical simulations

Consider double-integrator MASs with ten agents and the
initial network topology shown in Fig. 1. Without loss of gen-
erality, all weights of edges are 1, the initial states of all agents
are randomly set, and agents 3, 5, 10 suffer from synchronous
SSFF with g = 3 s. The new network topology among normal
agents shown in Fig. 2 is constructed by using the proposed
strategy of network topology connectivity recovery. Numeri-
cal results of double-integrator MASs (1) under protocol (3)
with 063(1‘) = 05 (I)Z(Xl()(l) in Eq. (13), ﬁ3(l) = ﬁ5(l‘) = ﬂlo(t)
in Eq. (14), A =3, and 6 = 0.5 are shown in Figs. 3 and 4. It is
easy to see from Figs. 3 and 4 that double-integrator MASs (1)
using the fault-tolerant finite-time dynamical consensus proto-
col (3) achieve finite-time dynamical consensus. Therefore,
the results of Theorem 1 are numerically verified.

6 r r r
—Agent 1 —Agent 6

g 4 Agent 2 Agent 7
s —Agent 3 —Agent 8
5 2 Agent 4 —Agent 9
g 0 /_\— Agent 5 Agent 10 |
g —2
[a

10 15 20 25 30
Time (s)

Fig. 3. Position states of systems (1) under protocol (3).

6 : r .

—Agent 1 —Agent 6

o 4 Agent 2 Agent 7 A

= ‘ —Agent 3 —Agent 8

v 27 Agent 4 —Agent 9

y —Agent 5 Agent 10

YA -

g0 ————— .

%

=

S5 10 15 20 25 30

Time (s)

Fig. 4. Velocity states of systems (1) under protocol (3)

6. Conclusions

This paper studied the fault-tolerant finite-time dynami-
cal consensus problems of double-integrator MASs with par-
tial agents subject to synchronous SSFF. The strategy of net-
work topology connectivity recovery and the fault-tolerant
finite-time dynamical consensus protocol were proposed for
resisting SSFF. Theoretical and numerical results showed that
double-integrator MASs with partial agents subject to syn-
chronous SSFF using the strategy of network topology con-
nectivity recovery and the fault-tolerant finite-time dynamical
consensus protocol can reach finite-time dynamical consen-
sus. It should be noticed that SSFF was assumed to be syn-
chronous in this paper. However, in real application, SSFF
might be asynchronous. Therefore, in the future, we will
investigate fault-tolerant finite-time dynamical consensus of
double-integrator MASs with partial agents subject to asyn-
chronous SSFF.
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