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Topological phase transition in network spreading
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This paper investigates information spreading from the perspective of topological phase transition. Firstly, a new hy-
brid network is constructed based on the small-world networks and scale-free networks. Secondly, the attention mechanism
of online users in information spreading is studied from four aspects: social distance, individual influence, content richness,
and individual activity, and a dynamic evolution model of connecting with spreading is designed. Eventually, numerical
simulations are conducted in three types of networks to verify the validity of the proposed dynamic evolution model. The
simulation results show that topological structure and node influence in different networks have undergone phase transition,
which is consistent with the phenomenon that followers and individual influence in real social networks experience phase
transition within a short period. The infection density of networks with the dynamic evolution rule changes faster and
reaches higher values than that of networks without the dynamic evolution rule. Furthermore, the simulation results are
compared with the real data, which shows that the infection density curve of the hybrid networks is closer to that of the
real data than that of the small-world networks and scale-free networks, verifying the validity of the model proposed in this
paper.
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1. Introduction
Computational communication is a promising field of re-

search in complex networks,[1–6] and the study of information
spreading in social networks[7–11] is another critical sub-field
of computational communication.[12–15] At present, social net-
works are getting widely used and developed as an increasing
number of people get to know and post information through
social media platforms. However, there exists a huge amount
of information in social networks, in which false information
and maliciously oriented opinions tend to be widely spread as
well. Hence, it is of great importance to study information
spreading in social networks. This study allows us to quickly
grasp the laws of information spreading and disseminate ef-
fective information throughout the networks.

Numerous scholars have studied information spreading in
social networks. Nian et al.[16–19] considered the influence of
various effects on the information spreading process and pro-
posed the concept of a hybrid spreading model. Wu et al.[20]

investigated the dual-channel effect of information spreading
based on the susceptible acceptable recovery (SAR) model,
and explored the effect of both channels on the spreading of
explosive information. Some scholars have conducted stud-
ies related to the phenomenon of rumor spreading on the in-
ternet. Mheidly et al.[21] put forward the idea that only the
rapid and widespread spreading of proven accurate informa-
tion among the public can be effective in the combat against
the new COVID-19. A heterogeneous network-based infec-
tious disease model was proposed by He et al.[22] to describe
the spreading process of rumors in the network. In addition,

two methods were designed to suppress the rumor spreading.
Phase transition[23] is a concept in physics, but it also occurs
in social systems.[24] Most scholars have conducted research
only on the aspect of information spreading modeling, and few
scholars have studied phase transition[25–28] in networks. Boc-
caletti et al.[29] presented a thematic review of mainstream lit-
erature related to phase transition, summarizing the existing
research results and indicating possible future research ori-
entations. Li et al.[30] demonstrated that the von Neumann
entropy can well quantify the system phase transition in ru-
mor spreading systems. Xie et al.[31] proved that information
spreading on social media is a pervasive process, similar to
the definition of that in physics. Some scholars have studied
the phase transition in information spreading. Lim et al.[32]

analyzed dynamic thresholds in epidemic spreading based on
which control was performed to prevent epidemic outbreaks.
Nian et al.[33] analyzed the threshold values of information
spreading in a high-level network model with three types of
closeness, and respectively proposed two information phase
transitions from the perspective of global network threshold
and individual information entropy threshold. Davis et al.[34]

demonstrated that there is a critical phase transition point for
the avalanche evolution of information spreading range and
dissemination efficiency in social networks. Some scholars
have also conducted studies on the phase transition caused by
recovery factors. Zhang et al.[35] and Xiao et al.[36] consid-
ered both internal and external recovery in the model which
proposed to study the recovery process in the network. And by
stimulating the recovery process of network nodes, Xiao et al.
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found that the system is only characterized by first-order phase
transition when external recovery is considered, while inter-
nal recovery fails to induce this transition. In addition, some
scholars have carried out research on opinion phase transition
and emotion phase transition. Mansouri et al.[37] proposed the
phenomenon of phase transition in the opinion model based on
social influence theory. Holme et al.[38] suggested that a con-
tinuous phase transition is experienced from majority opinion
diversity to majority sharing the same opinion. Yu et al.[39] in-
vestigated the phenomenon of group emotion phase transition
from two aspects: without network structure and based on the
synergistic evolution of emotion and network structure.

Among the above-mentioned literature, most of the stud-
ies have focused on identifying phase transition points to con-
trol disease outbreaks and opinion and emotion phase transi-
tion. Research on phase transition mainly focuses on the im-
provement of spreading models, while the research on the net-
work structure is not intensive enough and the outcomes are
limited. Therefore, this paper studies information spreading
from the perspective of topological phase transition. Firstly, a
hybrid network model which is more in line with the real so-
cial network is constructed by drawing on the ideas of Liu et
al.,[40–42] who studied image hybrid encryption algorithms.
Secondly, the dynamic evolution model of connecting with
spreading is proposed. The small-world networks, scale-free
networks, and hybrid networks are respectively conducted as
basic network models to simulate the continuous network evo-
lution as information spreading.

This study reveals that social networks undergo topolog-
ical phase transition during the event fermentation, which in
turn leads to more rapid spreading, and causes phase transition
in some individuals’ influence at a certain moment, eventually
resulting in more and more intense event spreading, which has
great significance for controlling information spreading.

The rest of the paper is organized as follows. In Section 2,
various network models and the dynamic evolution model of
connecting with spreading are introduced. In Section 3, nu-
merical simulations based on proposed models are carried out
to investigate the phase transition during network evolution,
and the infection density curves of the experimental networks
under different parameters are compared with the real data to
verify the validity of models constructed in this paper. In Sec-
tion 4, a summary about the whole paper is concluded.

2. Model
2.1. Network models

Experiments are conducted by using the SI model in
small-world networks,[43,44] scale-free networks,[45,46] and
hybrid networks. The hybrid network modeling process is de-
scribed in the following section.

In real-world social networks, there exist various differ-
ent sizes social groups, including small-sized, medium-sized,
and large-sized groups, in which not only members inside the
groups would communicate with each other but also would
communicate with members outside the groups. And the so-
cial network in the real world is not characterized only by
scale-free features or small-world ones. Hence, hybrid net-
works consisting of small-world networks and scale-free net-
works are constructed, based on the properties of real net-
works.

Definition 1 (hybrid network model) NS ∈ (10,15) rep-
resents the node number of the small-sized groups, NM ∈
(200,300) being the node number of the medium-sized
groups, NL ∈ (1000,2000) being the node number of the large-
sized groups. Assuming that the social networks contain U
social groups of different sizes, the hybrid network modeling
algorithm is as follows.

(i) Randomly generate the number of social groups U ,
where the number of small-sized groups is U1, the number
of medium-sized groups is U2, and the number of large-sized
groups is U3, satisfying U1 +U2 +U3 =U .

(ii) Suppose the total number of nodes in the hybrid net-
works is N, where the total number of nodes in the small-sized
groups is µN, the total number of nodes in the medium-sized
groups is υN, and the total number of nodes in the large-sized
groups is (1−µ−υ)N.

(iii) As the small-sized groups conform to the small-world
property, U1 small-world networks are generated randomly in
turn, and the number of nodes of U1 small-world networks is
X1,X2,X3, . . . ,XU1 ∈ (10,15), satisfying ∑

U1
i=1 Xi = µN. Inter-

nal connections of small-world networks with different num-
bers of nodes are randomly reconnected starting from the rule
graph and following the small-world connection rules.

(iv) As the medium-sized groups conform to the scale-
free property, U2 medium-sized scale-free networks are ran-
domly generated in turn, and the number of nodes of U2

scale-free networks is Y1,Y2,Y3, . . . ,YU2 ∈ (200,300), satisfy-
ing ∑

U2
j=1 Yj = υN. Internal connections of scale-free networks

with different numbers of nodes are connected by preferential
connection method and following scale-free connection rules.

(v) As the large-sized groups conform to the scale-free
property, U3 large-sized networks are randomly generated in
turn, and the number of nodes of U3 is Z1,Z2,Z3, . . . ,ZU3 ∈
(1000,2000), satisfying ∑

U3
k=1 Zk = (1− µ − υ)N. The con-

nection method of large-sized scale-free networks is the same
as that in step (iv).

(vi) In three groups of different sizes, small, medium, and
large, a certain number of nodes are randomly selected and
respectively placed in the lists Li,L j,Lk, and the nodes in the
three lists are randomly connected.

Figure 1 depicts the modeling process of hybrid networks,
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where SW represents the small-world networks and SF repre-
sents the scale-free networks.

Hybrid network Small world network

Small world network

Big scale free network

Middle scale

free network

Middle SF node

Middle SF edge

Big SF node

Big SF edge

SW node

SW edge

Fig. 1. Hybrid network modeling process.

2.2. Connecting with spreading dynamic revolution model

Viewing information spreading in social networks as a
short-time process, its immune state is temporarily not con-
sidered. Thus, a disease transmission model similar to the
SI is used in the simulation experiments to classify individu-
als who conduct information spreading in social networks into
two types.

(i) The unknown (S): Individuals do not know the in-
formation, i.e., individuals will probably be informed by the
known.

(ii) The known (I): Individuals know the information, i.e.,
individuals will inform the unknown with probability β , mak-
ing him the known.

In the information spreading model above, the unknown
(S) or the known (I), all individuals in the social networks will
remain in the known state forever once they are informed of
the information. The spreading dynamics of the information
spreading model in the social network is formulated as

dS(t)
dt

=−β
S(t)I(t)

N
,

dI(t)
dt

= β
S(t)I(t)

N
, (1)

where S(t) and I(t) represent the number of the unknown and
the known in the network at time t, respectively. N is the popu-
lation of individuals in the network, satisfying S (t)+I (t) =N.
Information is spread to the unknown with probability β only
when the connection is made between the known and the un-
known. As t grows, the connection between the unknown and
the known leads to an increase in the number of known indi-
viduals.

In the real social networks, as an event spreads, under in-
fluence of various factors such as the curiosity of onlookers,
the newly known will establish new connections with some of
the previously knowns with a certain probability, thus making
the newly known gets the news quickly when the event has a
new development. Therefore, this paper develops a dynamic

evolution model of connecting with spreading, the core idea of
which is that the nodes of the newly infected state I (the newly
known individuals) will establish new connections with a cer-
tain probability with the non-neighbor nodes of the previously
infected state I (the previously spreading non-connecting indi-
viduals). The connection rule is shown in Fig. 2.

Pki

Pkj

Infected nodes at Tn

Infected nodes at Tn⇁Infected nodes at Tn↩

S

S S

S

S

S

S S

S

SS

S

S

S S

S

S

Ii Ii

Ii

Ii

Ij

Ij

Ij

Ik

Ik

Ij Ij

Tn↩ Tn Tn⇁

S state

Fig. 2. Connection revolution rule.

(i) At time Tn−1, Ii represents the earliest known individ-
uals in the social network, where i ∈ (1,n).

(ii) At time Tn, Ii successfully spreads the information to
I j, turning them from the unknown to the known. I j represents
individuals changing to the known at Tn, where j ∈ (1,n). I j

and Ii are connected. Thus, I j is not required to determine
whether to establish a connection with Ii.

(iii) At time Tn+1, I j successfully spreads the informa-
tion to Ik, turning them from the unknown to the known. Ik

represents individuals changing to the known at Tn+1, where
k ∈ (1,n). Ik is driven by the desire to know the information
source or to get the new information as soon as possible in
the next round of spreading to establish connections with the
knowns who are not previously connected. Therefore, connec-
tion propensity values of Ik and Ii, Pki, are compared with that
of Ik and I j, Pk j, to establish connections with the known with
higher connection propensity values.

This paper further explores factors that determine how in-
dividuals establish attention relationships with other ones in
the process of information spreading, under real social net-
works. Results show that individuals in the networks are more
likely to follow individuals from friends of friends as well as
individuals with high authority, the ability to create rich con-
tent, and high frequency to updating new content.

Definition 2 (connection propensity values 𝑃𝑖𝑗) It de-
pends on four factors: social distance factor between two
nodes, influence factor of nodes, content value factor of nodes,
activeness factor of nodes. Connection propensity values con-
necting node j and node i are defined as

Pi j = ω1× ε1 (i, j)+ω2× ε2 (i)+ω3× ε3 (i)+ω4× ε4 (i) , (2)

where node j represents the newly infected nodes as I state,
node i represents previously infected nodes as I state exclud-
ing j. ε1(i, j),ε2(i),ε3(i),ε4(i) represent distance factor of j
from i, content value factor of i, activity factor of i, influence
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factor of i, respectively. ω1,ω2,ω3,ω4 represent the weight of
connection probability Pi j of ε1(i, j), ε2(i),ε3(i),ε4(i), respec-
tively, satisfying ∑

4
i=1 ωi = 1.

In social reality, individuals are more prone to acquaint
themselves with friends of friends. According to Gary Char-
ness et al.[47] and Marián Boguñá et al.,[48] the probability
of individuals building social connections will drop with their
relative social distance.

Definition 3 (distance factor) Let ε1(i, j) represents the
distance factor between node i and node j,

ε1(i, j) =
1

di j +1
, (3)

where di j represents the distance between node i and node j.
Definition 4 (content value) In the real social network,

the ability of different individuals to create content is differ-
ent. In this paper, the content value of an individual is defined
as the sum of individual likes, comments, and retweets. Let
Pr(c) represents the content value distribution of all individ-
uals in the network, and the analysis of empirical data shows
that the content value of all individuals in the social network
under this definition obeys a power-law distribution

Pr(c) ∝ c−γ . (4)

Definition 5 (content value factor) Studies have shown
that individuals tend to be attracted to ones who have a high
ability to create content in order to keep up with new informa-
tion. Therefore, let ε2(i) represents the content value factor of
node i,

ε2(i) =
Ci

Cmax
, (5)

where Ci represents the content value of node i, while Cmax

represents the node with the highest content value in the net-
work.

Definition 6 (activity) Each individual’s activity level on
social media platforms is different, and in order to better quan-
tify the size of an individual’s activity level. In this paper, the
activity of an individual is defined as the total number of posts
made by an individual. Let Pr(a) represents the activity dis-
tribution of all individuals in the network, and the analysis of
empirical data shows that the activity of all individuals in the
social network under this definition also obeys a power-law
distribution

Pr(a) ∝ a−γ . (6)

Definition 7 (activity factor) In social networks, indi-
viduals who post frequently are prone to gaining followers.
Therefore, let ε3(i) represents the activity factor of node i,

ε3(i) =
Ai

Amax
, (7)

where Ai represents the activity of node i, while Amax repre-
sents the node with the highest activity in the network.

Definition 8 (influence) In real social networks, the in-
dividuals’ influence is constantly changing as information
spreads. Therefore, two components, initial influence and
spreading influence are considered in the definition of influ-
ence. The influence of node u at time t +1 is defined as

It+1(u) = It(u)+ ∑
v∈T1(u)

dv

du
Av, (8)

where T1 (u) represents the set of neighbor nodes that are in-
fected as I status by node u during the time t ∼ t +1. v repre-
sents each node in time T1 (u) in traversal, dv being the degree
of node v, du being the degree of node u, Av being the activity
of node v.

Equation (8) introduces that the influence of node u at
time t + 1 is equal to that at time t plus the spread influence
gained at time t ∼ t + 1. Nodes with a higher degree and ac-
tivity will be infected as I state by node u, thus resulting in
greater spreading influence gained by node u.

Definition 9 (influence factor) As the Matthew effect,[49]

the greater the degree is, the greater the influence is. And
the greater the influence is, the more it will attract new nodes
to connect with it, forming a state of getting more attention.
Therefore, let ε4(i) represents the influence factor of node i,
and it considers both degree and influence,

ε4(i) =
Ii

Imax
+

di

dmax
, (9)

where Ii represents the influence of node i, while Imax repre-
sents the node with the highest influence in the network. di

represents the degree of node i, while dmax represents the node
with the highest degree in the network.

Therefore, by deriving Eqs. (2), (3), (5), (7), and (9), we
get

Pi j =
ω1

di j +1
+ω2×

(
Ci

Cmax

)
+ω3×

(
Ai

Amax

)
+ω4×

(
Ii

Imax
+

di

dmax

)
. (10)

3. Simulation and experiments
3.1. Phase transition in node degree

Based on the evolution model of connecting with spread-
ing, the experimental networks in different rounds in the
spreading process are visualized as shown in Fig. 3.

T↼↽↩T↼↽ T↼↽↩T↼↽Initial network

S

I

Fig. 3. Spreading process.
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The green color on the right side of Fig. 3 represents the
S state (the unknown) and the red color represents the I state
(the known). From Fig. 3, it can be observed that based on the
evolution model of connecting with spreading, nodes with a
higher degree are generated in the networks.

Definition 10 (phase transition function of node degree
values) The phase transition function of the node degree val-
ues is defined as

P =


P1, dt(i)≤ ρ1(i, t),

P2, ρ1(i, t)< dt(i)≤ ρ2(i, t),

P3, dt(i)> ρ2(i, t),

(11)

which describes the differences of node phases under dif-
ferent degree ranges. dt(i) represents the degree value of
node i at time t. ρ1(i, t) = max{3d0(i),dΣ(t),dM(t)} is the

threshold value changing from phase P1 to phase P2, while
ρ2(i, t) = max

{
(3n)2d0(i),n2dΣ(t),n2dM(t)

}
is the threshold

value changing from phase P2 to phase P3 and n takes the value
of 10. d0(i) represents the degree value of node i in the initial
networks, while dΣ(t) = ∑

N
i=1 d(i, t)/N is the average value of

the degree values of N nodes in the network at the time t. dM(t)
is the median of the degree values of N nodes in the network
at the time t, where d1(t)< d2(t)< · · ·< dn(t)

dM(t) =


d(n+1)/2(t), when n is odd number,

dn/2(t)+d(n/2)+1(t)
2

, when n is even number.

(12)

The degree value changes of some nodes in the experimental
network under different rounds are shown in Fig. 4.
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Fig. 4. Changes of degree values. (a) Change of degree value of four nodes. (b) The detailed evolution process of four node degree phase
transition points.

In Fig. 4, Ad represents the average of the overall degree
values of experimental networks, while Md represents the me-
dian of the overall degree values of experimental networks. n1,
n2, n3, n4 represent node 3421, 4997, 4094, 4999, respectively
in the networks.

The P1, P2, and P3 are divided according to Eq. (11). From
Fig. 4, it can be observed that in the time T(0)–T(9), the value
of node n1 satisfies dt(n1)≤ ρ1(n1, t). At time T (10), the value
of node n1 satisfies ρ1(n1, t) < dt(n1) ≤ ρ2(n1, t). Therefore,
node n1, changing from phase P1 to phase P2 at T(9)–T(10),
becomes sub-super node. Likewise, node n2, changing from
phase P1 to phase P2 at T(0)–T(1), becomes sub-super node.
Node n3, changing from phase P1 to phase P2 at T(8)–T(9), be-
comes sub-super node, and when changing from phase P2 to
phase P3 at T(13)–T(14), becomes super node. Node n4, when
changing from phase P1 to phase P2 at T(0)–T(1), becomes
sub-super node, and when changing from phase P2 to phase P3

at T(4)–T(5), becomes super node.
Analysis shows that the degree values of different nodes

undergo phase transition at different times, which is consis-

tent with the fact that different individuals become the central
source of information at different times in the spreading pro-
cess, thus obtaining the attention of a large number of follow-
ers.

The degree distributions of the simulated experimental
networks and the real network are visualized as shown in
Fig. 5.

(a) Experimental network 

0

40000

0

40000

(b) Real network 

400

Fig. 5. Degree distribution comparison of experimental network and real
network. (a) Degree distribution of experiment network. (b) Degree dis-
tribution of real network.

In Fig. 5, the right color bar from lighter to darker rep-
resents the size of the degree value, and the lighter the color
is and the smaller the node degree value is. Real network is
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built from real data, which is calculated by weibo hotspot sys-
tem and provided by Sina, with the searching keyword Xi’an
Mercedes–Benz Oil Spill from April 1, 2019, to May 8, 2019.

As shown in Fig. 5, there are super nodes and sub-super
nodes in the experimental networks, and phase transition has
been experienced in node degree value, which is consistent
with the phenomenon that the followers of the parties or indi-
viduals related will undergo phase transition as the popularity
of the event increases in real social networks. Therefore, the
evolution processes of the experimental networks are consis-
tent with that of the real networks.

3.2. Phase transition in node influence

Different members are known to have different influences
on social networks, and there are some very influential ones,
based on which experiments are conducted to simulate how
influential members appear in social networks.

Definition 11 (phase transition function of influence)
The phase transition function of node influence is defined as

ψ =


ψ1, It(i)≤ ϑ1(i, t),

ψ2, ϑ1(i, t)< It(i)≤ ϑ2(i, t),

ψ3, It(i)> ϑ2(i, t),

(13)

which describing the different node phases under different in-
fluence values. It(i) represents the influence value of node i at
the time t. ϑ1(i, t) = max{3I0(i), IΣ(t), IM(t)} is the thresh-
old value of phase ψ1 changing to phase ψ2. ϑ2(i, t) =

max{3nI0(i),nIΣ(t),nIM(t)} is the threshold value of phase ψ2

changing to phase ψ3, and n takes the value of 10. I0(i) repre-
sents the influence value of node i in the initial network, while
IΣ(t) = ∑

N
i=1 I(i, t)/N is the average of the influence values of

N nodes at time t. IM(t) is the median of the influence values

of N nodes at time t, where I1(t)< I2(t)< · · ·< In(t)

IM(t) =


I(n+1)/2(t), when n is odd number,

In/2(t)+ I(n/2)+1(t)
2

, when n is even number.

(14)

The influence change of nodes in the experimental network is
shown in Fig. 6.

In Fig. 6, n1, n2, n3, n4 represent node 422, 4525, 2112,
4494 in the networks, respectively. In the color bar on the
right, the influence from small to large corresponds to the
change from pink to red.

From Fig. 6(a), the influence value of node n1 satisfies
It(n1)≤ ϑ1(n1, t) at time T(0)–T(3), while satisfies ϑ1(n1, t)<
It(n1) ≤ ϑ2(n1, t) at time T (4). Therefore, the influence of
node n1 changes from phase ψ1 to phase ψ2 at T(3)–T(4).
Likewise, the influence of node n2 changes from phase ψ1 to
phase ψ2 at T(3)–T(4). The influence of node n3 changes from
phase ψ1 to phase ψ2 at T(3)–T(4), while changes from phase
ψ2 to phase ψ3 at T(4)–T(5). The influence of node n4 changes
from phase ψ1 to phase ψ2 at T(5)–T(6). The reason for this
is that the known continues to gain spreading influence as it
spreads information to the newly unknowns. Therefore, the
influence value of the known undergoes phase transition at a
certain time.

From Fig. 6(b), it can be observed that the number of
nodes with small to great influence in the experimental net-
works decreases sequentially, which is consistent with the phe-
nomenon that most individuals in real social networks have
low influence while only a very small number of individuals
have high influence.
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Fig. 6. Node influence changes. (a) Changes of 4 nodes’ influence. (b) Changes of all nodes’ influence in the networks.

3.3. Phase transition in infection density

Simulations are conducted in small-world networks,
scale-free networks, and hybrid networks with the proposed

connecting with spreading dynamic evolution model. Differ-

ent degrees of phase transition in infection density are found.

Parameters of the simulation experiments are shown in Ta-
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ble 1.

Table 1. Parameters in the experimental model.

Parameter Definition

T network type
S small world network
B scale-free network
H hybrid network
N number of nodes
K average degree
α initial infection density
β rate of infection

To better measure the difference in the degree of phase
transition in the infection density under different parameters,
the phase transition index of the infection density λ (t) is de-
fined as

λ (t) = i′(t). (15)

The N is the total number of individual in the network in
Eq. (1), with S(t) and I(t) respectively representing the num-
ber of the unknown and the known. s(t) and i(t) represent
the infection density of the unknown and the known at time
t, respectively, satisfying N × s(t) = S(t), N × i(t) = I(t),
s(t)+ i(t)= 1. The ratio of the known at the initial time (t = 0)
is α . To sum up, we can obtain

di(t)
dt

= β (1− i(t))i(t), i(0) = α. (16)

Using separate variables to solve Eq. (16) we obtain

i(t) =
1

1+
( 1

α
−1
)

e−β t
. (17)

The two most basic derivation rules are

( f (x)g(x))′ = f ′(x)g(x)+ f (x)g′(x), (18)(
f (x)
g(x)

)′
=

f ′(x)g(x)− f (x)g′(x)
(g(x))2 . (19)

From the above equations, the phase transition index λ (t) can
be derived as

λ (t) =
β
( 1

α
−1
)

e−β t(
1+
( 1

α
−1
)

e−β t
)2 . (20)

The maximum value of λ (t) without the dynamic evolution
rule of connecting with spreading under the corresponding pa-
rameters is defined as λ1. The maximum value of λ (t) with
the dynamic evolution rule of connecting with spreading under
the corresponding parameters is defined as λ2. The influence
of the dynamic evolution rule on the degree of phase transition
in infection density is defined as

∆λ = |λ2−λ1| . (21)

3.3.1. Different average degrees

The average degree K is an essential parameter in the net-
works. Therefore, it is of great importance to study the in-
fluence on the degree of phase transition in infection density
under different average degrees.

In this section, simulation experiments are conducted in
small-world networks and scale-free networks at N = 20000,
α = 0.0005, β = 0.4 as well as K is equal to 3, 5, and 7, re-
spectively. Simulation results are shown in Fig. 7.

In the following Figs. 7–11, the icon o represents the net-
work without the dynamic evolution rule of connecting with
spreading under the corresponding parameters, while the icon
f represents the network with the dynamic evolution rule of
connecting with spreading under the corresponding parame-
ters.

Figure 7 shows the phase transition differences of infec-
tion density when all other conditions are the same but the
average degrees are different. From Figs. 7(a) and 7(b), net-
works with the connecting with spreading dynamic evolution
rule show a faster increase in the infection density curve and
eventually reach a higher infection density value than that of
networks without the connecting with spreading dynamic evo-
lution rule. From Figs. 7(c) and 7(d), it is observed that the
changes of λ (t) are faster and have higher peaks in the net-
works with the dynamic evolution rule. From Fig. 7(c), in the
small-world networks, when SKo = 3, maximum value 0.0018
is reached at time T (33), while when SKf = 3, maximum value
0.275 is reached at time T (2), thus ∆λ = 0.2732 when SK = 3
according to Eq. (21). Similarly, the values of ∆λ under other
parameters are calculated as shown in Table 2.

Table 2. Values of ∆λ at different network average degrees.

SK = 3 SK = 5 SK = 7 BK = 3 BK = 5 BK = 7

∆λ 0.2732 0.1802 0.1432 0.09862 0.0716 0.05105

Analyzing ∆λ in Table 2, it is observed that greater phase
transition in infection density and faster spreading process are
undergone with the dynamic evolution rule of connecting with
spreading in the networks with a small average degree.

3.3.2. Different network scales

In real life, social networks are made up of different so-
cial communities. And different information is not necessarily
spread by the same number of individuals in social networks.
Therefore, it is significant to study the influence on the degrees
of phase transition in infection density under different network
scales.

In this section, simulation experiments are conducted in
the small-world networks, scale-free networks, and hybrid net-
works at α = 0.0005, β = 0.4 while N is 5000 or 20000, re-
spectively. Simulation results are shown in Fig. 8.
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Fig. 7. Changes of infection densities and phase transition indexes under different average degrees. (a) With and without the dynamic evolution rule
in small-world networks of different average degrees. (b) With and without the dynamic evolution rule in scale-free networks of different average
degrees. Panels (c) and (d) represent the change of phase transition indexes under corresponding conditions of panels (a) and (b), respectively.
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Fig. 8. Changes of infection densities and phase transition indexes under different network scales. (a) With and without the dynamic evolution
rule under the small-world networks of different scales. (b) With and without the dynamic evolution rule under the scale-free networks of different
scales. (c) With and without the dynamic evolution rule under the hybrid networks of different scales. Panels (d), (e), and (f) represent changes
of phase transition indexes under corresponding conditions of panels (a), (b), and (c), respectively.

Table 3. Values of ∆λ at different network scales.

SN = 5000 SN = 20000 BN = 5000 BN = 20000 HN = 5000 HN = 20000

∆λ 0.2732 0.31753 0.0985 0.09862 0.1952 0.23234
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Figure 8 shows phase transition differences in infection
density when all other conditions are the same but the net-
work scales are different. From Figs. 8(a)–8(c), it can be ob-
served that infection density curves of networks of different
scales increase faster and eventually higher infection density
values can be reached with dynamic evolution rule of con-
necting with spreading. From Figs. 8(d)–8(f), λ (t) changes
faster and reaches a higher peak with the dynamic evolution
rule. From Fig. 8(d), in the small-world networks, when
SNo = 5000, maximum value 0.0018 is reached at time T (33),
while when SNf = 5000, maximum value 0.275 is reached at
time T (2), thus ∆λ = 0.2732 when SN = 5000 according to
Eq. (21). Similarly, the values of ∆λ under other parameters
are calculated as shown in Table 3.

Analyzing ∆λ in Table 3, it is observed that greater phase
transition in infection density and faster spreading process is
undergone in the networks of relatively large scale with con-
necting with spreading dynamics evolution rule. In real social
networks, information of all kinds often does not spread to the

whole network when it is first spread in the social networks,
and it needs to be spread several times so that most individuals
can get the information. Moreover, the larger social commu-
nities are less likely to be aware of the information than the
smaller ones at the first time. However, as individuals in the
social networks establish new attention relationships, a higher
percentage of individuals in the larger social networks is in-
formed of the information in the subsequent spreading pro-
cess. Therefore, the simulated network spreading processes
are more consistent with the real network one.

3.3.3. Different ratios of infection

In this section, the influence of different infection rates on
phase transition degrees in infection density is discussed, and
simulation experiments are conducted in small-world, scale-
free, and hybrid networks with α = 0.0005, N = 20000 while
β is 0.2 and 0.4, respectively. Simulation results are shown in
Fig. 9.
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Fig. 9. Changes of infection densities and phase transition indexes under different infection ratios. (a) With and without the dynamic evolution
rule under the small-world networks of different infection ratios. (b) With and without the dynamic evolution rule under the scale-free networks
of different infection ratios. (c) With and without the dynamic evolution rule under the hybrid networks of different infection ratios. Panels (d),
(e), and (f) represent changes of phase transition indexes under corresponding conditions of panels (a), (b), and (c), respectively.

Figure 9 shows phase transition differences in infection
density when all other conditions are the same but infection ra-
tios are different. From Figs. 9(a)–9(c), it can be observed that
infection density curves under networks of different infection
ratios increase faster and eventually higher infection density
values can be reached with the dynamic evolution rule of con-
necting with spreading. From Figs. 9(d)–9(f), λ (t) changes
faster and reaches a higher peak with the dynamic evolution
rule. From Fig. 9(d), in the small-world networks, when

Sβo = 0.2, maximum value 0.0006 is reached at time T (26),
while when Sβf = 0.2, maximum value 0.1793 is reached at
time T (2), thus ∆λ = 0.1787 when Sβ = 0.2 according to
Eq. (21). Similarly, the values of ∆λ under other parameters
are calculated as shown in Table 4.

Table 4. Values of ∆λ at different infection ratios.

Sβ = 0.2 Sβ = 0.4 Bβ = 0.2 Bβ = 0.4 Hβ = 0.2 Hβ = 0.4

∆λ 0.1787 0.3103 0.069 0.10779 0.28887 0.2056
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Analyzing ∆λ in Table 4, it is observed that greater phase
transition in infection density is undergone with the dynamic
evolution rule of connecting with spreading in the small-world
networks and the scale-free networks with higher infection ra-
tios, and greater phase transition in infection density is un-
dergone with the dynamic evolution rule of connecting with
spreading in hybrid networks with slower infection ratios. The
reason for this is that the degrees of evolution are not exactly
the same in different types of networks with the dynamic evo-
lution rule of connecting with spreading. The influence in
small-world networks and scale-free networks with the con-
necting with spreading dynamic evolution rule are less than
that of the influence of increasing the infection ratio, while
in hybrid networks with the connecting with spreading dy-
namic evolution rule, a larger network evolution process is
reached under a relatively smaller infection ratio, thus result-
ing in larger phase transition in infection density. The latter sit-
uation is consistent with real social networks where the infec-
tion ratio is small but when attention relationships are larger,
the number of individuals knowing the information will also
increase more rapidly.

3.3.4. Different initial infection densities

In this section, the influence of different infection den-
sities on phase transition degree in infection density is dis-
cussed, and simulation experiments are conducted in small-
world, scale-free, and hybrid networks with β = 0.4, N =

20000 while α is equal to 0.01 and 0.0005, respectively. Sim-
ulation results are shown in Fig. 10.

Figure 10 shows phase transition differences in infection
density when all other conditions are the same but initial in-
fection densities are different. From Figs. 10(a)–10(c), it can
be observed that infection density curves under networks of
different initial infection densities increase faster and eventu-
ally higher infection density values can be reached with the
dynamic evolution rule of connecting with spreading. From
Figs. 10(d)–10(f), ∆λ (t) changes faster and reaches a higher
peak with the dynamic evolution rule. From Fig. 10(d), in
the small-world networks, when Sαo = 0.01, maximum value
0.0148 is reached at time T (24), while when Sαf = 0.01, max-
imum value 0.3092 is reached at time T (2), thus ∆λ = 0.2944
when Sα = 0.01 according to Eq. (21). Similarly, the values of
∆λ under other parameters are calculated as shown in Table 5.
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Fig. 10. Changes of infection densities and phase transition indexes under different initial infection densities. (a) With and without the dynamic
evolution rule under the small-world networks of different initial infection densities. (b) With and without the dynamic evolution rule under the
scale-free networks of different initial infection densities. (c) With and without the dynamic evolution rule under the hybrid networks of different
initial infection densities. Panels (d), (e), and (f) represent changes in phase transition indexes under corresponding conditions of panels (a), (b),
and (c), respectively.

Table 5. Values of ∆λ at different initial infection densities.

Sα = 0.01 Sα = 0.0005 Bα = 0.01 Bα = 0.0005 Hα = 0.01 Hα = 0.0005

∆λ 0.2944 0.2732 0.08935 0.09862 0.09418 0.23274

Analyzing ∆λ in Table 5, it is observed that greater phase
transition in infection density is undergone with the dynamic
rule of connecting with spreading in small-world networks

with a larger initial infection density, and greater phase tran-
sition in infection density is undergone with the dynamic rule
of connecting with spreading in the scale-free networks and
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hybrid networks with a smaller initial infection density. This
is caused by the differences in the evolution processes under
different types of networks. The influence in small-world net-
works with the connecting with spreading dynamic evolution
rule is less than that of the influence of increasing the initial in-
fection density, while in the scale-free networks and the hybrid
networks with the connecting with spreading dynamic evolu-
tion rule, a larger network evolution process is reached under
a relatively smaller initial infection density, thus resulting in
larger phase transition in infection density. The latter situa-
tion is consistent with real social networks where the initial
infection density is small but when attention relationships are
larger, the number of individuals knowing the information will
also increase more rapidly.

Through the above experiments, it is observed that the in-
fection densities are undergone relatively larger phase transi-

tion under different experimental parameters with the dynamic
evolution rule of connecting with spreading. In order to better
verify the consistency of simulated networks according to this
evolution rule with the real social networks, simulation results
and real data are compared with each other.

3.3.5. Comparison between simulation results and real
data

Based on the above analyses, small-world networks,
scale-free networks, and hybrid networks under two differ-
ent experimental parameters are conducted in this experiment.
Spreading processes under these six situations are analyzed to
identify spreading process in which situation is closer to that
in the real networks. The infection density curves of networks
under six different experimental parameters are compared with
data of real social networks as shown in Fig. 11.
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Fig. 11. Comparison between experimental data and real data. Panels (a) and (b) are the comparison between small-world networks with network
sizes of 5000 and 20000 respectively and real data. Panels (c) and (d) are the comparison between scale-free networks with network sizes of
5000 and 20000 respectively and real data. Panels (e) and (f) are the comparison between hybrid networks with network sizes of 5000 and 20000
respectively and real data.
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In Fig. 11, the initial infection densities under six types
of networks are α = 0.0005 and infection ratios are β = 0.4,
while real (purple curve) is real data, which is calculated by
weibo hotspot system and provided by sina, with the searching
keyword Xi’an Mercedes–Benz Oil Spill from April 1, 2019,
to May 8, 2019.

From Figs. 11(a) and 11(b), it can be observed that there
are certain differences in phase transition points between the
infection density curve of the small-world networks with the
dynamic evolution rule of connecting with spreading and that
of real social networks. And its infection density curve rises
too quickly after the phase transition point, which differs from
that of real social networks in the latter part of spreading pro-
cess. From Figs. 11(c) and 11(d), it can be observed that there
is little difference in phase transition points between the in-
fection density curve of scale-free networks with the dynamic
evolution rule of connecting with spreading and that of real
social networks. However, its infection density curve rises too
quickly after the phase transition point, which differs from that
of real social networks in the latter part of the spreading pro-
cess. From Figs. 11(e) and 11(f), there is no difference not
only in phase transition points between the infection density
curve of hybrid networks after evolution and that of real social
networks, but also in the latter part of spreading process. In
addition, an interesting phenomenon can be found in Fig. 11.
Namely, the improvement of adding connecting with spread-
ing rule into the scale-free networks is not as obvious as that
in the small world networks and the hybrid networks. This is
because the connecting with spreading rule proposed in this
paper makes the initial network evolving into a non-uniform
network. Therefore, adding this rule leads to the greatest im-
provement of the small-world network with uniform network
characteristics, as well as the smallest improvement of the
scale-free network with non-uniform network characteristics,
and the improvement of hybrid network consisting of uniform
and non-uniform networks is between small-world networks
and scale-free networks.

To measure the similarity between experimental data
trend and real data trend, the similarity is defined as

S(l1, l2) = 1−

∫ T

0
|l1(t)− l2(t)| dt

max
{∫ T

0
l1(t)dt,

∫ T

0
l2(t)dt

} , (22)

where T represents the maximum time after unifying the time
axis of curve l1 and curve l2. From Eq. (22), the infection den-
sity curve similarities between the experimental data and the
real data are computed separately in six subplots in Fig. 11,
where S(SNf = 5000,Real) = 0.8709 in Fig. 11(a), S(SNf =

20000,Real) = 0.8589 in Fig. 11(b), S(BNf = 5000,Real) =
0.8833 in Fig. 11(c), S(BNf = 20000,Real) = 0.8827 in

Fig. 11(d), S(HNf = 5000,Real) = 0.9712 in Fig. 11(e),
S(HNf = 20000,Real) = 0.9901 in Fig. 11(f).

Experimental results show that based on the dynamic evo-
lution model of connecting with spreading, the infection den-
sity curve trend of the hybrid networks after evolution is closer
to that of real social networks than that of the small-world net-
works and the scale-free networks after evolution.

4. Conclusion
In this paper, experiments on social network evolution

processes as information spreading in small-world networks,
scale-free networks and hybrid networks, are conducted re-
spectively based on the dynamic evolution model of connect-
ing with spreading. Results show that node degree and influ-
ence of experimental networks after evolution undergo phase
transition, which is consistent with the phase transition in the
individuals’ followers and influence under continuous infor-
mation spreading in real social networks. Moreover, the net-
work topology undergoes phase transition, resulting in a rapid
jump in the infection density of experimental networks after
evolution compared to that of the initial experimental networks
in a short period of time, and reaching phase transition in the
infection density. Furthermore, the influence of three types
of networks under different experimental parameters with the
evolution rule on the degree of phase transition in infection
density is investigated. The infection density curves of the ex-
perimental networks are compared with the infection density
curve of the real data, which shows that the infection density
curve trend under hybrid networks with the dynamic evolution
rule of connecting with spreading is closer to that under the
real social networks than that under the small-world and the
scale-free networks with the dynamic evolution rule of con-
necting with spreading.

By comparing the results of experimental networks with
the data of real social networks, the feasibility and rationality
of the proposed hybrid networks and the dynamic evolution
model of connecting with spreading are demonstrated. Fur-
ther, it is an essential topic in the field of complex networks to
study the evolution of network topology in information spread-
ing and to explore the influence of this evolution mechanism
on information spreading in turn. The study on this topic is a
great opportunity to master the laws of information spreading
so that effective information can be spread throughout the net-
work quickly. However, there still have room for improvement
in the dynamic evolution model of connecting with spread-
ing proposed in this paper, as individuals in social networks
are influenced by many factors when paying attention to other
ones in information spreading. In future undertakings, phase
transition in network spreading will be continued to study and
explore its general formation mechanism.
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[9] Karsai M, Kivelä M, Pan R K, Kaski K, Kertész J, Barabási A L and
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