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We investigate few-photon scattering properties in two one-dimensional waveguides chirally coupled to a nonlinear
cavity. The quantum states of scattered few photons are solved analytically via a real-space approach, and the solution
indicates the few-photon reflection and transmission properties. When inputting two photons of equal energy to resonate
with the cavity, the propagation characteristics of the two photons will be interesting, which is different from the previous
anti-bunching effects with a quantum emitter. More importantly, when the total energy of the two incident photons equals
the energy of a nonlinear cavity accommodating two photons, influence of the bound state will become larger to result in
disappearance of antibunching effect. However, the bound state has no effect on probability of routing to another waveguide.

Keywords: quantum routing, few-photon scattering, nonlinear cavity, chirally couple
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1. Introduction
Quantum networks are an important part of quantum in-

formation processing and quantum communication, which is
composed of quantum channels (to ensure low dissipation of
quantum signals transmitted along the channels) and quan-
tum nodes (to control the transmission of quantum signals).
Photons become an ideal candidate for carriers of quantum
information,[1–10] because they travel fast and are not signif-
icantly affected by decoherence effects over long distance.
Waveguide can naturally guide photons, so waveguide quan-
tum electrodynamics (QED) is a hot research topic in re-
cent years. One-dimensional (1D) waveguides exhibit di-
versity as they can modulate the transmission of photonic
states by coupling with quantum emitters.[11–15] There are var-
ious types of quantum emitters, including quantum dots,[16–18]

two-level atoms,[19–25] three-level atoms,[26–28] side optical
cavities,[29–31] and cavities with an atom[32–36] or nonlinear
Kerr mediums.[37–39] Many physical phenomena have been
studied, such as electromagnetically induced transparency
(EIT),[40–42] Fano resonance,[43–45] polarization effect,[46]

slow light behavior,[47] and multi-photon transport.[48,49]

However, these research works mainly focus on the structure
of a single 1D waveguide coupled with a two-level system or
single-photon qubit.

In recent years, chiral waveguide QED[50,51] has opened
up exciting new ways to study interaction between light and
matter, which has attracted wide attention. Many quantum
systems have realized chiral coupling,[52–58] and it is found
that the reflection and transmission of photons in these sys-
tems will become asymmetric, and the propagation of photons

is irreversible. Therefore, the study of structures composed of
multiple one-dimensional chiral waveguides has attracted our
attention because of its valuable applications in quantum net-
works.

In this paper, we investigate the scattering problem of few
photons in two one-dimensional waveguides chirally coupled
by a nonlinear optical cavity. Note that it is difficult to ob-
tain both strong Kerr nonlinearity and low loss. However,
compared with a waveguide coupled atom, intuitively speak-
ing, the atom can at most absorb only one photon at a time,
and the optical cavity we study can absorb multiple photons,
so it is very interesting to study the transport characteristics
of multiple photons. In real space, we give an explicit con-
struction of the exact n-photon scattering eigenstates and then
discuss the transport properties. In the analytic expression of
amplitude for single photon, we show that in the case of chi-
ral coupling, the reflection and transmission of single photon
become asymmetric due to the addition of a waveguide (quan-
tum channel), realizing the non-reciprocity of a single photon.
Then, by analyzing the scattering eigenstates of two photons,
on account of the possibility of that the nonlinear cavity can
absorb two photons at the same time, we discuss two special
cases. These show rich characteristics, including the influence
of the two-photon bound state, which are valuable for many
experiments of multi-photon quantum routing. The rest of the
paper is organized as follows. In Section 2, we present the the-
oretical model of the chiral coupling of a nonlinear cavity to
two one-dimensional (1D) waveguides, and give an effective
real space Hamiltonian of the system. In Section 3, we use the
decomposition of scattering matrix (S matrix) to greatly sim-
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plify the calculation process, and discuss the transport prop-
erties of two-photon in detail. Immediately, obtain the output
wave function for the photon pair incident from one port of a
waveguide, the anti-bunch and bunch effects are discussed for
photon-pair appearing to the same port, and the conditions of
incident photons routed to desired ports are studied. Finally,
we conclude with a brief summary of the results.

2. Model and hamiltonian
We consider a cavity-waveguides system, illustrated in

Fig. 1(b), consisting of two infinite 1D waveguides (labeled
by a and b, respectively) chirally coupled with a nonlinear cav-
ity. The 1D continuous structure of the waveguide is formed
by the right and left modes that propagate photons in two
directions, and is referred to as the “two-mode” waveguide.
The real-space field operators R̂p(x) and L̂p(x) [R̂†

p(x) and
L̂†

p(x)] annihilate (create) a left- or right-mode photon at po-
sition x in the waveguide p, and satisfy the bosonic com-
mutation rules [R̂p(x), R̂

†
p′(x
′)] = [L̂p(x), L̂

†
p′(x
′)] = δpp′δ (x−

x′), [R̂p(x), L̂
†
p′(x
′)] = [L̂p(x), R̂

†
p′(x
′)] = 0, while the rest of the

commutators vanish. The Hamiltonian of free photons propa-
gating in waveguides is given by

Ĥp =−iv ∑
p=a,b

∫
dx
[
R̂†

p (x)∂xR̂p (x)− L̂†
p (x)∂xL̂p (x)

]
, (1)

where v is the group velocity of the photons, for simplicity, we
set va = va = v. The free Hamiltonian for a nonlinear cavity at
coordinate x = 0 is reformulated as

Ĥd = Ω d̂†d̂ +
U
2

d̂†d̂†d̂d̂, (2)

where d̂ (d̂†) is the annihilation (creation) operator of the cav-
ity mode with frequency Ω , which is far away from the cutoff
frequency of the waveguide modes. The second term in Eq. (2)
describes the Kerr nonlinear interaction with strength U . For
the sake of simplicity, we first neglect the photon loss in our
calculation. For finite U , an addition energy U > 0 is required
to add a further boson to the d mode once the d mode is occu-
pied by one photon.

γbl γbr

x/

Waveguide b

xKerr medium
Ω

Port 3

Port 1 Port 2

Port 4

Waveguide a

γal γar

Fig. 1. Schematic of a few-photon router with four ports: A nonlinear cavity
system interacts with two independent waveguides labeled by a and b. The
blue (green) line represents the chiral coupling between the nonlinear cav-
ity with Kerr medium U and the left and right going photons of the bottom
waveguide a (b), and the coupling rates are γar (γbr) and γal (γbl), respectively.

The chiral coupling between the cavity and the waveguide
modes reads

Ĥint = ∑
p=a,b

√
vγpr

∫
dxδ (x)

[
R̂†

p (x) d̂ +H.c.
]

+ ∑
p=a,b

√
vγpl

∫
dxδ (x)

[
L̂†

p (x) d̂ +H.c.
]
, (3)

where the coupling strengths √vγpr and √vγpl are much
smaller than the excitation energy Ω . The Hamiltonian of the
total system reads

Ĥ = Ĥp + Ĥd + Ĥint. (4)

This Hamiltonian describes the case in which a propagating
photon can travel in both directions of two one-dimensional
waveguides, so that the nonlinear cavity interacts with the four
modes.

We employ the following transformations:

Ê†
p (x) =

√
γpr

γp
R̂†

p (x)+
√

γpl

γp
L̂†

p (−x) , (5a)

Ô†
p (x) =

√
γpl

γp
R̂†

p (x)−
√

γpr

γp
L̂†

p (−x) , (5b)

Ĉ† (x) =

√
γa

γ
Ê†

a (x)+
√

γb

γ
Ê†

b (x) , (5c)

D̂† (x) =

√
γb

γ
Ê†

a (x)−
√

γa

γ
Ê†

b (x) , (5d)

where γp = γpr + γpl,γ = γa +γb, the original Hamiltonian is
transformed into four decoupled “one-mode” Hamiltonians,
i.e., Ĥ = ĤC + ĤDO, where

ĤC = −iv
∫

dxĈ† (x)
∂

∂x
Ĉ (x)+Ω d̂†d̂ +

U
2

d̂†d̂†d̂d̂

+
√

vγ

∫
dxδ (x)

[
Ĉ† (x) d̂ + d̂†Ĉ (x)

]
, (6)

ĤDO = −iv
∫

dxD̂† (x)
∂

∂x
D̂(x)

− iv ∑
p=a,b

∫
dxÔ†

p (x)
∂

∂x
Ôp (x) . (7)

The ĤDO is an interaction-free three-mode Hamiltonian, while
ĤC describes a nontrivial one-mode interacting model with
coupling strength

√
vγ . Note that the number operator for the

three-mode bosons is

n̂DO =
∫

dxD̂† (x) D̂(x)+ ∑
p=a,b

∫
dxÔ†

p (x) Ôp (x) , (8)

for C-mode bosons it is

n̂C =
∫

dxĈ† (x)Ĉ (x) , (9)

and the occupation number of the cavity is

n̂d = d̂†d̂. (10)
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Because H commutes with certain number operators,
[Ĥ, n̂C + n̂d ] = [Ĥ, n̂DO] = 0, the total numbers of excitations
in both the three-mode and the C-mode spaces are separately
conserved. In other words, the three modes evolve freely in
the waveguide. Therefore we shall focus on the calculation
of the transport properties of the photons in C-mode, and then
transform back to the left (right) representation.

3. Scattering in two-photon excitation
Assume that there are two incident photons in the waveg-

uide from the left side with momenta k and p, respectively,
the frequency ω = v(k+ p) and the energy difference between
two photons ∆ = v(k− p)/2. Physically, there may be three
cases of two photons: (i) Both photons are in waveguide C-
mode. (ii) One photon is in waveguide C-mode and the other
photon is absorbed into nonlinear cavity. (iii) Both photons are
absorbed into nonlinear cavity. In the free two-photon Hilbert
space, its real-space representation consists of a symmetric
function of the coordinates of the photons x1,x2, and is de-
fined as φCC (x1,x2). The general two-photon scattering state
of the system in the spaces with C-mode takes the following
form:∣∣Ψk,p

〉
CC =

∫ ∫
dx1dx2φCC (x1,x2)

1√
2

Ĉ† (x1)Ĉ† (x2) | /0〉

+
∫

dxe(x)Ĉ† (x) d̂† | /0〉+φdd
1√
2

d̂†d̂† | /0〉 , (11)

where e(x) is the probability amplitude function of one pho-
ton while the nonlinear cavity contains the other photon; φdd

is the probability amplitude with two photons in the cavity. In
order to satisfy the statistical property of photons, the ampli-
tudes satisfy the relation φCC (x1,x2) = φCC (x2,x1), and it is
continuous on the line x1 = x2.

In a steady state, we have ĤC
∣∣Ψk,p

〉
CC = ω

∣∣Ψk,p
〉

CC. We
obtain the following linear equations for the amplitudes in the
scattering state:

ωφCC (x1,x2) = −iv(∂x1 +∂x2)φCC (x1,x2)

+

√
vγ

2
[δ (x1)e(x2)+δ (x2)e(x1)] , (12a)

(ω−Ω)e(x) = −iv∂xe(x)+
√

2vγδ (x)φdd

+

√
vγ

2
[φCC (0,x)+φCC (x,0)] , (12b)

(ω−U)φdd = 2Ωφdd +
√

2vγe(0) . (12c)

We use φCC (0,x) ≡ (1/2) [φCC (0+,x)+φCC (0−,x)]. The
functions φCC (x1,x2) and e(x) are piecewise continuous. Ap-
plying the bosonic symmetrical statistics, we can settle for
φCC (x1,x2) by first considering the half-space x1 < x2 and then
by interchanging x1⇐⇒ x2 to extend the result to get the full
space. In this case, there are three quadrants in real space:

x1 < x2 < 0, x1 < 0 < x2, and 0 < x1 < x2. In the region that
all photons are away from the cavity, the plane wave with wave
vectors k and p. We require that the incoming wave functions
consist entirely of plane waves, that is, for x1 < x2 < 0,

φCC (x1,x2) =
1

2
√

2π

(
eikx1+ipx2 + eikx2+ipx1

)
. (13)

Using the boundary conditions and the continuity of the
function, we can solve it naturally.

For x1 < 0 < x2

φCC (x1,x2) =
1

2
√

2π

(
t̄p eikx1+ipx2 + t̄k eikx2+ipx1

)
, (14)

and for 0 < x1 < x2

φCC (x1,x2) =
1

2
√

2π

[
t̄kt̄p

(
eikx1+ipx2 + eikx2+ipx1

)
+Beiωxc/v ei(ω−2Ω)|x|/2v e−γ|x|/2

]
, (15)

where

t̄ε =
vcε−Ω − iγ/2
vcε−Ω + iγ/2

(16)

is the single-photon transmission amplitudes (for ε = k, p),
and xc ≡ (x1 + x2)/2 and x ≡ x1− x2 are the center-of-mass
coordinate and the relative coordinate, B is a constant to be
determined. Again, applying the continuity of the function
yields

B = Uγ
2 1
(Ω − vk− iγ/2)(Ω − vp− iγ/2)

× 1
Ω +(U−ω− iγ)/2

. (17)

Obviously, B is dependent on the nonlinear interaction
strength U . For later convenience, we introduce

Xk,p (xc,x) ≡
1

2
√

2π
eikx1+ipx2 , (18a)

Yk,p (xc,x) ≡
1

2
√

2π
eikx2+ipx1 , (18b)

Sk,p (xc,x) ≡ Xk,p (xc,x)+Yk,p (xc,x)

=
1√
2π

eiωxc cos(∆x) , (18c)

BCC (xc,x) ≡ Beiωxc/v ei(ω−2Ω)|x|/2v e−γ|x|/2. (18d)

The wave function for the two photons before scattering
(incoming state) consists entirely of plane waves, so the in
state can be written as∣∣∣ϕ in

Ra

〉
=
∫ ∫

dx1dx2
1

2
√

2π

[
eikx1+ipx2 + eikx2+ipx1

]
× 1√

2
R̂†

a (x1) R̂†
a (x2) | /0〉 . (19)

Each of photons impinges on the quantum node, being
eventually scattered off. Every one may be reflected (trans-
mitted) to the left (right) side of the quantum node (denoted
as port 1 (2)) in waveguide a, or be reflected (transmitted) to
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the left (right) side of the quantum node (denoted as port 3
(4)) in waveguide b. Then the output state contains ten terms:
Both photons are transmitted to port 2 or 4 with amplitudes
ρ22 (xc,x) and ρ44 (xc,x),

ρ22 (xc,x) = ta
akta

apSk,p (xc,x)+
γ2

ar

γ2 BCC (xc,x) , (20a)

ρ44 (xc,x) = tb
aktb

apSk,p (xc,x)−
γarγbr

γ2 BCC (xc,x) . (20b)

Both photons are reflected to port 1 or 3 with amplitudes
ρ11 (x1,x2) or ρ33 (x1,x2),

ρ11 (xc,x) = ra
akra

apSk,p (−xc,x)

+
γarγal

γ2 BCC (−xc,x) , (21a)

ρ33 (xc,x) = rb
akrb

apSk,p (−xc,x)

− γarγbl

γ2 BCC (−xc,x) . (21b)

One photon is reflected to port 1 and the other is transmitted
to port 2 with amplitude

ρ12 (xc,x) =
√

2ta
akra

apXk,p

( x
2
,2xc

)
+
√

2ra
akta

apYk,p

( x
2
,2xc

)
+
√

2

√
γ3

arγal

γ2 BCC

( x
2
,2xc

)
. (22)

One photon is directed to port 3 and the other is directed to
port 4 with amplitude

ρ34 (xc,x) =
√

2tb
akrb

apSk,p

( x
2
,2xc

)
−
√

2

√
γ2

arγbrγbl

γ2 BCC

( x
2
,2xc

)
. (23)

One photon is transmitted to port 2 and the other is directed to
port 3 or 4 with amplitudes ρ23 (x1,x2) or ρ24 (x1,x2),

ρ23 (xc,x) =
√

2rb
apta

akXk,p

( x
2
,2xc

)
+
√

2rb
akta

apYk,p

( x
2
,2xc

)

−
√

2

√
γ3

arγbl

γ2 BCC

( x
2
,2xc

)
, (24a)

ρ24 (xc,x) =
√

2tb
apta

akXk,p (xc,x)+
√

2tb
akta

apYk,p (xc,x)

−
√

2

√
γ3

arγbr

γ2 BCC (xc,x) . (24b)

One photon is reflected to port 1 and the other is directed to
port 3, 4 with amplitudes ρ13 (x1,x2) and ρ14 (x1,x2),

ρ13 (xc,x) =
√

2ra
akrb

akSk,p (−xc,x)

+
√

2
γar
√

γalγbl

γ2 BCC (−xc,x) , (25a)

ρ14 (xc,x) =
√

2ra
aktb

apSk,p

(
− x

2
,2xc

)
−
√

2
γar
√

γalγbr

γ2 BCC

(
− x

2
,2xc

)
. (25b)

Here

tp
pε =

ε−Ω + i
(
γpl− γpr + γ p̄

)
/2

ε−Ω + iγ/2
, (26a)

t p̄
pε =

−i√γprγp̄r

ε−Ω + iγ/2
, (26b)

rp
pε =

−i√γprγpl

ε−Ω + iγ/2
, (26c)

r p̄
pε =

−i√γprγp̄l

ε−Ω + iγ/2
. (26d)

In the above formula, p 6= p̄ and p, p̄ ∈ {a,b}. Herein,
tp
pε

(
t̃p
pε

)
and rp

pε

(
r̃p

pε

)
are the transmitted and reflected ampli-

tudes of the photon in the waveguide p.
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Fig. 2. Plots of dimensionless quantities: (a) T22, (b) R11, (c) T44, and (d) R33, as a function of two-photon transmission and reflection of
waveguides a and b, respectively, k/γ and p/γ , when γar = 0.25γ , γal = 0.35γ , γbr = γbl = 0.2γ at x = 0.

The probability of two photons appearing at the same port

is defined as Tjj (x) =
∣∣ρjj (x1,x2)

∣∣2 and Rjj (x) =
∣∣ρjj (x1,x2)

∣∣2 .
Obviously, those amplitude wave functions contain the contri-

butions of plane wave and bound wave, and R11, R33, T22, T44

depends only upon x (x = x1− x2). If without the kerr medium

in the cavity (i.e., U = 0), the scattering state is only affected

by the plane wave. At the point x = 0, we can show that

there is an optimal point for the transmitted photons exhibiting

strongly repulsive interaction (T22 ≈ 0) at single photon reso-

nance (vk = vp = Ω ) [Fig. 2(a)]. Therefore, we magnify the

interaction of the transmitted photons through Fig. 3(a), and

the result shows that only when γar/γ = 1/4, the transmitted
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photon exhibits strongly repulsive interaction. In addition, the
anti-bunching effect of reflected two-photons strongly depends
on the energies of the two incident photons, in Fig. 2(b). At
point vk = vp = Ω , the reflected two photons always exhibit
an anti-bunching effect, for all parameter γar/γ and γal/γ in
Fig. 3(b); and perpetually exude bunching attraction effect for
two-photon resonance (ω = 2Ω +U) in Fig. 4(b). In addition,

the two photons transferred into waveguide b always exhibit a
bundling effect due to the influence of the bound state. Nat-
urally, in the case of vk+ vp = 2Ω +U [see Figs. 4(a)–4(d)],
the optical cavity can absorb and release two photons at the
same time, not to mention the influence of the bound state of
the two photons, which directly makes all the outgoing possi-
bilities show bunching effect.
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Fig. 3. The (a) T22, (b) R11, (c) T44, and (d) R33, as functions of relative coordinate γx. The other parameters are vk = vp = Ω = 100γ , U = 10γ .
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Fig. 4. The (a) T22, (b) R11, (c) T44, and (d) R33, as functions of relative coordinate γx. The other parameters are Ω = vp = 100γ , vk = 110γ , U = 10γ .

In order to discuss the transfer rate of photon from waveg-
uide a into waveguide b, we introduce the definition of routing
probability as follows:

Pb =

∫
dx〈Φ |ψb (x)ψ

†
b (x) |Φ〉∫

dx〈Φ |ψb (x)ψ
†
b (x)+ψa (x)ψ

†
a (x) |Φ〉

. (27)

where ψb (x) = R̂†
b (x)+ L̂†

b (x) is the field operator of waveg-
uide b, and the |Φ〉 is the scattering state of two photons. Due

to the fact that the integral interval in real space is from nega-

tive infinity to positive infinity, the effect of bound states can

be ignored. Therefore, the contribution of routing rate only

comes from plane wave. Interestingly, due to the existence of

bound states, in the case of two-photon resonance point, both

photons can appear at the same port, but the bound states do

not play any role in the routing rate. The result is shown in

Fig. 5
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Fig. 5. The probability Pb of the input photons from port 1 routed to port 3 as a
function of energy vk and vp at the maximally chiral couplings γar = γbr = γ/2.
Other parameters are setting as follows: Ω = vp = 100γ , vk = 110γ , U = 10γ .

4. Discussion and conclusion
In summary, we have presented the exact analytic solu-

tion of few photons in two one-dimensional waveguides chi-
rally coupled by a nonlinear cavity. Since the Kerr-type non-
linearity has no effect at the single-photon level, the single-
photon routing is not different from that of a two-level atom in
two one-dimensional waveguides.[59] Interestingly, at the two-
photon level, through some appropriate special inputs, we have
measured the transmission, reflection and transfer character-
istics of two photons. When two identical resonant photons
(vk = vp = Ω) are incident, with the change of the parame-
ter γar/γ , the transmitted photons thus change from bunching
to antibunching, and back to bunching. Hence the nonlinear
cavity can induce either an effective repulsion or attraction
between two transmitted photons. In addition, at x = 0, the
antibunching in R11 for all γar and γal in fact has analogous
physical source as the antibunching experimentally.[60] At the
same time, T44 and R33 show an anti-bunching effect differ-
ent from the previous two-level quantum emitter,[59] that is, it
is always in the bunching effect. Surprisingly, when the total
frequency of the two incident photons resonates with the two-
photon cavity field (vk+ vp = 2+U), R11, T22, R33, and T44

have bunching effects with any γar, γal, γbr and γbl. This shows
that the role of bound states will be greater in two-photon res-
onance. However, the bound state has no contribution to the
routing rate.
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