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Current bifurcation, reversals and multiple mobility transitions of
dipole in alternating electric fields
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Anomalous transports of dipole in alternating electric fields are investigated by means of numerical calculation of its
average angular velocity (or current). Our results show that the alternating electric fields can make the dipole exhibit many
interesting transport behaviors. There exist current bifurcation and multiple current reversal phenomena about frequency
of the alternating electric fields in the system in the absence of constant bias force, while many platforms appear in the
curve of its average angular velocity vs. the force, i.e., multiple mobility transitions phenomenon in the presence of the
constant force, dependent on frequencies of the alternating electric fields. Further investigation indicates that the multiple
mobility transitions are attributed to the traveling forces on the dipole. Intrinsic physical mechanism and conditions for the
characteristic dynamical behaviors to occur are also discussed in detail. These findings will possess crucial significance for

optimizing heating control in the alternating electric fields.
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1. Introduction

Electric dipoles exist universally in various kinds of sub-
stances, whose dynamical behaviors in alternating electric
It is
of great significance in the aspect of utilizing energy for

fields have stimulated investigators for a long time.

mankind to control their motions. The model describing ro-
tation of dipoles, first proposed by Debye, has also been
widely used in many fields such as the interaction between
electromagnetic field and matter, the emission and absorp-
tion of electromagnetic wave, and the interaction theory be-
tween molecules and atoms. For example, the dipole model
is used to study the interaction between near-field optical mi-
croscopy and samples.!!?] When studying dielectric and its
interaction with the electric field, the electric dipole model

is often employed to describe polarization of the dielectric,!!

domain distribution and steering in ferroelectric materials, 4]
etc. Some research work on electric dipoles has been reported
in the existing literature, such as the distribution of electric
and magnetic fields excited by dipoles, ®! the interaction be-
tween dipole and dipole,!”~°! and movement of dipoles in static
field.['%1 In addition, the model of dipoles has wide applica-
tions to life science.!!!l It is believed that theoretical and ex-
perimental studies of dipoles will bring about much useful in-
formation in many other research fields. !'>-14]

The dipoles are usually in materials with spatially pe-
riodic potentials. In the alternating electric fields, they can
make directed rotation,!'>! and motions of the dipoles in the
solid often lag behind the change in the electric field, which
causes dielectric loss and polarization relaxation.!!®!8] In the

meantime, they also exhibit many characteristic dynamical be-
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haviors. Abnormal transports of particle in a periodic poten-
tial, including absolute negative mobility and current rever-
sal, have been a challenge for a large number of investigations
over the years.!!>? Intrinsic physical mechanism and condi-
tion for them to occur have not been understood completely
yet, especially for the rotation of the dipoles in the alternat-
ing electric fields. In what follows, it will be seen that in the
action of the alternating electric fields, the dipole exhibits cur-
rent bifurcation and multiple current reversals, and multiple
mobility transitions. These findings will play important roles
in optimizing materials heating and utilizing energy.

In this study, our aims are to investigate anomalous trans-
ports of dipole in the two alternating electric fields whose di-
rections are perpendicular to each other, and open up condi-
tions and physical mechanism of the current bifurcation, cur-
rent reversals, and mobility transitions. This paper is con-
structed as follows: In Section 2, model and theory are pro-
vided. In Section 3, results and discussions are presented. By
means of numerical calculations, the anomalous transports of
dipoles induced by the external electric field will be analyzed
in detail. In Section 4, conclusions are given.

2. Model and theory

Here we consider one-dimensional rotation of a dipole
with inertial mass in a constant field F;. The field F¢, for in-
stance, may be a local field produced by some other immobile
molecules. As is well known, potential energy of the dipole
with moment L in the electric field F; reads

V(@) = poFecos @, 1)
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where ¢ is the angle between the dipole moment and the elec-
tric field. Thus, the differential equation for the dipole with
a moment of inertia Iy rotating in the constant electric field
F. under the influence of the time dependent fields F (¢) and
Fj|(¢) perpendicular and parallel to the constant field F. is

given by[?12%1

10§+ ylo @ + HoFesin @ = pio[F (t) cos @ — Fj|(¢) sin @], (2)

where the dot above ¢ represents the first derivative of ¢ with
respect to time ¢, and Yyl ¢ is the damping torque. After divid-
ing Eq. (2) by the angular momentum of inertia, with ¢ = x
we have

¥+ yx+dsinx = F| (t) cosx — Fj|(t) sinx, 3)

where 7 is the damping constant of the dipole rotation, the
constants d is given by

d = uF. /Iy, 4)

and F (t) and Fj|(¢) are the normalized fields
Fi(1) = moFL ()™ /Io, Fj(1) = woF)(6)" /lo,  (5)

with the superscript ‘un’ representing the unnormalized fields
in Eq. (2).

For the sake of discussion, we assume that the time-
dependent fields F| (¢) and Fj(¢) are the alternating electric
fields with the cosine and sine functions

Fi(t) =Ajcos(wt), F(t)=Azsin(mt), (6)

where A| and @, are the amplitude and angular frequency of
the normalized field F (), respectively, while A, and , are
the amplitude and angular frequency of the normalized field
Fj|(¢). If the constant bias force F' exerting on the dipole is
also considered, Eq. (3) can be rewritten as

X+ yx+dsinx = Aj cos(wt)cosx — Ay sin(myt) sinx + F. (7)

All these physical quantities and parameters are in dimension-
less forms.

In terms of Eq. (7), current of the system is very difficult
to be found analytically, yet we can make use of the modi-
fied Euler algorithm to calculate numerically its mean angular
velocity (or current) of the dipole rotation according to its def-
inition

(v) = lim [x(r) = x(0)] /1, ®)

t—>o0

where () denotes the time average. In the hypothesis of ergod-
icity, the time average is equal to the ensemble average. Thus
the mobility of the dipole can be obtained by

v)

=7 )

3. Results and discussion

By means of Egs. (7)—(9), we can calculate numerically
current and mobility of the system, and discuss effects of pa-
rameters of the alternating fields on movements of the dipole,
and the results are plotted in Figs. 1-7

3.1. The case of F =0

Let us discuss the case without the external constant bias
force F. As the additional time-varying fields | (¢) and Fj(t)
have the same amplitude and angular frequency, i.e.,

Al=A=A, 0 =m0 =0, (10)
Eq. (7) reduces to

X+ yx+dsinx = Acos(wt)cosx — Asin(@t)sinx

= Acos(wf +x). (11)

Equation (11) can be viewed as the dynamic equation of
an inertial particle moving in a periodic potential with trav-
eling wave and basal potentials, where the basal potential
dcosx depends on the field F.. The traveling wave potential
is —Asin[(r +x/®)], which describes a traveling wave mov-
ing to the negative direction of the x-axis with the velocity
—. In this case, the velocity of the traveling wave is numeri-
cally equal to the angular frequency  of the additional fields.
It is well known that the particle always moves in the same
direction as the traveling wave without any signal.[>3>->" The
dependence of the mean angular velocity (v) on the frequency
o of the external fields at different amplitudes of the exter-
nal fields for the different basal potential A and d is shown in
Fig. 1, from which we can see that the external fields greatly
affect the dynamical behavior of the dipole. As the ampli-
tude of the basal potential d equals 0, absolute value of the
mean angular velocity first increases and then decreases with
the frequency of the external fields increasing, see Fig. 1(a). If
the amplitude A is further increased in the case of unchanged
d = 0, the more prominent two pathways appear in the curves
of (v) vs.
Fig. 1(b). The branching point locates at w, ~ 2.68. After
the critical point, one of them is that the (v) decreases with o,

@, i.e., a current bifurcation phenomenon, see

while the (v) increases with @ for the other pathway. Further-
more, the dipole almost has the same probability to occupy the
two pathways. During the branching region, it can possess two
values of (v). This is similar to the optical bistability.?>"! By
comparing Figs. 1(a) and 1(b), when the amplitude of the ex-
ternal fields increases, a current bifurcation of the dipole will
occur at the larger frequency and the bifurcation area will be
larger.

However, if the A is fixed at the value 3 in the presence
of the basal potential (d = 1), absolute value of the (v) first
increases, then suddenly drops to zero, i.e., a current transition
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phenomenon appears, see Fig. 1(c). The inflection point takes
place at w;, =~ 2.05. The phenomenon can be explained like
this: For smaller wave velocity, the dipole stays in its poten-
tial well and moves with the wave together. Thus, the average
angular velocity of the dipole increases linearly with the an-
gular frequency of the alternating field increasing. Due to the
action of the basal potential, its average angular velocity is
smaller than its wave velocity. As the frequency of the alter-
nating electric field increases, it is difficult for the dipole to
keep pace with the wave for its inertia and friction, and the an-
gular velocity of the dipole should decrease gradually like that
in Fig. 1(a). For the barrier in the basal potential, the average
angular velocity suddenly falls to zero. Yet, as the amplitude
of the basal potential d = 1 remains unchanged and the am-
plitude of the alternating electric fields is increased to 5, the
larger area bistable state and inflection point phenomena take
place simultaneously in the system, see Fig. 1(d). Therefore
it can be concluded that the alternating electric fields play im-
portant roles in inducing current bifurcation and current tran-

sition.
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Fig. 1. The mean angular velocity (v) vs. ® at different amplitudes of
the alternating electric fields: A = 3,5, and different amplitudes of the
basal potential: d =0, 1. The other parameters are ¥ = 0.9, and time
step 0.001. Initial conditions are = 0, x = 0, and dx/dz = 0.

Let us discuss the case of @; # @,, namely, the frequen-
cies of the alternating electric fields perpendicular and parallel
to the constant field are not equal to each other. Figure 2 is
the time evolutions of the dipole angular position x at differ-
ent parameters @, = 0.2, 0.25, 0.4, 1.0, 1.5, with @w; = 1. The
trajectories in Fig. 2 are very close to straight lines, which in-
dicates that the dipole has been stable state of non-equilibrium
within the evolution time. Thus, their slopes represent angu-
lar velocities of the dipole. From Fig. 2, we can easily see
that the mean angular velocity (v) is affected greatly by the
angular frequency @, of the normalized field Fj(t). Due to
the temporal symmetry breaking by @; # @, (v) is less than
zero at @p = 0.2. As @ increases, the dipole begins to ro-
tate to positive direction. However, for @, = 1.0, the dipole

rotates in a negative direction again. It is interesting that the
dipole experiences many times of direction changes from neg-
ative — positive — negative — positive with @, increasing.
This means that there exists multiple current reversals in the
system. [30-32]

In order to catch some insight into the multiple current
reversals, the dependence of (v) on @, at different angular fre-
quencies o, of normalized field F| (¢) is shown in Fig. 3. Fig-
ure 3 looks very rough, but the data in it are actually correct
and reliable because the time evolutions of some typical sam-
ples in Fig. 2 are very straight, or the dipole has been stable
state of non-equilibrium. It can be seen from Fig. 3 that the
multiple current reversals rely on the frequency to a large de-
gree. As @) = 0.8, 1.0, or 1.6, the (v) changes its sign many
times, i.e., multiple current reversals. Nevertheless, as the @,
increases (e.g., @y = 3), the multiple current reversals gradu-
ally disappear, and the current of the system turns to be zero.
Because the system’s symmetry is broken temporally by the
two periodic signals, and its symmetry depends on the fre-
quencies @; and @,. As @, takes greater value, the signal
Asin(myt) changes so fast that the system does not keep pace
with it. Thus, function of the signal is lost, and the system is
temporally symmetric, which leads to its current being zero.

0 ) 1 6 8 10
£ (10%)

Fig. 2. Time evolutions of x at different frequencies of the normalized
field Fj|(¢): @ =0.2,0.25,0.4, 1.0,1.5, withA; =Ay =A =2, 0 =1,
d = 1. The other parameters are the same as those in Fig. 1.
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Fig. 3. The mean angular velocity (v) vs. @, at different frequencies of
the normalized field F (t): @; = 0.8, 1.0, 1.6. The other parameters are
the same as those in Fig. 2.
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3.2. The case of F £ 0

As the external constant bias force F is exerted on the
dipole, the system will also display some interesting dynami-
cal behaviors.

Figure 4(a) shows the (v) vs. the constant bias force F
at different amplitudes of the alternating electric fields: A} =
Ar=A=1,2,3,4,5 with@; =w, =1,d = 1. From Fig. 4(a),
we can see that the amplitudes of the alternating electric fields
actually affect transport of the dipole. AsA| =A, =A =1, the
dipole remains stationary until F' is greater than about 1. This
is because the traveling force in Eq. (11) is too small to make
the particle jump over the basal potential barrier (d = 1). As
F is just greater than the threshold value, the dipole suddenly
rotates with the angular velocity 1, then increases linearly with
F increasing. With the increment of A (e.g., 2), the three plat-
forms (v) = —1, —0.25, 0 appear in the curve of (v) vs. F. Ac-
cording to the total potential d cosx — Asin[@(f +x/®)] — Fx,
the two platforms (v) = —1,0 should come from the traveling
potential —A sin[w(7 +x/®)] and the basal potential d cos x, re-
spectively, while the platform (v) = —0.25 from the co-action
between the two types of potentials. As A is further increased
(e.g., 3, 4, 5), the system comes back to one platform caused
by the traveling potential, whose (v) takes —1. After the plat-
forms, the particle’s velocity also suddenly jumps to certain
positive value, then varies linearly with F. Transport of the
system becomes normal. The greater the value A takes, the
greater the transition force is. Fig. 4(b) is the mobility i vs. F
corresponding to Fig. 4(a). It can be seen easily from Fig. 4(b)
that the mobility obviously transits twice at least for A = 2,
while only once forA =1, 3, 4, 5.
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Fig. 4. Behavior of (v) vs. the constant bias force F for (a), and the mo-
bility p vs. F for (b) at different amplitudes of the alternating electric
fields: Ay =A, =A=1,2,3,4,5, with ®; = @ = 1, d = 1. The other
parameters are the same as those in Fig. 1.

Of course, frequency of the traveling force in Eq. (11)
also influences the mobility transition effect. Figure 5 is the
dependence of (v) on F at different frequencies of the alter-
nating electric fields with A = A, =A =2,d =1. We can

see that for the smaller frequencies (e.g., @ = @, = 0.25),
there are four platforms in the curve of (v) vs. F. In other
words, the mobility transits four times. With the increment
of the frequencies, the number of the platforms gradually de-
creases. For greater frequencies (e.g., @1 = @, = 10), the trav-
eling force loses its function, so only the platform (v) = 0 takes
place due to the basal potential.
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Fig. 5. Behavior of (v) vs. F at different frequencies of the alternating
electric fields: @; = @, =0.25,0.6, 1, 1.5, 10, withA; = A, =A =2,
d = 1. The other parameters are the same as those in Fig. 1.
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Fig. 6. Behavior of (v) vs. F at different values of w,: 1.5, 2, 3 for (a),
5 for (b), with w; =1, A = A, = A =2, d = 1. The other parameters
are the same as those in Fig. 1.
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Fig. 7. Behavior of u vs. F at different values of w,: 1.5, 2, 3 for (a), 5
for (b), with @) = 1,A; = A, =A =2, d = 1. The other parameters are
the same as those in Fig. 1.

Let us discuss the mobility transitions in the case of
®; # . The dependence of (v) on F at @, = 1.5,2, 3, 5 and
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@) = 1 is shown in Fig. 6. Figure 6 indicates that there still ex-
ist many mean angular velocity platforms in this case, where
the two platforms (v) = w; and (v) = @, are indispensable at
least. Nevertheless, as @, =5 and w; = 1, seven obvious mean
velocity platforms occur in the system. This makes dynamical
behavior of the system more inconceivable. Thus, mobility of
the system in this case transits more times compared with that
of @) = a» due to the action of more types of traveling forces,

see Fig. 7.

4. Conclusions

In summary, we have investigated the characteristic dy-
namical behaviors of the one-dimensional dipole in the action
of the two alternating electric fields whose directions are per-
pendicular to each other. Our numerical results show that the
two alternating electric fields play crucial roles in inducing ab-
normal dynamical behaviors of the dipole. As the two alternat-
ing electric fields are periodic functions of cosine and sine with
the same amplitude and frequency, there exists current bifur-
cation phenomenon about the frequency. If the frequencies of
the two alternating electric fields are not equal to each other,
they can cause the multiple current reversals of the dipole. As
a constant bias force exerts on the diploe, there are many cur-
rent platforms appearing in the curve of (v) vs. F. Namely,
multiple mobility transitions take place in the system, which
depends on amplitudes, frequencies and number of the travel-
ing forces in it.

Here the effects of the alternating electric fields on the
dynamical behaviors of the dipole are considered. It is found
that there exist current bifurcation, reversals and multiple mo-
bility transitions phenomena in the system. The findings not
only help us further understand dynamical behaviors of the
dipoles in the alternating fields, but also play important roles
in enhancing heating efficiency of matter, which are of im-
portant significance for saving energy sources. According to
our research results, one can optimize matter heating through
adjusting amplitudes and frequency of the exerted alternating
fields.
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