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In dielectrometry, traditional analytical and numerical algorithms are difficultly employed in complex resonant cavi-
ties. For a special kind of structure (a rotating resonant cavity), the body of revolution finite-element method (BOR-FEM)
is employed to calculate the resonant parameters and dielectric parameters. In this paper, several typical resonant structures
are selected for analysis and verification. Compared with the resonance parameter values in the literature and the simulation
results of commercial software, the error of the BOR-FEM calculation is less than 0.9% and a single solution time is less
than 1 s. Reentrant coaxial resonant cavities loaded with dielectric materials are analyzed using this method and compared
with simulation results, showing good agreement. Finally, in this paper, the established BOR-FEM method is successfully
applied with a machined cavity for the accurate measurement of the complex dielectric constant of dielectric materials.
The test specimens were machined from polytetrafluoroethylene, fused silica and Al2O3, and the test results showed good
agreement with the literature reference values.
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1. Introduction

Dielectric materials — insulating materials with good
electrical storage capacity — are important materials ap-
plied in the manufacture of microwave printed circuit board
substrates,[1] dielectric resonators, radomes, etc.[2,3] There-
fore, accurate measurement of their dielectric parameters is
a key procedure for accurate evaluation of the performance
of these devices. The popular techniques for dielectric mea-
surement include waveguide structures (transmission or/and
reflection), free-space methods and resonance methods,[4–7] of
which the resonance methods can provide high-precision com-
plex permittivity measurements for low-loss dielectrics.[8–13]

Re-entrant resonant cavities are employed for the
measurement of dielectric materials in the resonance
method.[14–16] A re-entrant cavity, shown in Fig. 1, consists
of a coaxial line with end walls and an air gap between the
inner conductor and the outer conductor. This structure has
a very high test sensitivity since the electric field at the gap
is very concentrated, and it is easy to achieve broadband
measurements.[17–19] In order to place samples easily and en-
hance the repeatability of measurements, Xi and Tinga[20]

adopted re-entrant cavities, shown in Fig. 2, with insertion
holes below the cutoff frequency; these eliminate the radia-
tion of the electromagnetic field in the top hole and reduce the
influence from the non-flat bottom of the hole. The slits have
a little effect on TM modes while restraining TE modes. This
setup was used in the present work.

εr Gap

Fig. 1. A coaxial re-entrant cavity with a gap partially filled with a di-
electric.

Dielectric

Copper

Gap

Insertion hole 

Insertion hole 

Slit

Loop coupling

Fig. 2. A re-entrant cavity with an insertion hole.

In the measurement of material dielectric parameters
there are two types of methods for theoretical electromagnetic
analysis: analytical algorithms and numerical algorithms.
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Analytical algorithms, including the mode matching (MM)
method,[21] transverse-resonance techniques[22] and full-wave
circuit analysis methods,[23] can provide highly accurate so-
lutions and require only a short computing time. However,
only specific and relatively simple structures such as that in
Fig. 1 can be solved easily by those algorithms, which suf-
fer convergence problems in complex structures[24,25] such
as a re-entrant cavity with an insertion hole as shown in
Fig. 2. Compared with analytical algorithms, numerical al-
gorithms, including the finite-difference time-domain (FDTD)
method[23,26,27] and the finite-element method (FEM),[23,27–29]

can theoretically solve for arbitrary regions. Measuring a di-
electric requires high accuracy; however, it demands numeri-
cal algorithms to disperse too many meshes, leading to long
computation times[14,23,24,30] that are impractical.

For a special type of structure, the body of revolution
(BOR), symmetric about the rotation axis, allows problems to
be computed efficiently by employing two-dimensional (2D)
numerical algorithms,[31–34] significantly reducing the compu-
tational difficulty. Therefore, the main purpose of this paper
is to measure the resonant frequencies and the dielectric pa-
rameters exactly and efficiently by using a FEM based on the
BOR (BOR-FEM) and then demonstrate the computational ac-
curacy and efficiency of this method according to simulations
and experiments.

The rest of this article is organized as follows. Section 2
derives the FEM equation based on BOR characteristics. In or-
der to improve the computational performance between reso-
nance and dielectric parameters, the forward/inversion deriva-
tion of generalized eigenvalue problems is described in Sec-
tion 3. The forward method is proposed to solve the non-
standard generalized eigenvalue problem in the case of com-
puting resonant parameters with known dielectric parameters.
The inversion method is applied to avoid the tedious work
required to determine dielectric parameters that continuously
sets the dielectric parameters to match the computed reso-
nant parameters to the measured ones[2,3,35] when extracting
dielectric parameters with measured resonant parameters. In
Section 4, to demonstrate the high accuracy and efficiency of
the proposed method (BOR-FEM), literature and Ansoft High
Frequency Structure Simulator (HFSS) values are compared.
In Section 5, the dielectric samples [polytetrafluoroethylene
(PTFE), fused silica, and Al2O3] were measured by the pro-
posed method and compared with measured values in the lit-
erature. Comparison of the results shows that the method in
this paper achieves good agreement with the literature. In Sec-
tion 6, the uncertainties of the measured dielectric parameters
were analyzed. Section 7 draws conclusions.

2. Theory of the BOR-FEM based on BOR cavi-
ties
A rotating body resonant cavity, shown in Fig. 3, consists

of a dielectric material inside cavity V , a perfect electric con-
ductor (PEC) boundary S1 and the actual non-magnetic con-
ductor boundary S2. V is obtained by rotating the meridional
plane Ω along the z-axis, εrd (ρ,z) denotes the complex rel-
ative permittivity of the isotropic dielectric material, nonuni-
form in the ρz plane (meridional plane) but uniform in ϕ , ∂S1

and ∂S2 denote the meridians of S1 and S2, respectively, and
σ denotes the conductor boundary conductivity.
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Fig. 3. The BOR resonant cavity.

Based on the above conditions, Maxwell’s equations[36]

are as follows:

∇×∇×𝐸− k2
0εrd𝐸 = 0,

𝑛×𝐸 = 0 on S1,

𝑛× (∇×𝐸)+ γe𝑛× (𝑛×𝐸) = 0 on S2,

γe = j
k0

ηrc
= j

ω
√

ε0µ0√
1/(1− jσ/ωε0)

= jω
√

µ0ε0− jσ µ0/ω, (1)

where γe is the finite metal wall parameter, 𝑛 is unit normal
vector on ∂S2, ηrc is the wave impedance on S2 and k0 is the
vacuum propagation constant. Applying the Rayleigh–Ritz[36]

principle to Eq. (1), the variational equation is

F (𝐸) =
1
2

∫∫∫
V

[
(∇×𝐸) · (∇×𝐸)− k2

0εrd𝐸 ·𝐸
]

dV

+
∫∫
S2

[
γe

2
(𝑛×𝐸) · (𝑛×𝐸)

]
dS. (2)

Based on the rotational symmetry of the resonant cavity, the
electric field 𝐸 in the resonant cavity is expanded as[37]

𝐸 =
∞

∑
m=−∞

(
𝐸m

t (ρ,z)+𝜙Em
ϕ (ρ,z)

)
exp(jmϕ) , (3)

where the column coordinate system consists of the unit vec-
tors 𝜌, 𝜙, and 𝑧, 𝐸m

t is the ρz plane component, Em
ϕ is the 𝜙
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component and m is the order of the harmonic modes. There
is no coupling between the different harmonic modes due to
the orthogonality of the harmonic modes, so Eq. (2) can be
expanded as a superposition of all the harmonic modes

F (𝐸) =
∞

∑
m=0

π

∫∫
Ω

ρ

[
(∇t×𝐸m

t ) ·
(
∇t×𝐸−m

t
)

+

(
∇tEm

ϕ −
jm
ρ
𝐸m

t +𝜌ρ
−1Em

ϕ

)
×
(

∇tE−m
ϕ − −jm

ρ
𝐸−m

t +𝜌ρ
−1E−m

ϕ

)]
dρ dz

+
∞

∑
m=0

{
−π

∫∫
Ω

k2
0εrd

(
𝐸m

t ·𝐸−m
t +Em

ϕ E−m
ϕ

)
ρ dρ dz

+π

∫
∂S2

γe
[
(𝑛×𝐸m

t ) ·
(
𝑛×𝐸−m

t
)
+Em

ϕ E−m
ϕ

]
ρ dl

}
, (4)

where

∇ = ∇t +𝜙
1
ρ

∂

∂ϕ
,

∇t = 𝜌
∂

∂ρ
+𝑧

∂

∂ z
. (5)

The TM0np mode is discussed in this paper because TM0np
modes operate in the re-entrant resonant cavity. Then Eq. (4)
can be simplified as

F (𝐸) =
∫∫
Ω

ρ (∇t×𝐸t) · (∇t×𝐸t) dρ dz

−k2
0

∫∫
Ω

εrdρ𝐸t ·𝐸t dρ dz

+γe

∫
∂S2

(𝑛×𝐸t) · (𝑛×𝐸t) dl (6)

with m = 0, Eϕ = 0 and the superscript m omitted.
Adopting the high-order interpolation vector basis

functions[36,38,40] to meet the demand for highly accurate mea-
surement of the dielectric parameters, Eq. (6) is represented by
the matrix equation

F (𝐸) =𝐸T ·𝐾 ·𝐸−ω
2
ε0µ0𝐸

T ·𝑀 ·𝐸

+ jω
√

ε0µ0− jσ µ0/ω𝐸T ·𝑇 ·𝐸,

𝐸 = (E1,E2, . . . ,En)
T ,

ω = 2π f (1− j/2Q) , (7)

where 𝐾, 𝑇 , and 𝑀 are the n× n matrices assembled from
elemental matrices,[36] ω is the complex resonant angular fre-
quency of the resonance cavity, f and Q are, respectively, res-
onance frequency and quality factor, Ei are the coefficients of
the electric field on the edges and n is the total number of
edges.

The generalized eigenvalue equation(
𝐾+ jω

√
ε0µ0− jσ µ0/ω𝑇

)
·𝐸 = ω

2
ε0µ0𝑀 ·𝐸 (8)

can be derived according the stationary principle[36]

∂F (𝐸)/∂Ei = 0, (i = 1, . . . ,n). (9)

In dielectric measurement applications, the resonance and di-
electric parameters can be solved for each other according to
Eq. (8). The specific solution procedure will be explained in
detail in Section 3.

3. Resonant parameters and complex relative
permittivity εr solution
The resonant parameters (resonant frequency and Q-

factor) shift when the resonant cavity is loaded with dielectrics
and the offsets of the resonant parameters are related to the
complex dielectric constant εr. Therefore, of the two men-
tioned variables, the other can be solved when one is known
according to Eq. (8). However, there are two problems.

(i) Equation (8) is not a standard generalized eigenvalue
equation due to the ω on both sides of Eq. (8), hence the res-
onant parameters ω cannot be solved directly in the case of
known εr.

(ii) When extracting εr with the measured resonant pa-
rameters ω , the authors of Refs. [2,3,35] constantly adjusted
the parameters εr sim of the simulator to match the simulated
resonant parameters ω ′ to the measured resonant parameters
ω , and they deemed the adjusted εr sim to be εr. However, these
procedures are very time-consuming when εr sim is changed
frequently.

To overcome the above problems, the forward method and
the inversion method will be discussed in the following.

3.1. Solving resonant parameters with known εr

Assume that the BOR resonant cavity is divided into m
BOR regions filled with homogeneous dielectrics, as in Fig. 4,
equation (8) is specified as(

𝐾+ jω
√

ε0µ0− jσ µ0/ω𝑇
)
·𝐸 = ω

2
ε0µ0𝑀 ·𝐸,

𝑀 =
m

∑
i=1

εrd,i𝑀i, (10)

where the known 𝑀i is assembled from elemental matrices in
the area Ωi

[36] and ω is the resonant parameter to be solved.
Equation (10) can be solved by the iterative method, therefore
adopting(
𝐾+ jωk

√
ε0µ0− jσ µ0/ωk𝑇

)
·𝐸 = ω

2
k+1ε0µ0𝑀 ·𝐸. (11)

First, assuming that ωk has been solved, ωk+1 is solved by the
methods of Refs. [41,42]. Second, ωk is replaced with ωk+1.
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Finally, ωk converges to the solution ω of Eq. (8) by repeating
the above process. The iterative process of Eq. (11) is shown
in Fig. 5. The experimental results show that ωk converges to
the solution ω of Eq. (8) if the initial value ω1 is chosen to be
near ω .

Ω1 εrd1

Ω1 εrd2

Ω
m

εrdm

...

Fig. 4. BOR resonant cavity divided into m BOR regions filled with ho-
mogeneous dielectrics.

Start

Set initial value ωk, k/, convergent tolerance δ

 Substitude ωk into the equation (11)

Solve the equation (11) and get the
solution ωk⇁

Solution ω=ωk

Yes

No

End

|ωk⇁-ωk| < δ k ⇐ k⇁

Fig. 5. The iterative procedure for solving Eq. (8).

3.2. Solving εr with measured resonant parameters

In dielectric measurement applications, the resonant cav-
ity is divided into the sample region (Ω1) and the air region
(Ω2); therefore the matrix 𝑀 is

𝑀 = εr𝑀1 +𝑀2. (12)

This is substituted into Eq. (8) to get the following equation:(
𝐾+ jω

√
ε0µ0− jσ µ0/ω𝑇 −ω

2
ε0µ0𝑀2

)
·𝐸

= ω
2
ε0µ0εr𝑀1 ·𝐸. (13)

From Eq. (13), εr can be solved directly using the methods of
Refs. [41,42] with the measured ω , avoiding tedious work to
determine dielectric parameters by continuously adjusting the
dielectric parameters to match the computing frequencies to
the measured frequencies.

4. Verification and comparison
In order to demonstrate the accuracy and efficiency of the

proposed method, there is a comparison between the proposed
method, the literature and the HFSS with the PC configuration
Intel Core i5-9600k and 16 GB RAM.

4.1. Cylindrical cavity coaxially loaded with two dielectric
materials

In Fig. 6(a), assume that the electric conductor wall of the
cylindrical resonant cavity, coaxially loaded with two dielec-
tric materials that fill it along the cavity height, is a PEC as in
Ref. [24].

Magnetic symmetry boundary 

a
b

c

h

εr1

µr1 µr2 µr3

εr2 εr3=1
σ/∞

0 20 40 (mm)

(a)

(b)

Fig. 6. The cylindrical cavity coaxially loaded with dielectric materials.
(a) Sectional view of the structure. (b) Two magnetic symmetry bound-
aries set in the HFSS.

The results obtained by Penaranda-Foix et al.[24] using
the new four-port ring network based on the MM method
are consistent with the analytical solutions. Therefore, it is
meaningful to compare the BOR-FEM results with those in
Ref. [24] and those using other methods. In order to reduce the
HFSS simulation time, two magnetic symmetry boundaries of
the HFSS simulation process are adopted in Fig. 6(b) due to
the rotational symmetry of the TM0np modes.

Table 1 compares the computed resonance parameters of
the TM0np (TM010 and TM020) modes obtained by BOR-
FEM, Penaranda-Foix et al.[24] and the HFSS simulation. The
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size of the cylindrical resonant cavity and the dielectric param-
eters are also given.

Table 2 compares the calculating performance between
the BOR-TEM method and the HFSS. From Table 2, the re-
sults obtained with the BOR-FEM are almost equal to those in
Ref. [24] and the HFSS. Furthermore, Table 2 shows that the
computation time and the number of elements of BOR-FEM
are much smaller than those of the HFSS, showing the high
accuracy and high efficiency of the BOR-FEM method.

Table 1. Resonant frequency comparisons a = 15 mm, b = 20 mm,
c = 50 mm, h = 20 mm.

Mode Method f (MHz) Q

TM010 analytical and Ref. [24] 1873.6 144.536
εr1 = 2(1− j×10−2) this paper 1873.6 144.536
εr2 = 2(1− j×10−2) HFSS 1873.7 144.537

TM020 analytical and Ref. [24] 4578.8 265.069
εr1 = 2(1− j×10−2) this paper 4578.8 265.068
εr2 = 2(1− j×10−2) HFSS 4578.9 265.069

TM010 analytical and Ref. [24] 1302.0 11444.3
εr1 = 5(1− j×10−4) this paper 1302.0 11444.3
εr2 = 5(1− j×10−4) HFSS 1302.7 11444.3

TM020 analytical and Ref.[24] 3735.6 16965.3
εr1 = 5(1− j×10−4) this paper 3735.6 16965.3
εr2 = 5(1− j×10−4) HFSS 3737.6 16965.1

TM010 analytical and Ref. [24] 1432.2 698.79
εr1 = 5(1− j×10−4) this paper 1432.2 698.79
εr2 = 2(1− j×10−2) HFSS 1432.9 698.79

Table 2. Calculated performance comparisons.

Method Number of elements Computing time (s) per solution

BOR-FEM 99 0.2
HFSS (FEM) 99258 420

4.2. Cylindrical cavity partially and coaxially loaded with
a dielectric disk

A cylindrical cavity partially and coaxially filled with a
dielectric disc, as shown in Fig. 7, is assumed to be a PEC,
as in Ref. [24]. The size and dielectric parameters are given
in Table 3 and are the same in Refs. [24,43] (Ref. [43] ap-
plied the orthonormal-basis method). The results show that
the resonant frequencies computed in this paper agree better
with those in Ref. [24] than those in Ref. [43], verifying again
the high-accuracy and high efficiency of the BOR-FEM.

Table 3. Resonant frequency (MHz) comparisons (εr1 = 35.74, a =
8.636 mm, b = 12.95 mm, h1 = h3 = 3.81 mm, h2 = 7.62 mm).

Mode Ref. [43] Ref. [24] This paper
Relative error (%) compared

with Refs. [24,43] respectively

TM01 4568 4541.0 4540.832 0.5983, 0.0037
TM02 6384 6373.2 6372.548 0.1797, 0.0102
TM03 7323 7262.2 7262.247 0.8365, −0.0006
TM04 7685 7661.4 7661.236 0.3101, 0.0021
TM05 9169 9107.8 9107.781 0.6721, 0.0002
TM06 10031 9982.7 9982.697 0.48380, 0.00003

a

b

εr1

µr1 µr2

εr2 σ/∞

h

h

h

Fig. 7. Cylindrical cavity partially equipped with a dielectric disc.

4.3. Re-entrant cavity with an insertion hole

A re-entrant cavity with an insertion hole is shown in
Fig. 2, and its dimensions (shown in Fig. 8) are given in Ta-
ble 4, where 2rs is the diameter of the sample cylinder and 2r1

is the diameter of the insertion hole.

Table 4. The size of the re-entrant cavity (mm).

rout rin 2r1 d1 d2 d3 hout hin

32.00 9.15 6.05 15.45 18.00 2.50 190.00 186.50

εr r, rs

d

d

d

hout

rout

hin

rin

Fig. 8. The dimensions of the re-entrant resonant cavity.

This experiment adopted two loop couplings, and details
of these are described in Section 5. The simulation procedure
excludes the loop couplings to guarantee the geometric rota-
tional symmetry of the re-entrant cavity. During the experi-
ment, the re-entrant cavity is working in the TM01p modes
(p = 1,2,3,4,5).

The results of the resonant parameters computed in this
work, by the HFSS and with Comsol are given in Table 5, as-
suming the conductivity is 5.8×107 S·m−1 (copper) selected
from HFSS. The comparison shows that the relative error of
the resonant frequency is 9× 10−3% and the relative error of
the Q-factor is 0.3%.
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Table 5. The results for the resonant parameters computed by this paper,
the HFSS and Comsol.

Mode Method f (MHz) Q

TM011
this paper 349.606 4645.80

HFSS 349.576 4635.57
Comsol 349.608 4644.70

TM012
this paper 1056.976 7971.22

HFSS 1056.942 7951.39
Comsol 1056.974 7970.12

TM013
this paper 1781.979 10178.59

HFSS 1782.033 10150.26
Comsol 1781.971 10176.50

TM014
this paper 2523.976 11945.62

HFSS 2524.162 11913.81
Comsol 2523.980 11942.23

TM015
this paper 3278.435 13469.85

HFSS 3278.672 13430.12
Comsol 3278.440 13468.88

(a) (b)

(c)

(d)

Fig. 9. (a) Electric and (b) magnetic fields on the meridional plane.
(c) Electric and (d) magnetic fields on the intersecting surface.

The amplitude of the electric and magnetic fields is plot-
ted in Fig. 9. According to Figs. 9(a) and 9(b), the assump-
tion that the insertion holes are below the cutoff frequency are
proved, because the electric and magnetic fields vanish at the
insertion holes. That is, the resonant parameters are indepen-
dent of the depth of the bottom insertion hole (d1) and the
height of the top insertion hole (d2). In Figs. 9(c) and 9(d), the
electric and magnetic fields are symmetric about the rotation
axis.

5. Measurement results and discussion
The experimental setup, shown in Fig. 10, consists of

a vector network analyzer (VNA; Keysight Technologies,
N5227B PNA), two high-stability VNA cables and a re-entrant
resonant cavity that is machined from brass with gold plat-
ing and has the same dimensions as in Fig. 8. The loop cou-
plings are near the end walls of the coaxial line (Fig. 2) and
d3 = 2.5 mm (Table 4). They were adjusted to ensure weak

coupling (S21 < −35 dB), therefore the deviation of the mea-
sured resonant parameters is negligible. Although the cav-
ity with the loop couplings is not rotationally symmetric, the
BOR-FEM is still effective under the condition of weak cou-
pling.

VNA

Flexible cable

Sample insertion hole

Fig. 10. The test system for the re-entrant resonance cavity.

The experiments were performed at room temperature
(about 22 ◦C), therefore, interference from temperature was
negligible. The intermediate-frequency bandwidth was set to
1 kHz and the VNA cables were connected to perform the cor-
responding calibration. According to Table 5, the resonant fre-
quency of the TM011 mode is about 350 MHz and the reso-
nant frequency of the TM015 mode is about 3.2 GHz. In order
to accurately measure those mode parameters, the frequency
sweep was set from 0.2 GHz to 3.5 GHz to cover those mode
frequencies, and the resonant parameters were determined by
the S21 parameter.

During the experiment, the center axis of the sample de-
viates a little from that of the cavity, causing deviations in the
measured resonant parameters, because the sample cylinder
diameter (2rs) is a little smaller than the insertion hole diame-
ter (2r1). Another condition is that the sample is an imperfect
cylinder due to errors in machining technology. However, the
BOR-FEM remains effective under these situations. In order
to modify the concentricity of the cylindric sample and inser-
tion holes, the limiter, shown in Fig. 11, was used to allow the
sample to be inserted through the central axis of the cavity.
The limiter has little effect on the measurement because the
insertion holes below the cutoff frequency were certified as in
Subsection 4.3.

Fig. 11. The combination of limiter and re-entrant cavity.
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Although the sample is inserted through the center axis
of the cavity, the measured dielectric parameters are sensitive
to 2rs. This factor (2rs) will be analyzed as an uncertainty
variable in Section 6.

Referring to Subsection 4.3, the insertion holes of the
cavity are below the cutoff frequency for eliminating the ra-
diated field. To analyze this condition, the insertion holes are
assumed to be circular waveguides. Since TE11 is the fun-
damental mode, the resonant frequency below the cutoff fre-
quency of the TE11 mode can dramatically lower the radiation
from the holes. The cutoff frequency fTE11 of the TE11 mode
is

fTE11 =
1.8412c0

2πr1
√

ε r
, (14)

where r1, εr, and c0 are the radius of the insertion hole, the
permittivity of the sample and the velocity of light in a vac-
uum, respectively. The relationship between the fTE11 and εr

is shown in Table 6.
Therefore, the first five modes listed in Table 5 are eas-

ily below fTE11 at εr = 20. For dielectrometry applications,
the sensitivities of the resonant frequency of those modes are
shown in Fig. 12 as a function of εr. The greater the variation
in the resonant frequency of a certain mode, the more sensitive
that mode is, therefore, the higher the accuracy with which εr

can be extracted.
The first five resonance parameters of the resonant cav-

ity were measured and are shown in Table 7, where f and
Q are the resonant frequency and Q-factor, respectively, and
the uncertainties of u( f ) and u(Q) were computed by repeat-
ing the measurements 10 times. The dielectric parameters of
the three samples (PTFE, fused silica and Al2O3) were com-
puted by the BOR-FEM and are compared with the results
from Refs. [23,44,45] (Table 8). Compared with the reference
data, the relative differences for PTFE, fused silica and Al2O3

are less than 1.1% and 12.8% in the real and imaginary parts of
the complex permittivities, respectively. The calculation time
of each dielectric parameter is 0.8 s, which again verifies the
high accuracy and efficiency of the proposed method.

Table 6. The relationship between fTE11 and εr (r1 = 3.025 mm,
c0 = 3×1011 mm·s−1).

εr fTE11 (MHz)

1 29 061
5 12 997

10 9190
15 7504
20 6498

Table 7. The results of the resonant parameter measurements.

Material Mode f (MHz) u( f ) (MHz) Q u(Q)

TM011 348.659 0.002 4461.5 15.6
TM012 1054.792 0.005 7104.1 21.3

Unloaded TM013 1779.429 0.010 8512.3 12.6
TM014 2521.335 0.006 9432.2 17.2
TM015 3275.773 0.001 9930.2 19.3

TM011 346.865 0.001 4315.4 12.4
TM012 1050.476 0.003 6802.2 16.5

PTFE TM013 1774.161 0.005 8200.1 14.9
TM014 2516.115 0.005 9141.6 13.4
TM015 3270.986 0.004 9697.7 15.2

TM011 344.172 0.020 4333.8 11.3
TM012 1043.925 0.020 6851.6 19.4

Fused silica TM013 1766.266 0.025 8239.7 18.4
TM014 2508.340 0.020 9186.0 17.6
TM015 3263.799 0.030 9718.0 13.1

TM011 340.668 0.040 4187.1 13.6
TM012 1035.477 0.050 6553.3 12.7

Al2O3 TM013 1756.249 0.050 7891.0 14.5
TM014 2498.392 0.060 8923.7 11.7
TM015 3254.472 0.070 9476.3 11.1

Table 8. Comparison between the results from the BOR-FEM and the literature for dielectric parameter measurement.

Material 2rs (mm) Mode
This work Other measurements

ε ′ u(ε ′) (10−2) ε ′′ (10−4) u(ε ′′) (10−4) ε ′ ε ′′ (10−4) Ref.

TM011 2.067 1.89 7.4 1.10
TM012 2.042 1.81 7.6 0.74

PTFE 5.95 TM013 2.045 1.84 7.4 0.54 2.066 7.0 [44]
TM014 2.047 1.88 7.9 0.68
TM015 2.048 1.92 7.8 0.96

TM011 3.868 6.47 6.2 1.19
TM012 3.843 6.20 6.0 0.90

Fused silica 5.92 TM013 3.854 6.28 5.9 0.70 3.850 5.5 [23]
TM014 3.858 6.38 5.8 0.89
TM015 3.865 6.49 5.9 1.05

TM011 9.042 17.8 26.5 2.54
TM012 9.036 17.3 27.2 1.64

Al2O3 5.52 TM013 9.059 17.7 29.2 1.42 9.078 27 [45]
TM014 9.098 18.5 24.8 1.57
TM015 9.091 18.8 25.9 1.96
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Fig. 12. Variation of the shift of the resonant frequency as a function of εr.

6. Uncertainty analysis
The standard uncertainty equation for evaluating the un-

certainties of the measured dielectric parameters[46] is

u2(y) =
N

∑
i=1

(
∂ε

∂xi

)2

u2(xi), (15)

where ε is the dielectric parameter and xi is the independent
variable that ε depends on. The term u(xi) is the uncertainty of
each independent variable and the partial derivative (∂ε/∂xi)
is the sensitivity coefficient.

The main independent variables include the sizes of the
re-entrant cavity, the gap between the sample cylinder (2rs)
and the insertion holes (2r1), environmental temperature, cou-
pling network, probe positioning and the resonant parameters
derived from the VNA measurements.

The depth of the bottom insertion hole (d1) and the height
of the top insertion hole (d2) will not be taken into account in
the uncertainty analysis since they have been verified in Sub-
section 4.3. The uncertainty of the environmental temperature
(22 ◦C), the interference of the coupling network and probe
positioning are negligible as discussed in Section 5.

Although the VNA adopted high-precision settings, there
are still errors in resonance parameters measured from the
VNA, especially the Q-factor. The uncertainties of the un-
loaded resonant parameters ( fu and Qu) and the loaded reso-
nant parameters ( fL and QL) were given in Table 7. In ad-
dition, due to errors in machining technology of the resonant
cavity and sample, dimensional uncertainty variants are listed
in Table 9 according to current machining technology. The
partial derivative terms of Eq. (15) were computed by numer-
ical methods because of the difficulty of calculating these by
analytical methods.

The uncertainty of the PTFE (TM013) is calculated with
this procedure, and is shown in Table 9. From Table 9, the
manufacturing tolerances of the sample cylinder (2rs) have the
highest influence on the total uncertainty in ε ′. This is because

the electric field is concentrated near the insertion holes, there-
fore it is meaningful to improve the machining precision of the
sample cylinder. The uncertainties in the measured Q-factor
(Qu and QL) also have a large influence on ε ′′. For all samples
and resonant modes, the uncertainty was within the range of
2.06% for ε ′ and 20% for ε ′′.

Table 9. Uncertainty contributions to the total uncertainty for PTFE
TM013.

xi u(xi)
∂ε ′

∂xi
u(xi)

∂ε ′′

∂xi
u(xi)

rout 0.02 mm 3.27×10−4 2.3×10−7

zout 0.02 mm 1.59×10−3 1.1×10−6

rin 0.02 mm 3.22×10−3 2.2×10−6

zin 0.02 mm 1.73×10−3 1.2×10−6

2r1 0.02 mm 9.01×10−3 8.2×10−6

2rs 0.02 mm 1.53×10−2 1.3×10−5

fu 0.010 MHz 2.07×10−3 8.6×10−8

Qu 12.6 0.00 3.2×10−5

fL 0.005 MHz 1.03×10−3 4.3×10−8

QL 14.9 0.00 4.0×10−5

u(ε) 1.84×10−2 5.4×10−5

7. Conclusion
The BOR-FEM can transform 3D problems into 2D prob-

lems for structures that are symmetrical about the rotation axis,
greatly reducing the matrix size; this not only ensures high
precision of the FEM but also greatly improves the solution
speed. The BOR-FEM was applied to representative structures
and was compared with other methods, showing high accuracy
and fast computing speed. This proposed method was also
applied to measure dielectric parameters using the re-entrant
cavities with insertion holes. The measurement results showed
good agreement with the literature (1.1% and 12.8% relative
differences in the real and imaginary parts of the complex per-
mittivities, respectively). Finally, according to the uncertainty
analysis in this paper, it is known that the uncertainties in the
sample diameter and measured Q-value have a large impact on
the measurement results for ε ′ and ε ′′.

The BOR-FEM is suitable for measurements of the per-
mittivity of isotropic materials. Because Eq. (1) only consid-
ers isotropic dielectric materials, if magnetic materials are to
be considered the permeability parameters should be added to
Eq. (1). However, the BOR-FEM has not been applied to the
measurement of anisotropic materials at present, although the
structures of samples and the resonant cavity have geometric
rotational symmetry; this will be considered in future work.
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