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Effect of kinetic ions on the toroidal double-tearing modes
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We investigate the effects of kinetic ions on double-tearing modes (DTMs) using the gyrokinetic particle-in-cell
simulation code GEM with a gyrokinetic ion/fluid electron hybrid model. It is found that the ion kinetic effects can
decrease the growth rate of the DTMs. This effect is more significant for stronger coupling of DTMs with smaller distance
between the rational surfaces. Kinetic ions can also enhance the coupling effect between the two rational surfaces. Energy
transfer analyses between particles and wave fields show that the stabilizing effect of kinetic ions comes mainly from the
perpendicular magnetic drift of ions in the coupling region and around the outer rational surface.

Keywords: double-tearing modes, kinetic ions, coupling effect

PACS: 52.35.Py, 52.65.Tt, 52.35.Mw DOI: 10.1088/1674-1056/ac7f89

1. Introduction
Double-tearing modes (DTMs) can be excited in a re-

versed magnetic shear configuration, due to the two rational
surfaces with the same helicity. Different from the single-
tearing mode (STM), the two tearing modes on neighboring
rational surfaces can be coupled with each other and the lin-
ear growth rate of the DTMs is much larger than that of the
STM. In a slab plasma, the resistivity scaling of the DTMs
(γ ∼ η1/3)[1] is weaker than that of the STM (γ ∼ η3/5).[2]

Here γ and η are the growth rate of the tearing mode and the
resistivity, respectively. Moreover, nonlinear DTMs can gen-
erate strong sheared flows, release large bursts of kinetic en-
ergy, and cause the off-axis sawtooth crashes,[3] which may
give rise to a major disruption. Therefore, it is important to
understand the mechanism of DTMs and to develop methods
to suppress the DTMs in tokamaks. Since DTMs are formed
by the coupling of tearing modes to each other on two ratio-
nal surfaces, it is natural to anticipate that the DTM instabil-
ity can be mitigated by either suppressing or decoupling the
tearing modes on two rational surfaces. It has been found that
toroidicity[4,5] has stabilizing effects on the STM. On the other
hand, shear flows,[6–10] diamagnetic effects[11,12] and external
current drives[13,14] can help to decouple the two rational sur-
faces in a DTM.

It is difficult to analytically predict behaviors of the tear-
ing mode due to its multi-scale property, and the kinetic ef-
fects of ions near the tearing layer may be important. In the
past few years, many theoretical and numerical investigations
have pointed out that kinetic ions are important in evolution
of the STM.[15–20] Theoretical analyses and numerical sim-
ulations found that trapped energetic ions have a stabilizing

effect on DTMs.[21,22] An investigation of the kinetic ions ef-
fect on DTMs has been carried out with the gyrokinetic code
GTC. It was found that the kinetic ions destabilize the DTMs
in toroidal geometry without toroidal coupling.[23] With ener-
getic ions, the off-axis sawtooth oscillations induced by DTMs
were observed in the TFTR,[3] CHS[24] and HL-2A[25] exper-
iments.

In our previous work,[5] the gyrokinetic particle-in-cell
code GEM was employed to study the toroidal effects and ki-
netic ion effects on STM with the hybrid gyrokinetic ion/fluid
electron model. A new field solver in toroidal geometry has
been developed for the simulation of low-n modes in toka-
maks. It was found that kinetic ions, mainly the passing parti-
cles, have a stabilizing effect on the STM. In the present study,
we continue to investigate the DTMs in tokamak geometry us-
ing GEM. The main focus is on the the influence of kinetic
ions on the coupling of DTMs between the two rational sur-
faces.

The remaining part of this paper is organized as fol-
lows. The simulation model and basic equations are briefly de-
scribed in Section 2. The effects of kinetic ions on the DTMs
are studied in Section 3. The conclusion is drawn in Section 4.

2. Physical model
The gyrokinetic ion/fluid electron hybrid model is em-

ployed in this paper to study the (m = 3,n = 1) DTMs in
the toroidal geometry. In the hybrid model, the ions are de-
scribed by the gyrokinetic equation, the particle trapping and
the finite-orbit-width effects are included. The electrons are
treated as a massless isothermal fluid. Recently, the hybrid
version of GEM has been extended to low-n modes by devel-
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oping a new field solver, and applied to the simulation of the
(2,1) STM in toroidal geometry.[5] Here for convenience we
give a brief description of the fluid model for electrons. More
details can be found in Refs. [5,26,27] and references therein.

The electron continuity equation is written as

∂δne

∂ t
+𝐵 ·∇

n0δu‖e
B

+δ𝐵⊥ ·∇
n0u‖e0

B
+δ𝐵⊥ ·∇

n0δu‖e
B

+𝑣E ·∇(n0 +δne)+
1

meΩeB2𝐵×∇B ·∇
(
δ pe⊥+δ pe‖

)
+

2n0

B3 𝐵×∇B ·∇φ = 0, (1)

with u‖e0 and δu‖e being the equilibrium electron parallel flow
and the perturbed electron parallel flow, respectively. The
perturbed electron pressure is δ pe⊥ = δ pe‖ = neδTe +Teδne,
δTe and δne are perturbed electron temperature and perturbed
electron density, respectively. The last two terms on the left-
hand side of Eq. (1) are associated to the toroidal geometry.
The toroidal pressure term ∇(δ pe⊥ + δ pe‖) arises from the
guiding-center magnetic drift in a low-β plasma,[28] and the
last term from the compressibility of the 𝐸×𝐵 drift.

The parallel vector potential A‖ can be evolved by

∂A‖
∂ t

= E‖−∇‖φ . (2)

The Ohm law is simplified to

E‖ = η j‖, (3)

with j‖ = δ j‖i− en0δu‖e being the parallel perturbed current.
The parallel ion current δ j‖i is calculated from the ion distri-
bution function.

The electron parallel flow velocity δu‖e used in the elec-
tron continuity equation, i.e., Eq. (1), is obtained from Am-
pere’s equation

en0δu‖e = δ j‖i +
1
βu

∇
2
⊥A‖. (4)

The vorticity equation derived by the quasi-neutral equa-
tion can be transformed to

−∇
2
⊥

∂φ

∂ t
=

q
mn0

(
B2− mT

q2 ∇
2
⊥

)
∂

∂ t
(qiδni− eδne) (5)

using the Padé approximation. The second term on the right-
hand side of Eq. (5) indicates the finite-Larmor-radius (FLR)
effect.

The main closure relation for this fluid electron model is
the linearized isothermal condition for the perturbed electron
temperature,[29]

𝑏 ·∇δTe +
δ𝐵⊥

B
·∇Te = 0. (6)

This isothermal condition is derived from the electron drift ki-
netic equation by assuming ω� k‖vTe, where ω is the charac-
teristic frequency of the fluctuations, vTe is the electron ther-
mal speed, and k‖ is the parallel wave number. The coupling
effect of different poloidal harmonics in toroidal geometry is
preserved in all the following simulations.

3. Simulation results

In this section, the (m,n) = (3,1) DTMs in a tokamak
plasma are studied by gyrokientic particle-in-cell (PIC) simu-
lation. A magnetic equilibrium with concentric circular flux-
surfaces is used, with an on-axis magnetic field B0 = 1.6 T,
major radius R0 = 1.82 m and inverse aspect ratio ε = a/R0 =

0.25, where a = 0.46 m is the minor radius. The safety factor
profile is set as

q(r) = qc

[
1+
(

r/a
r0

)2λ][
1+Aexp

(
−
(

r/a
δ

)2)]
, (7)

with λ = 1, r0 = 0.412, δ = 0.303, A = 3, and qc is var-
ied for different separations (ds) of the two q = 3 rational
surfaces, as shown in Fig. 1. The density profile is set to
be constant as n0i = n0e = 1.3× 1019 m−3. The tempera-
ture profiles are Te(r) = −T0e(r/a− 0.45)+ T0e and Ti(r) =
−T0i(r/a− 0.45) + T0i for electrons and ions. The T0e =

0.1 keV is fixed. T0i can be varied to study the effect of a
finite ion temperature. In the following the resistivity η and
the growth rate γ are normalized to η0 = B0/en0e = 0.77 Ωm
and ωc = eB0/mi = 7.74×107 Hz, respectively.

 . . . . .










q

 

 

 

r/a

qc/.↪ ds/.a

qc/.↪ ds/.a

qc/.↪ ds/.a

Fig. 1. Safety factor profiles for different ds by varying qc.

3.1. Simulations of DTMs with cold ions

Firstly, we present the simulation result for the DTMs
with cold ions (T0i = 10−3 keV and L−1

Ti = 0), where the ki-
netic effects of ions are in fact excluded. Figure 2 shows the
typical 2D mode structure of DTMs for the perturbed elec-
tric potential δφ and perturbed vector potential δA‖ on the
poloidal cross section with η = 2× 10−5. It can be observed
that the mode structure has an in-out asymmetry due to the
toroidal magnetic field.

As we know, the separation of the two rational surfaces
is a key factor affecting the coupling effect between the two
rational surfaces. Thus, several simulations have been per-
formed with different ds and the corresponding radial mode
structures of δφ are plotted in Fig. 3. It can be seen that for
a larger separation of ds = 0.37a, the mode structure can be
considered as a simple superposition of the two STMs located
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on each rational surface, respectively. However, as ds is de-
creased, the coupling effect between the two rational surfaces
is stronger, and the mode amplitude in the coupling region can
be significantly increased. The variation of radial modes struc-
ture between the two rational surfaces can also be used as a
criterion for the coupling effect of the DTMs.
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Fig. 2. Mode structure of DTMs with ε = 0.25 and η = 2×10−5.
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Fig. 3. The radial mode structures of δφ for ds = 0.37a, ds = 0.24a
and ds = 0.14a for η = 2×10−5 with T0i = 1×10−3 keV. All the pro-
files are normalized to the their maximum absolute values. The mode
amplitude in the coupling region is increased by decreasing ds.
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Fig. 4. The dependence of growth rate on η with and without toroidal
pressure term.

For given ds = 0.24a, the growth rate of the DTMs for dif-
ferent η is shown in Fig. 4. Two resistivity scalings, γ ∼ η0.9

and γ ∼ η1/3 can be found in the small and large resistivity
limit, respectively. The scaling for large η is consistent with
the DTM scaling, which is also consistent with the numerical
results presented in Refs. [22,30]. However, the scaling for
small is larger than that of the STM (γ ∼ η3/5). We find that
this discrepancy is associated with the toroidal effect, specifi-
cally the electron toroidal pressure term δ pe in Eq. (1). This
term arises from the guiding-center magnetic drift in a toroidal
magnetic field. As plotted by red squares in Fig. 4, when the

toroidal pressure term is neglected in the simulation, the scal-
ing of STM(γ ∼ η3/5) is recovered in small η limit.

The mode structure of DTMs also changes with η . Fig-
ure 5 shows the radial structures of δφ for three different value
of η . It can be seen that the mode amplitude in the coupling
region increases with η . Similar results have been shown in
Fig. 3, where the enhanced coupling is induced by decreasing
ds. Nevertheless, for a fixed separation of the two rational sur-
faces ds, the width of the STM on each rational surface can
be broadened by increasing η . Therefore, the interaction be-
tween the two modes can also be enhanced. This process is
also consistent with the different resistivity scalings in two η

limits, as shown in Fig. 4.
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Fig. 5. The radial mode structures for η = 5× 10−6, η = 2× 10−5

and η = 1×10−4 with T0i = 1×10−3 keV. All the profiles are normal-
ized to the their maximum absolute values. The mode amplitude in the
coupling region is increased with η .

3.2. Effect of kinetic ions on the DTMs

In this subsection, the kinetic effects of thermal ions on
the DTMs are investigated numerically. Firstly, the depen-
dence of the growth rates of the DTMs on η for cold and
thermal ions are compared in Fig. 6. It can be seen that the
growth rate of the DTMs can be effectively reduced by thermal
ions, the suppression effect increases with η . Moreover, with
thermal ions, the DTMs scaling, γ ∼ η1/3, can be extended to
smaller resistivity of η ≈ 1× 10−5. This modification to the
resistivity scaling indicates an enhanced coupling of DTMs
between the two rational surfaces induced by thermal ions.
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Fig. 6. The dependence of growth rate on η for cold (T0i = 1×
10−3 keV) and thermal (T0i = 0.1 keV) ions with L−1

Ti = 0. It can be
seen that the growth rate of the DTMs can be effectively suppressed by
thermal ions and the suppression effect increases with η .

The effect of ion temperature on the growth rate and fre-
quency of the DTMs are also studied and plotted in Fig. 7. It
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can be seen that the growth rate decreases as T0i increases. For
the frequency of the DTMs, there exists a threshold for T0i.
When T0i < T0e, the frequency increases with the increase of
T0i, when T0i > T0e, the frequency decreases with the increase
of T0i.
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Fig. 8. (a) The growth rate of DTMs for cold and thermal ions for dif-
ferent ds. (b) The stabilization effect of kinetic ions decreases as ds
increases. The superscripts ‘co’ and ‘th’ represent cold and thermal
ions, respectively.

To further illustrate the effect of thermal ions on the
DTMs, especially the coupling effect between the two rational
surfaces, the simulations of the DTMs with different separa-
tions of the two rational surfaces are carried out. The simu-
lation results for the growth rate are plotted in Fig. 8. From
Fig. 8(a), it can be found that with ds increasing, the growth
rate increases at first and then decreases, which is independent
of ion temperature. In Fig. 8(b), it can be seen that the stabi-
lization effect of thermal ions decreases as ds increases. As we

have shown before, the coupling effect can be enhanced as ds

decreases. This indicates that the stabilization effect of ther-
mal ions on DTMs depends on the the coupling effect between
the two rational surfaces. In Fig. 9, the radial mode struc-
tures of the DTMs for different ds with cold and thermal ions
are plotted. It can be seen that when ds is large (ds > 0.24a),
the coupling effect between the two rational surfaces is weak,
thermal ions can increase the mode amplitude in the coupling
region. This enhancement effect increases with the coupling
effect. When ds is small (ds > 0.24a), the coupling effect is
strong and the resistivity scaling is γ ∼ η1/3, the coupling en-
hancement effect of thermal ions becomes weaker.

The above results suggest that thermal ions can suppress
the growth of the DTMs. The suppression effect of kinetic
ions becomes stronger with the enhancement of the coupling
between rational surfaces. On the other hand, kinetic ions can
enhance the coupling effect between the two rational surfaces
when ds is large. However, further investigations should be
carried out to explore the physical dynamics of the interaction
between kinetic ions and the DTMs.

It is known that the effect of kinetic ions includes the FLR
effect and the effect of a finite radial magnetic drift (vD) in a
toroidal magnetic field. It has been found that the FLR ef-
fect is not important in the STM instability especially for large
η [5,31] due to the fact that the ion gyro radius is much smaller
than the width of the STM. The kinetic ions can affect the STM
mainly through the magnetic drift in toroidal geometry. Since
the width of the DTMs is much larger than that of the STM,
we can speculate that the kinetic ions also affect the DTMs
mainly through the magnetic drift. This can be illustrated by
Table 1.
Table 1. FLR effect and magnetic drift effect on the DTMs growth rates for
η = 5×10−5. The growth rates are normalized to the value from the cases
with cold ions (T0i = 1×10−3 keV).

γ/γ1

(1) T0i = 1×10−3 keV, FLR= 1, vD = 1 1.00
(2) T0i = 0.1 keV, FLR= 0, vD = 0 0.9932
(3) T0i = 0.1 keV, FLR= 1, vD = 0 0.9864
(4) T0i = 0.1 keV, FLR= 1, vD = 1 0.6254
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Fig. 9. The radial mode structures for T0i = 1× 10−3 keV and T0i =
0.1 keV for ds = 0.37a, 0.24a, and 0.14a. The profiles are normalized
to their maximum absolute values.

It has been shown that the kinetic ions can provide either
an energy source or sink for tearing modes.[17] To gain further
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insight into the energy exchange between kinetic ions and the
DTMs, the simulation results are studied by analyzing energy
transfer between the ions and the wave field. Similar analy-
sis has been given in our previous work for the STM.[5] Here
we focus on the kinetic ion effect on the coupling of the two
rational surfaces for the DTMs. A brief introduction to the nu-
merical diagnostic of Joule heating is given in the following,
and more details can be found in Ref. [5]. The energy-like
equation can be derived as

dE
dt

= −
∫

δ j‖iE‖d𝑥+
∫

δ j⊥i ·∇φ d𝑥

−
∫

en0δu‖eE‖d𝑥+qi

∫
φ ṅp d𝑥

+qi

∫
φ

(
∂δni

∂ t

)
R

d𝑥− e
∫

φ

(
∂δne

∂ t

)
R

d𝑥, (8)

where E = 1
2βu

∫
(δB⊥)2 d𝑥 is the energy stored in the per-

turbed magnetic field. The main instability drive comes from
the last term. The ion term proportional to

(
∂δni

∂ t

)
R

is negli-
gible. The first four terms on the right side stand for the ions
parallel joule heating (γ‖i), the ions perpendicular joule heat-
ing (γ⊥i), the electron parallel joule heating, and the energy
spent on polarizing the ions, respectively. The contributions
from trapped and passing ions are calculated separately.

As shown in Table 2, for thermal ions, both γ‖i and γ⊥i

have dumping effect on the DTMs. The perpendicular Joule
heating rate is larger than the parallel Joule heating rate for
both trapped and passing ions. This is different from the STM
result where the parallel Joule heating rate is dominant. The
contribution of the passing ions to the damping rate is much
larger than that of trapped ions in both the parallel and perpen-
dicular directions.

In order to investigate the influence of kinetic ions on the
coupling between the two rational surfaces, the radial distribu-
tions of ion Joule heating for different ds are plotted in Fig. 10.
It can be seen that the ion Joule heating rate is mainly dis-
tributed around the outer rational surface and the coupling re-
gion. For the distribution of γ‖i (Fig. 10(a)), the peak on the
right side of the outer rational surface decreases with the de-
crease of ds, which means that the relative amplitude between
the two rational surfaces is increased. For γ⊥i (Fig. 10(b)),
the damping rate can be significantly increased between the
two rational surfaces and cause substantial damping of the
DTMs as ds is decreased. Therefore, one can conclude from
the above observations that thermal ions can effectively im-
pact the DTMs through the energy exchange between ions and
wave fields around the outer rational surface and the coupling
region. On the one hand, thermal ions can enhance the cou-
pling effects of the DTMs. On the other hand, the enhanced
coupling of the DTMs can in turn induce stronger energy ex-
change owing to the ion dynamics in the coupling region. The
consequent result of such a wave-particle interaction is the
suppression of the DTMs growth rate and extending of the re-
sistivity scaling γ ∼ η1/3 to smaller η .

Table 2. The Joule heating rate of passing and trapped ions for T0i =
10−3 keV and T0i = 0.1 keV when η = 2×10−5. The superscripts ‘T’ and
‘P’ represent trapped and passing ions, respectively; γ is the heating rate.

T0i = 1×10−3 keV T0i = 0.1 keV
γP
‖i −5.05×10−5 −6.75×10−5

γT
‖i −2.45×10−6 −3.36×10−6

γP
⊥i 0 −1.16×10−4

γT
⊥i 0 −4.51×10−5
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Fig. 10. Radial distributions of parallel (a) and perpendicular (b) ion Joule heating for ds = 0.37a, ds = 0.24a and ds = 0.14a. All the profiles
are normalized to the their maximum absolute values; γ⊥i can be significantly increased between the two rational surfaces with decreasing ds
and can cause substantial damping for DTMs.
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4. Conclusion
In this work, the effects kinetic ions on the linear DTMs

are studied by using the GEM code with a gyrokinetic ion/fluid
electron model. The toroidal effect can decrease the growth
rate of the DTMs and increase the resistivity scaling for small
η through the toroidal pressure term in the electron continuity
equation. Thermal GK ions can decrease the growth rate of
the DTMs significantly and change the resistivity scaling by
enhancing the coupling effect of the two rational surfaces. The
suppression effect increases with the ion temperature and the
decrease of separation of the two rational surfaces. The mech-
anisms of the ions affecting the DTMs are studied through en-
ergy transfer analysis. It is found that the DTMs can be effec-
tively affected by thermal ions through the energy exchange
between ions and wave fields around the outer rational sur-
face and the coupling region. Thermal ions can enhance the
coupling effects of the DTMs. On the contrary, the enhanced
coupling of the DTMs can in turn induce stronger energy ex-
change owing to the ion dynamics in the coupling region.
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