Chin. Phys. B 32, 050503 (2023)

Breather and its interaction with rogue wave of the coupled modified
nonlinear Schrodinger equation
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We investigate the coupled modified nonlinear Schrédinger equation. Breather solutions are constructed through the
traditional Darboux transformation with nonzero plane-wave solutions. To obtain the higher-order localized wave solution,
the N-fold generalized Darboux transformation is given. Under the condition that the characteristic equation admits a
double-root, we present the expression of the first-order interactional solution. Then we graphically analyze the dynamics
of the breather and rogue wave. Due to the simultaneous existence of nonlinear and self-steepening terms in the equation,
different profiles in two components for the breathers are presented.
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1. Introduction

The nonlinear Schrodinger (NLS) equation, as one of
the nonlinear partial differential equations, has been studied
in such fields as nonlinear optics, plasma physics and con-
densed matter physics due to its potential mathematical prop-
erties and physical applications.!!'™* It has been found that
the NLS equation can describe the dynamic of a nonlinear
localized wave usually associated with soliton, breather and
rogue wave. The analysis of the dynamic mechanism of a
localized wave can be done by considering a certain kind of
exact solution of the NLS equation, and has been done to
the scalar, coupled and multi-dimensional NLS equation. 51
The nonlinear localized wave solutions of the NLS equation
can be constructed by Darboux transformation and the Hi-
rota method.['%!"l One generalization of the NLS equation is
the modified NLS equation, of which the nonlinear localized

12—

wave has been investigated, !>~!7! such as the fundamental and

super-regular breathers,!'®! the asymmetric spectra of Akhme-

19,20

diev breathers.[!%291 Another extension is from the single-

component NLS model to the multi-component one, which
opens up new fields for the study of related areas. !
In this paper, we will consider a coupled modified NLS

equation(??!

ity + s+ ([l + V) u+ iy + )l =0, (la)
ive v+ p(ul? + Py + i + Pyl =0, (1b)

where u and v are complex functions of ¢ and x, and desig-
nate the slowly varying envelopes for the two polarizations;
t and x respectively denote the normalized time and distance,
U and 7y are real constants referring to the nonlinearity and
self-steepening coefficients. Equation (1) is the complete inte-
grability in view of admitting the N-soliton solution via Dar-
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boux transformation, and dark and anti-dark vector solitons
through the Hirota method reported in former literature.?>-24]
The double-pole soliton and first-order rogue wave for Eq. (1)
have also been discussed. 232!

When p = 0, equation (1) reduces to the coupled deriva-
tive NLS equations associated with the polarized Alfvén
waves in plasma physics.!?’! The Darboux transformation and
multi-soliton solution formulae, conservation laws, modula-
tion instability and semi-rational solutions have been given for
the coupled derivative NLS equations.!?8?°! Equation (1) is
simplified to the coupled NLS equation (or Manakov model)
under the condition y = 0. The vector semi-rational solutions
and the diverse localized waves, such as the bright-dark-rogue
solution, Akhmediev breathers, non-degenerate rogue waves
and Kuznetsov—Ma solitons for the Manakov model have been
presented in Refs. [30—37]. The main consideration in this pa-
per is the case of ¥ # 0 and u # 0 for Eq. (1), which contains
substantial dynamic property.

As is well known, since the breather solution plays an
important part in the excitation of a rogue wave, we focus on
generating the breather solution and analyzing the dynamic of
a nonlinear localized wave for Eq. (1). To our knowledge, few
reports exist on the dynamics of multi-breathers for the cou-
pled modified NLS system (1) — that is the aim of this paper.
With the above consideration, in Section 2, we give the multi-
breather solutions by the traditional Darboux transformation
and discuss the corresponding dynamics. Then the general
breather is shown. In Section 3, we present the expression
of the N-fold generalized Darboux transformation for Eq. (1)
and construct the interaction solutions between multi-breather
and higher-order rogue waves. Section 4 will provide the con-
clusion.
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2. Breather for the coupled modified NLS equa-
tion

In order to understand the excitation mechanism of the
interactional solutions, the multi-breather solutions are firstly
discussed in Eq. (1) by utilizing the traditional Darboux trans-

formation.

The Lax pair for Eq. (1) can be given as!>’!

2
¥ =vu¥=Y 'uw, (2a)
k=0
4
w=vy=Y vy, (2b)
j=0

where ¥ = (y1, ¥, y3)T is the vector eigenfunction with y;’s
(j = 1,2,3) as the corresponding elements, { is the spectral
parameter, U, V, Uy, (k=0,1,2) and V}, (j =0,1,...,4) are
3 x 3 matrices as follows:

-200 0 uv
o= | 0 10|, Ui=5|-w00],
0 01 —v*00
Us= —2uly, Vo= —Us. Vie Ui, Vie 4V,
2 = —2Uy, 0_2y 0 1_2y 1, Va=4u~Vo,
lulP+[v* 0 0
V2:—4/.LV0+2 0 —|ul® —utv |,
0 —uv* —v|?
|
_ Cl_z.u my+my %
3y 3 2
~ -
U: _Cl2k1 i§l6,y2“ +i2m13—m2
Gk
- 0

M = diag (63(91+92)’ e%(927261)) e%(9|*292))

)

In order to obtain the solutions of the Lax pair (5), we make
further efforts to convert the Lax pair (5) into the form with

the diagonal matrix K

I, =KT, (62)
Y, = (iK>+ @K+ @)Y, (6b)
by the matrix transformation @ = N1 with
1 1 1
_ ik _ 81k _ ik
N=| 20-3iCm-m)]  2p-3iCm-m)]  2[v—3i(2m—m)]
Cl k2 C| kz C] kz

2Ax—%i@my—my)]  2lp—%i(2my—m)]  2[v—3i(2my—my)]

3E2(K3 +k3) 4+ 4(m? — mymy +m3)

. 0 uyx vy
V3:2uV1—‘r% u; 00
vi 00
0 —uluP+ ) —ulful+ )
e (e N 0 ,
V(PR 0 0

the asterisk * represents the complex conjugation. From the
compatibility condition of Eq. (2), i.e., the zero-curvature
equation

U —~Vy+[U,V]=0, 3)

one can obtain Eq. (1), where the square brackets denote the
matrix commutator.
We set the nontrivial initial solutions for Eq. (1) as

75 [0] = k1 eiel, Vl[O] = k2 6192’

0;=mpx+[(k +k3) (1 —pmj) —milt, j=12, (4
where k; are amplitudes and m; (j = 1,2) are real wave num-
bers. In Lax pair (2), ¥ could be difficult to solve directly
based on the initial solutions (4) and { = {;. According to

the idea,*'8! we firstly transform the Lax pair (2) into the
following one through a gauge transformation ¥ = M &P:

&, =U, 50)
D = (iﬁz +Ci)'1l/f\+(;)'21)(157 (5b)
with 7 being the 3 x 3 identity matrix and
Siky
2
0 )
2_
S 2mm,
&t —2u 2 2y 2(mi+my)
o =21yl +k) - 7"
! 3y Y(ki +k3) 3 ,
(G2 28 2 (it m)
2 )
4 Y
‘ 2
; . L(2o0 20
Her, the matrx K = dig (7 +192.p + 192 v 4

2_
ic1 672“ ), and x, p, v are three different roots of the cubic
equation
P —2u % §t—2u
&3+ 11752 + Zl(k% +k3) + 1671/(1711 +my)
m? — mymy + m>? ic?
11322:| 5 + % [k%(ml —2m2) —|—k%(m2 —2m1)]
2
-2
_iC118}/u (m1 — 2m2)(m2 — 21’1’!1)
i
_f(ml —2my)(my —2my)(my +ma) =0, (7
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where & is the unknown number. By the corresponding transformation and solving Eq. (6), one can obtain the eigenfunction ¥
in the Lax pair (2). Next, we will mainly discuss the dynamics of the breather for Eq. (1) under the condition m; # m;. Based
on the above initial solutions (4), the one-breather can be given in the following expression by setting { = {; via the traditional
Darboux transformation: [>*]

=y 0] 42 fz_clz){iuwl[%wé‘[m 3 (iuwl[%wé‘[él]> } (8a)
v:ul[o]H(qz_Cf){iuwl[%l/fé‘[cll B (iu%[%w;‘[él]) } (8b)

with

=[G P{G G + & (vl &P + s8]},

ViG] = 1 e3 O8N0 |1, e3(0+0)n(p) 4 1o 5(Br+6)+n(V)

(6] =— Sikily 03(260-61)+n(x) _ Gikily 03(26:-61)4n(p) _ Sikils e%(292,91)+,1(v)7
2[chi—2i(2m;—my)] 2[p—3i(2m1—my)) 2[v—2i(2my—my)]
G = — Cikaly 206 4m(x) Cikaly o 20-8)+m(p) Cikols e $CO-0)tn(v),
2[x—3i(2my—m)] 2[p—3i(2my—my )] 2[v—2i(2my—my)]
2_2 2_2 _
n(z):itz2+(x+am—gl 3y ut>z+icl 6y”(x+wt) (Cl%—yf)wwzt, )

\
where [j, [, and [3 are arbitrary constants. By choosing 3. Interaction of multi-breather and higher-
the proper parameters, one can observe the general breather, order rogue waves
which is periodic in both space and time, as shown in Fig. 1.
Meanwhile, the two-breather solution can be derived by set- In the following section, we will consider the interaction

ting N = 2 in the traditional Darboux transformation and  ©f the breather and rogue wave for Eq. (1) by the generalized

choosing a different spectral parameter. The interaction be- ~ Darboux transformation.

tween two general breathers is depicted in Fig. 2, where two For simplicity, the N-fold generalized Darboux transfor-
breathers keep their profile propagating periodically except the ~ mation of Eq. (1) will be directly presented in the following
increase of amplitude in the crossing area. form:

WIN] = T[N|T[N — 1] T[1]#[0],

Tk = Pk +CPK 1, (k=1.2,...,N),  (10a)
ipy1 [N — 1]yr[N — 1]
ulN) = u[N — 1] +2(&? - ¢} {1“%[
V) = ulN = 1] +2(52 - ¢) ot
wl[N—MN—u*) }
- , 10b
(" (1o
VIN] = V[N —1]+2(&; [N [N‘l]
Fig. 1. General breather for two components with parameters @ = 2,
y:l,Clzl—i,ll:1,12:0,13:2,m1:1,m2:—2,k1:l,and _ *
ko = —1. _(‘I/l[ Hys[N —1] > } (100)
L[N
where

(0] = % = (y1[0], v 0], ys[0))",

Yj—1]|e=
e0 e/l
T T2 THHO g e
= 1m : )
€0 gi-1
Fig. 2. Two breathers for two components with parameters pt =2, y = 1, Yli—-1=wlj—-1,w[i—1],w[j— 1])T, (j=2,3,...,N),
G=1-1,=2-1,1=1,L=0,=2,m =1, m=-2,k =1,
and k» = —1. and the matrices Py [k, P;[k], (k=1,2,...,N) are given as
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0 (sz—Cf)Wl[/E—]l]Wz[k—l]* (CTZ—CIZ)%UE—]H%[k—l]*
Tik Ti[k
Pk = (51*2*512)11/2[[/;]*1]1!/1 k1] 0 0
I’i * 9
(G2 =D ws k1w k1]
— 0 0
Ay [K] 0 0
22y [k—1] w3 [k—1]*
PQ[k] _ 0 Az[k] (Cl Cl )WIZ_é[[k] ]WS[ ] ’
(2= wlk—1]y k1"
0 S —"rE Asli]
\
with and choosing the proper eigenfunction ¥}, one can derive the
AK] = Crwlk =112+ S (|walk — 1> + |yak — 1]]?) N-order localized wave solution through N times iteration.
A= L[] ’ Here, we choose the following seed solution to derive the in-
=GPk 1P G2y k1P 4 sl 1) teraction solution:
B[k] M[O] — kl ezi(k%+k%)t7 V[O] —_ kzezi(k%+k%>l. (11)
Aatp = S P W= 1P + G lyalk — 1) + & ys [k — 1 _
3lk] = L [k] ’ Through the nontrivial transformation ¥ = MV, the original

LK =[G {&ilwilk—10P+E (welk— 1P+ ysk— 112},
Gk =182 v k- 1]
HaP(walk— 1P+ ysPk—1)}, (k=1,2,...,N).

Based on the N-fold generalized Darboux transformation (10)

M= d1ag(e 233 e %(k%—}—k%)t’e—%(kfﬂcg)t) U—

Lax pair (2) can be transformed into the following one:
Y= (M 'UM-M"'M,)¥ =UY, (12a)
Y =M 'VM-M"'M)¥=VV¥, (12b)

with

_i(¢* -

7 3Gk 3Ck
(2
_%Ckl i(8°-2u) 0 ,

) 6y
N
_%Ckz 0 1<C6y2u)
Chi [20208+83) 2 42]  Che [282(3443) 242y ]
An - 4y - ay
U | Sk [282(k34K3) G2 +2 .
V= Cl[C(14yz) ¢ H] As _%142k1k2 7
ky [28% (K2 +k3)— 82 +2 .
Sk [28%( H)e ] 1iCkike An
A PG -8 +k3) —2¢t 4880 —8p?] [P (BE% —Apk] —4pks) - £*+48p — 4w
11 — ) ) 22 — — 2 )
12y 12y
A [V (30%ks — 4ukt —4pk3) — ¢4 + 482 — 4p?]
33 =— -

1292

To solve Eq. (12), the spectral characteristic equation of U
should be

£ 4 B3P (ki +h3) + (&% —2u)*] &

122

—2u) 97 S (kT +K3) +2(82 —2u)%] =0,(13)

i 2
2163 (6
where ( is the spectral parameter and & is the unknown num-

ber.

As is well known, the rogue waves may be excited when

the above-mentioned characteristic equation (13) possesses

multiple roots. In this paper, we consider the interactional so-
lution between rogue waves and breathers under the condition
=-1/2,
ko =1, y=1, u =2 and the spectral parameter { = {; =
l(\F~¢- 1\ﬁ) and substituting them into Eq. (13), we can
(/55 +51) and a single root
55— —1 for Eq. (13).

that Eq. (13) owns a double-root. By choosing k;

get a double root & =& =
&=
By setting N = 1 in the generalized Darboux transforma-

tion (10) and considering the above choice of parameters, one

can construct the interaction solution between one breather
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and the first-order rogue waves
—2H,
2lt 4 5 21t
"2 gel e F
—2H

+2iv/55¢ z"( ‘) ,

F X
y= el —&—4\/%6%“[_17] ;ZG]

(H, —2G
£2iv/55¢e3i <1F1) :

X

with
at —bj V35 (51-2x)— Jyit+ 5 ix
G =— T H1=(a1—|—b1)e T6 T6 1T 1Y

V55

= (40ix — 150it + 16 — 4000+ 775 +80x") ~~

(\ﬁ_“[)SO‘ Y35 (51-2x)

(8c1+d1)\/4V5+5+ (8¢ —dl)i\/4\@—5]

o BB (5t-20)+ Fir—Fix

4

X

)

v
4[(15fn—4\ﬁ1x)\/4x6+5
+(51t+20ix+16)\/4\/§5],
by = 6\2)[(4\ﬁx—15\ﬁt)\/4\@—5

+ (5t 420x — 16i)\/4V/5+ 5] ,

c1 = 4V/5ix — 1051t — V11i — 5111 — /5,

O\

dy = 85V/5it — 12v/5ix +8V11i + 35V 117 — 20V 11x + 8V/5,

where « is the constant. The second-order interaction solution
can be derived according to the generalized Darboux transfor-
mation (10) by setting N = 2, but we do not demonstrate them
here due to the complicated and lengthy expression, which can
be verified with the aid of Maple software.

When choosing the proper value of parameters, one can
observe the interaction between one breather and first-order
rogue wave in Fig. 3. In Figs. 3(c) and 3(d), the parameter o
is smaller than that in Figs. 3(a) and 3(b). Through comparison
among the figures, one can find that the distance between the
breather and rogue wave becomes larger, which shows that the
parameter o will influence the distance between the breather
and rogue wave. When increasing the value of ¢, the breather
merges with the rogue wave, while « decreases, the breather
and the rogue wave will separate. To better understand the
interaction between the breather and first-order rogue wave,
we display the profile of temporal evolution corresponding to

Figs. 3(a) and 3(b), as those presented in Fig. 4. Atr =0,
one can observe that the first-order rogue wave coexists with
one general breather, as the dashed line shown in Fig. 4. The
left envelopes of the dashed line represent the general breather
in two components, and the right ones of the dashed line in-
dicate the first-order rogue wave. At ¢ = 0, the breather has
a higher amplitude than the first-order rogue wave in compo-
nent u, while the breather has a smaller amplitude than the
first-order rogue wave in component v. At f = 12 in compo-
nent # and t = 16 in component v, one can see the profile of the
single breather as the solid line shown in Fig. 4. Here, for the
sake of obtaining complete amplitudes of the breathers in two
components, we choose the diverse choice of time at t = 12
and r = 16 respectively. Meanwhile, one may notice that the
breather has a higher amplitude in component u than that in
component v, as the left contour of the dashed lines displayed
in Fig. 4, while the rogue wave in component v has a higher
amplitude than that in component u, which can be seen in the
right contour of the dashed line in Fig. 4.

Fig. 3. The evolution of the first-order interactional solutions between one
general breather and the first-order rogue wave with parameters y = 2,
y=1{=3VI1+1iV5 k =1,k =-1/2. =107 in (a) and (b),
o =10""1in (c) and (d).

3 31m) !
I '
2 2 "
<, I ! — L. i )
= | =1
n__\ W
v NE
0 0
— e — =0 —t=12 ——t=0 — t=16
_ —1

1
-20 -10 0 10 20 30 -20 -10 0 10 20 30
xT x
Fig. 4. The evolution of the first-order interactional solutions between
one general breather and the first-order rogue wave at different times with
parameters £ =2, y=1, { = L1+ %iﬁ, o=107 k; =1, and
ky=—1/2.

The second-order rogue wave usually includes two types:
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the fundamental case and the triangular pattern case. For this
reason, we will discuss two kinds of the second-order interac-
tional solutions. Firstly, we consider the interaction between
two breathers and the fundamental second-order rogue waves,
as displayed in Fig. 5. Here, the breathers show different pro-
files in two components. The amplitudes above the plane wave
background of the two breathers are bigger than that at the
bottom in component u, while the opposite case can be found
in component v, where the amplitudes below the plane wave
background of the two breathers are larger than that above.
The breather existing in component v is usually called a quasi-
breather. To better observe the difference between the two
components, we also present the profile of the two breathers
and the fundamental second-order rogue waves at different
times, as shown in Fig. 6. At ¢ = 0, the two breathers exist
with the second-order rogue wave, and the two left envelopes
of the dashed line correspond to the breathers, and the right
one of the dashed line denotes the second-order rogue wave.
Simultaneously, one can see that the two breathers have a sim-
ilar amplitude as the rogue wave in component u, as the dashed
line shown in Fig. 6(a), while the rogue wave has a very large
amplitude in component v, which is characteristic of a rogue
wave and is associated with the right envelope of the dashed
line in Fig. 6(b). At ¢ = 16 in component u and ¢ = 20 in
component v, only the contours of the two breathers can be
observed, and the two breathers appear inapparent in compo-
nent v as a result of the large amplitude of the rogue wave.
Here, we choose the different times to display the obvious am-
plitudes of the two breathers in the two components due to the
different period of breathers.

204

Fig. 5. The evolution of the second-order interactional solutions between

two breathers and the fundamental second-order rogue waves with param-

eters p=2,y=1,{= V47T + 1iV17, =107 k; = 1,and k = 1 /4.
By changing the parameters, one can obtain another view
of the interaction between two breathers and the triangular pat-
tern rogue wave, which is presented in Figs. 7(a) and 7(b).
Comparing the result with Fig. 5, one can see that the fun-
damental second-order rogue wave splits into three first-order
ones, which are usually called the triangular pattern rogue
wave. The two breathers in two components still have dif-
ferent profiles, namely, breather and quasi-breather, similar to
those shown in Fig. 5. Furthermore, one can ascertain that the
amplitude of the rogue wave in component u is far less than

that in component v. By changing the value of parameter o
and giving Figs. 7(c) and 7(d), where « is smaller than that in
Figs. 7(a) and 7(b), we find a similar phenomenon that when
a decreases, the two breathers and the triangular pattern rogue
wave separate, which is consistent with the previous analysis.

(a) (b) !
|
I

= ]

T

—-—1t=0 —t=16

—40  -20 0 20 40 —40 =20 0 20 40
x x

Fig. 6. The evolution of the second-order interactional solutions between
two breathers and the fundamental second-order rogue waves at different
times with parameters u =2, y= 1, { = +/47+ %i\/ﬁ, o=10"7,
k1 = l,al’ldkz = 1/4.

20 40

Fig. 7. The evolution of the second-order interactional solutions be-
tween two breathers and the triangular pattern rogue wave with param-
eterspu=2,y=1,{=iVaT+3iV17, ki = L,andkr = 1 /4. .= 1077
in (a) and (b), & = 10~ in (c) and (d).

4. Conclusion

In this paper, we investigate the coupled modified NLS
system by the Darboux transformation technique. The multi-
breather solutions are generated by the traditional Darboux
transformation and the dynamics are discussed in detail. In ad-
dition, the concrete expression of one breather is given and the
case of a general breather is discussed. Furthermore, we give
the expression of the N-fold generalized Darboux transfor-
mation and the condition whereby the characteristic equation
has a double-root to derive the interactional solution. We ex-
hibit the first-order interactional solution and omit the second-
order one due to the length expression here. Under certain
parameters, we graphically analyze the dynamics of one gen-
eral breather and first-order rogue wave, and two breathers and
second-order rogue wave based on the interactional solutions.
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For the coupled modified NLS equation, due to the simulta-
neous existence of nonlinear and self-steepening terms, dif-
ferent profiles in two components for the breathers and rogue
wave are presented, as shown in Figs. 3—7. We hope the result
presented here can be useful to demonstrate the dynamic of a
localized wave in the coupled modified NLS equation.
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