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We investigate the inverse scattering transform for the Schrodinger-type equation under zero boundary conditions
with the Riemann—Hilbert (RH) approach. In the direct scattering process, the properties are given, such as Jost solutions,
asymptotic behaviors, analyticity, the symmetries of the Jost solutions and the corresponding spectral matrix. In the inverse
scattering process, the matrix RH problem is constructed for this integrable equation base on analyzing the spectral prob-
lem. Then, the reconstruction formula of potential and trace formula are also derived correspondingly. Thus, N double-pole
solutions of the nonlinear Schrodinger-type equation are obtained by solving the RH problems corresponding to the re-
flectionless cases. Furthermore, we present a single double-pole solution by taking some parameters, and it is analyzed in
detail.

Keywords: Schrodinger-type equation, Riemann—Hilbert problem, zero boundary conditions, N double-pole

solitons
PACS: 02.30.1k, 05.45.Yv

1. Introduction

In recent decades, nonlinear partial diferential equations
are often used to describe natural phenomena and play a sig-
nificant role in mathematics and physics, which have attracted
much attention in soliton theory and integrable systems. =8I
The inverse scattering transformation is an important method
Then, the
Riemann-Hilbert (RH) problem is widely adopted to solve

to study nonlinear partial differential equations.

nonlinear integrable models, and the solution is an improved

n.[%101 However,

version of inverse scattering transformatio
many works focused on studies of nonlinear systems in the
case that all discrete spectra are simple. At present, there
are some works about the double pole solutions to nonlinear
integrable equations.!!!~!8] Moreover, the higher-order pole
solutions have also been studied in some papers.!!>23! In
this paper, we study the inverse scattering transform for the
Schrodinger-type equation under zero boundary conditions
(ZBCs) with the RH approach.

As is well known, the nonlinear Schrédinger (NLS) equa-

tion
1ty 4 1y + 2uful? = 0 (1)

comes from a wide range of practical backgrounds, such as
deep water waves, plasma physics, quantum field theory, and
other fields.**?" Based the different concerns of nonlinear
phenomena, there are three known modifications of NLS equa-
tions including different nonlinear terms by comparing with
the NLS equation (1), such as the KN equation, the CLL equa-
tion and the GI equation, which are also called the DNSI,

fCorresponding author. E-mail: hejingsong @szu.edu.cn
© 2022 Chinese Physical Society and IOP Publishing Ltd
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DNSIIL, and DNSIIL 8331 erc.
A new Schrodinger-type equation was proposed in
Ref. [36],

1ty 4 1y + 2u|u|? — i ut — 2i|ul*u, =0, 2)

where the asterisk * denotes the complex conjugation. It is
an extension of the NLS equation by adding two new terms
including two derivates. It is non-trivial to preserve the inte-
grability of the NLS equation by adding proper terms to reach
Eq. (2). Then, the Lax pair, a 2 X 2 matrix spectral problem, is
given via the prolongation structure theory,

0. =Ug@=i(z>—1)o3 +zU1] 0,
O =V =[-2i(z>—1)203 —27°U; +i2°Us + 2U3]9, (3)

B 0 u B |u\2 0
U‘(—u*ﬂ)’ U2< 0 —|u2)’

Un — 0 fuy + 2u + ulu*
37wt — 2wt —utu 0 ’

o3 = diag(1,—1), and z € C is a spectral parameter, and N-

where

“

soliton solutions of the equation with ZBCs are expressed ex-
plicitly via the RH approach in Ref. [37]. Furthermore, N-
soliton solutions of this equation under NZBCs are expressed
explicitly via the RH approach in Ref. [38]. However, for the
double-pole soliton solutions of this equation under ZBCs, it
is rarely studied. Thus, we will consider N double-pole soli-
ton solutions of the new integrable nonlinear Schrodinger-type
(NLST) equation with ZBCs via the RH approach.

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

110201-1


http://dx.doi.org/10.1088/1674-1056/ac7a1b
hejingsong@szu.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn

Chin. Phys. B 31, 110201 (2022)

An outline of this paper is as follows. In Section 2, start-
ing from the Lax pair of Eq. (2) and the ZBCs, one can obtain
Jost solutions. Then, analyticity, symmetries and asymptotic
behaviors associated with eigenfunction and scattering matrix
are realized. In Section 3, on the basis of the former analysis,
the matrix RH problem is constructed for this integrable equa-
tion (2), and the reconstruction formula of potential and trace
formula are also derived correspondingly. Furthermore, N
double-pole solutions of the nonlinear Schrodinger-type equa-
tion are obtained by solving the RH problems corresponding
to the reflectionless case, and an example is given, which is
discussed in the case of N = 1. Finally, we present some sum-
mary and discussions.

2. The direct scattering with ZBCs

In this section, we analyze the direct scattering with
7ZBCs,

u(x,t) ~0, as x— too, (5)

and the case of double poles for the Lax pair of Eq. (2).

2.1. Spectral analysis

Under the boundary condition (5), the Lax pair will be
changed into

Oc(x,152) = Uo®, ¢(x,1:2) = Voo, (6)

where Uy = i(z> — 1) 03, Vo = —2i(z*> — 1)? 03, one can find the
fundamental matrix solution @y, of Eq. (2) as follows:

10 (x,1;2)03

Pog=¢ . 0(xnz)=(Z—Dx—2(2=1)%. (7)

Then, the Jost solution @4 (x,7;z) can be given as

10 (x,1:2)03

O+ (x,1;2) ~ e as x — doo, (8

where z € X = RUIR. It is convenient to introduce a new
matrix spectral function 4 (x,#;z), which can be defined as

L (x,12) = @ (x,1;7)e 10203 )

and this results in ty(x,#;z) ~ I as x — doo. The equivalent
Lax pair can be given as follows:
W = i(2 = 1)[03, ue] + Ui i,

Pay = —2i(2> —1)*[03, ps]
+(=22°U) +iz?Us + 2U3) s, (10)

where the Lie bracket [M,N] = MN — NM. Moreover, one can
obtain the full derivative form and the following Volterra inte-
gral equations:

B (x,1;7) = ]H/ i@ D0 (v (3, 1) (y,1:2)) d,

@D (v (y, Ny (v,152)) dy, (1)
o0

where V; = zU; and e*%3 N = e®%3 Ne~ %% with N being a 2 x 2
matrix. Next, define D* = {z € C| £ Re(z)Im(z) > 0}. Then,
one has this result.

Py (x,152) =T+

Proposition 1 Suppose u(x,t) € L'(R) and the Jost so-
lutions @4 (x,#;z) (@+(x,2;2) = (Q+1,912)), we have the fol-
lowing results:

(1) Eq. (3) has only a solution ¢4 (x,7;z), which can sat-
isfy Eq. (7) on X.

(2) @+1(x,t;z) and @_p(x,t;z) can be analytically ex-
tended to Dt and continuously extended to DT UX.

(3) @i2(x,t5z) and @_;(x,t;z) can be analytically ex-
tended to D™ and continuously extended to D~ U X.

Here, the modified Jost solutions py (x,7;z) possess the
same properties as @ (x,#;z).

Proof The proposition was given in, e.g., Refs. [16,37,
38]. It can easily be given the analyticity and continuity of
Uz (x,2;z) by the relation (9).

Proposition 2 The Jost solutions ¢4 (x,#;z) can satisfy
the Lax pair (3) of the NLST equation (2).

Proof Notice that

det(@+(x,132)) = lim det(@x(x,1:2))

= lim det(us(x,6;2)) =1, (12)

X—rtoo
by Liouville’s formula and the zero-curvature condition U; —
Vi+1[U,V] V@i (x,1;z) solves
the x-part (3). Based on the above analysis, there are two ma-

=0, one can know @4 (x,#;z) —

trices Q4 (;z) satisfying

Q011 (x,152) = V@i (x,1:2) = 0+(x,1;2) 0+ (t:2),
as z€X. (13)

Using the transformation (9), one can obtain fi (x,t;z) ~ I and
0+ (t;z) = 0 as x — oo, which means that @ (x,#;z) solves
the ¢-part (3).

2.2. Scattering matrix and reflection coefficients

In this subsection, the scattering matrix and reflection co-
efficients are introduced. Since @, (x,7;z) and @_(x,;7) are
two fundamental matrix solutions of the Lax pair (3), there
exists a linear relation between @ (x,#;z) and @_(x,#;z):

¢4 (x,1:2) = @_(x,1;2)S(z), z€ZX, (14)

_ [ su(z) s12(2)
S(Z)_<s;() 1§(z)>

is called the scattering matrix and det(S(z)) = 1, and

where

. Ori1 Pr12

P+ (0, 132) = (P11, 942) ( Pi21 P2 )
‘ —-11 Q-12

o-(x,132) = (¢-1,9-2) ( 21 P22 )

110201-2
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Then, it follows from Eq. (14) that s;;(z) (i, j = 1,2) have
the Wronskian representations:

Wr((p+27 (P—2>7
Wr(e-1,9+2). (15)

As usual, we can introduce the reflection coefficients:

s12(z) =

sn(z) =

Wr((p-‘rh (P—2>7
WV((P,],(erl),

s11(z) =

s21(2) =

_s(2)
522(z)°

(@)
si(z)’

(16)

Proposition 3 Suppose u(x,t) € L'(R). Here, s11(z) is
analytic in D" and continuous on Dt U X, while s5,(z) is ana-
lytic in D~ and continuous on D~ U X. In addition, s12(z) and
$21(z) are continuous in X.

Proof From Proposition 1 and Eq. (15), it is easy to give
the proof of the proposition. Note that we can not exclude the
possibility of the existence of the zero point along X, in the
case of ZBCs, which can lead to the so-called real singularity
spectrum. Now we only consider potential functions without
spectral singularities. 3!

2.3. Symmetry properties

Proposition 4 U(x,t;z), V(x,t;z), Jost solutions, modi-
fied Jost solutions, scattering matrix and reflection coefficients
possess two types of symmetry.

(1) The first symmetry reduction:

U(x,t;2) =
(x,1:2) =
O+ (x,1;2) = 020+ (x,1;2")" 02,
+ (.15 ) Oo s (x,152)" 03,
S(z) = 8(z") 02, K(z) = —K(z")". (17)

GzU(x,t;Z*)*Gz,

<

GQV(X t'Z*)*Gz,

=

(2) The second symmetry reduction:

U(x,t;z) = oqU(x,t;—7") o1,
(x,t;2) = o1V (x,1;—7") "0y,
%(x,m) 019+ (x,1:—2") 01,
= o1 (x,1;—7%) o1,
Vo1, k(z)=K(—z")". (18)

01 0 —i
Here, 01 = <1 0) and 0, = (i 0 >
Proof The similar properties were given in Refs. [37,38],
which have been proved by many researchers.[!1-16-31:40]

<

S(z) = c715(

2.4. Asymptotic behaviors

To deal with the RH problem, we must discuss the asymp-
totic behavior of the modified Jost solutions and scattering ma-
trix as z — oo in this subsection.

Proposition 5 The asymptotic behaviors of the modified
Jost solutions can be expressed as

: 1
He (x,132) =e‘vi(x”)"3+0(>, as z—oo,  (19)
<

where vy (x,1) = (1/2) [1. [u(x,t)[*dy.
Proof Taking the asymptotic expansions of ty (x,?;z)
(0) po(xt) s (xe)

1
e (eriz) =l () + 522 B2 1 0( ),

as 7 — oo, (20)

(1)

—

Substituting Eq. (20) into the Lax pair (10), and comparing the
coefficients of different powers of z, we can reach

1[03,14«))] =0, 2D
i[63,,u<1)]+U1u(0) =0, (22)
w =ilos u®)=ilos, u @]~ =0, 23)

Then, it is easy to obtain
(H(i(» (x,1))°T = 0, (24)
(") (x,1))°" = %ogul e (en),  @5)
“(io) (x,1) = Cdiag eivi(X,t)G37 (26)

where (u(™)°f denotes the off-diagonal parts of the matrix.
This completes the proof of the proposition.

Proposition 6 The asymptotic behavior for the scattering
matrix is given by

. 1
S@)=e v +0(2), as zres, @7)
Z

where Vv is a constant, v = (1/2) .7 [u(x,1)[*dy.

Proof Using Egs. (15) and (19), we can easily obtain
the asymptotic behaviors (27) of the scattering matrix. If we
plug the expansion 1 (20) back into the time part of the Lax
pairs and matching the O(z ) (i=0,1,2,3,4), we can obtain
V;(x,1) = 0 as x — £eo. In other words, v does not depend on
t.

2.5. Discrete spectrum with double zeros

In this subsection, we will focus on the discrete spectrum
of the scattering problem with double zeros. We suppose that
s11(z) has N double zeros in Qy = {z € C:Rez > 0,Imz > 0}
denoted by z, (n = 1,2,...,N), that is, s11(z,) = 8} (zn) =0,
and s, (z,) # 0. Using the symmetries of the scattering matrix,
one has

Then, the set of discrete spectral is defined as
Q= {+z7,+7}V . (29)

A routine computation gives rise to all residues, which is
on the discrete spectrum.

(i) For s11(z0) = 0, 5};(z0) = 0 and s, (z0) # 0, z0 €
QNDT.

110201-3
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If 511(z) = 0, s},(z) =0 and s, (z) # 0, at z = zo, one
can know that ¢ (x,#;20) and @_,(x,7;z0) must be linearly
dependent by Eq. (15). Then, ¢1(x,t;z0) and @_»(x,;29)
follow from

©11(x,1520) = b(20) @-2(x,1;20), (30)

where b(zp) is a constant. Noticing s, (z0) = 0 and taking the
derivative of Eq. (15) with respect to z, one can take z = zg and
obtain

sh1(z0) = det(@! (x,1;20)
\

—b(ZO)(Plfz(X,l;ZO),(sz(x,t;Z(])), (€29)]
then @', (x,7:20) — b(20) @, (x,1:20) and @_5(x,;z0) are lin-
early dependent. Thus, we introduce the constant d(zg) such

that
@1 (x,1320) = b(20) 915 (x,1320) = d(20) 9—2(,1320). (32)
Furthermore, let @ (x,#;z9) and s11(z) carry out expan-
sion at 7 = 7, one has

<P+SII(IJE.Zt);z) _ 2<p§’11/1(?z7<:;m)(z_m)2+ (290’:/11/1(222;20) B 2(P+1;?§(ZZ)0S)/{/1 (Zo)> (i)t (33)
Then, we can obtain
L, |:(P+1(x-f§2):| _ 2b(ZO)(P*2(x,t;ZO)7 (34)
= L s1(2) 511 (z0)
[ B] B (10 (1 N,

where L_5[f(x,;z)] denotes the coefficient of O((z — zo)~2) in the Laurent expansion of f(x,#;z) at z = zo, and Res[f(x,#;z)]

=29

=20

denotes the coefficient of O((z —z9)~") in the Laurent expansion of f(x,;z) at z = zp.

(ii) For s22(z0) = 0, s5,(z0) = 0 and s5,(z0) # 0,20 € QND".
If 522(z) =0, s5,(z) = 0 and 55, (z) # 0, at z = z, we follow the same steps and obtain
1 2b —1(X, 13
L, {(P+2(X Z)} _ (Zo)fl/’ 1(x,1320) (36)
=79 522(2) 535(20)
1 2b t, b d m
Res [‘P+2(x Z)} _ (z0) 9~ (x,7:20) n ( //(ZO) ( (20) Szg(Zo) )) 0_1(x,1:20). 37)
=0 sn() s5,(20) 55,(20) \ b(20) 3522(10)
‘ "
For simplicity of presentation, we denote A(zp) and B(zo) d(z0) 51/} (20) . as € QNDY,
such that _J blzo)  3s{(20)
PO ) ) )
2b ) _
S ((ZZO))’ 2 2 €2NDT, b(z0) 3s(20) s weRnb
Alzo) =4 27 (38)
2b(z9) oOnD-
s (z0)” as € ’ It follows that
|
t;
L_ |:(P+ Ak Z}AZO(pzth()) aSZOGQﬂD+,
z=z s11(z
t;
{% Gkl } =A(z0)9-1(x,t;20), as z0€ 2ND",
z 522(z
t;
5 s {(ers aladad ] =A(z0)0 5 (x,t;20) + B(20)@-2(x,t;20), as z0 € QNDT,
20 1 (
Res {(pz ] =A(20)9"; (x,2:20) + B(20) @—1(x,2:20), as zo € QND™. (40)
2=z 2(z

Proposition 7 Given zg € Z, two kinds of symmetries of A(zg) and B(zo) can be deduced as follows:

(1) A(zo) = —A(z))", B(z0) = B(z)";
(2) A(z0) = A(—2)", B(z0) = —B(—z;)"
Proof Considering Egs. (38) and (39), from Proposition 4 on

110201
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3. Inverse problem with ZBCs and double poles

In order to study the inverse problem with ZBCs and to
obtain the N double-poles solutions of the Eq. (2), we must
establish and solve an RH problem based on the above discus-
sions.

3.1. The matrix Riemann-Hilbert problem

For the sake of convenience, we define

n=1,2,....N

Zns
n”_{—znN,n:N+1,N+2,...,2N, S

to establish and solve the RH problem. Then a sectionally
meromorphic matrices is proposed:
Proposition 8 Define

X,152
M+()C,[;Z): (l'LH( ),[J_Q(X,I;Z)),
s11(2)
as z€ DT,
M(x,t;z) = (x,1:2) (42)
X, 15
M_(XJ;Z) = (I”'l(xJ;Z)?IJ‘JrzZ) )
522(2)
as ze D™,
and
lim  M(x,1;7) = M*(x,1;2). (43)
ZHZZED

Then the following results can be given.

(i) Analyticity: For M(x,t;z), it is not also analytic in
(DTUD™)\ £, but only has double-poles in £, whose princi-
pal parts of the Laurent series at the double pole 1, or 1, can
be given as follows:

ResM(x,132) = (A(a)e 205’ (x, 1317,

=Mn

+[B(ﬂn)—Ziel(x,t;ﬂn)]ufz(x,t;nn)}vo)v
LooM(x,1:2) = (A(na)e 2005 o (x,1:m4),0),
z=Mn

ResM(x,1;2) = (0,A(n;)eP ™) {u” (x,1:m;)
=,

+[B(ny) +2i6' (x,1:m,) |2 (x,1:m,) 1),

LooM(x:2) = (0,A(M)eX0 1 (). (44)
z=ny;

(i1) Jump condition:

M~ (x,t;7)

=M"*(x,t;2)(I —J(x,t;2)), as z€X, (45)

where

L) K10(x132)63 0 ~()
09 = () e )

(iii) Asymptotic behavior:

Mxi2) =€ 0% 10(2), a5 2 (46)

Proof (i) It follows from the result of Proposition 1 and
Proposition 3 that one can obtain the analyticity of M(x,;z).
Here, we only consider double poles 717, € D™, and obtain

ResM(x,t,z)

Z=T"Mn

N (A<nn)e”G“J”“)[ulzcxx;nn>

+ (B(M,) —2i60'(x,1:1,)) Hz(xvt;nn)} 70> (47)
and

L> M(x,1;2) = (A(nn)e*ﬁe(mn»ﬂ ,u_g(x,t;n,,),O) 48)
Z="MNn
by combining Eq. (9) with Eq. (40).

(i1) From Egs. (9) and (14), we have

oalenia) = K@ i)+ H2ED, )
H+S11(lx(,zt);z) — b () + e(@)e HOEED L (x,1:2)
= (1 KR A5
+ K(g)e o) Be2loliE) (50)

522(2)

and then jump condition can be given as follows:

(“1 (x.1:2), 'L“rz(x’tz))

$22(2)
— (:u+1 (X,I;Z)
s11(2)

)

1 eZiG(x,t;z) f((z)
X ( _e—zie(x,t;z)K(Z> 1— K(Z)k(z) ) ) (51)

M~ (x,t;2) =M (x,t;2) (I = J(x,£;2)). (52)

(iii) According to the asymptotic behaviors of the Jost so-
lution (19) and scattering matrix (27), we have

. 1
M*(x,t;7) = elv-(x1)os +0(7), as ze DT,
z

1
M~ (x,152) = Vf<xvf>03+0(g), as ze€D~. (53)

Proposition 9 The solution of the matrix RH problem
can be given as follows:

M(x,t;z2)
- 1 M (x,t;E)J(x,1;&)
_aiv-(xt)oz ) )
¢ + 27ri/ E—z de

+Z( [ulenn) (D
< Co(2) [u’_l(x,t;nm (zﬁn+ zln*>“‘1(x’“”;)]>’(54)

n

1
— ) H—2(x,1; nn)} ;

where z € X, and

Cn(Z) (T’n) —219 (w85 n,,)’

Z_nn
Co(z) = Z‘“’sz e 200r:m;)
Dy (z) = B(n,) — 216’ (x,1;1,),
Dy(z) = B(n,;) —2i0'(x,1;m;)), (55)

M- and p’, (k= 1,2) satisfy
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pertniin) = &0 () 3 [t stmim + (Do o)t
%/< U
poa(xrsmy) = eV (00 )+ZC UN {u’l(x,t;n}‘H(Dﬁm_nj)-u1(x7t;n,-)]
ok [
i) = = 3 S L (o 2wt 4 o [ GG EEI g
ot =~ L ) n_[ e+ <D+mfn]>ul<xzn,> b [ PR g 56

Proof To get a normative RH problem, we must remove the asymptotic behaviors and the poles contributions, and rewrite
Eq. (42) as

_ v (1) 2N —}:;iM(x”;Z) Zli%iM(x,t;z) }:;IEM(X7Z;Z) ZR(:ﬁM(x,t,Z)
M~ (x,t;z) —e'V " 3—; EETBE p—y s p——
N NP :}_T;M(x,t;z) ResM (x,1;2) ZL=_TIi*M(x’t;Z) ZIQ%iM(x t; z)_ .
= M"(x,t;7) — €V 3*71; =) pa— =m) — —M*(x,1;2)0(x,1:2). (57)

Then, one can obtain the soultion (54) by using Plemelj’s for-
mula.

3.2. Reconstruction formula of the potential

In the subsection, our aim is to obtain the reconstruction
formula. The first step is to give

. MM 1
M(x,t;7) = eV-(1)os M) + 0( 2),
Z Z
as 7 — oo, (58)
where
MY (x,1)
— + —2i9(x,t;n,,)
2m/M (5,1:E) (xt<§d§+z
X [ulo (x,1310) + Do (x,1374)], A (nn)ez‘e()"“”">
< [Uy (x,1:my) + Dpp1 (x,2:m5)]). (59)
Next, one can obtain
u(x, ) = —2ie™- 00 ) (x 1), (60)

by plugging Eq. (58) back into Eq. (10) and matching O(z)
term, where

L/( e, :E)J(x,15€))12dE

2mi

+ Z {A(n;)eﬁe(x,t;nn)

s=1

MY (x,1) =

X [l (6, 15my) + Dopi 11 (x,15m;)]}. (61)

For the sake of simplicity, we take o = ("), a(?)) and y =

(YD, 7)), where

all) = (A D, (x,m7)) 12w
al® = (A(n;)eP M), oy,
P = (11 (6, 50)) 1w,
Y2 = (Ul (6 8m5) 1o (62)
Thus,
u(x,t)
s v (x 1 .
= —2je!V- (1) (ay— E/ (M*(x,1;€)J (x,t,é))12d§> . (63)

3.3. Trace formulae

Based on the above analysis, 511 (z) and s22(z) are analytic
respectively on Dt and D~, whose discrete zeros are £1,, and
+n,:. In order to get the trace formulae, we define

s TT () e
B (2) “(Z),,Hl<z—nn> ,
- o N Z— M 2 —iv
B@—m@g<kw>e, (64)

and it is apparent that B is analytic in D, which has no zero.
In addition, there is an relation BT (2)B~(z) = s11(z)s22(2),
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and B* — 1, as z — 0. Due to det(s(z)) = 1, one can have

1

BT (2)B(z) (65)

3.4. Reflectionless potential: double-pole solitons

For reflectionless potential means the reflection coef-
ficients k(z) = 0 and &(z) = 0. Next, one can obtain

T 1-x(k(G)
(2)k(2) @+ (x,1;0) = py (x,;0) =1 and 511 (0) = 1 from Eq. (11), and

then v = 8ZnN:1 arg (M,) + 2xi (i € Z) is given when combin-
ing the trace formula.
Theorem 1 With zero boundary conditions (ZBCs), the

If take logarithm on both sides of Eq. (65) simultaneously and
employing Plemelj’ formula, we can obtain

1 log(1— K double-pole soluti f the NLST tion is given b
1ogﬁi _ :Ff./ og(1—x(z)k(z)) dE. ze D*. (66) ouble-pole solution of the equation is given by
27 Jx E—z el —S) 7 det(i) \2
u(x,t) =2i et(f —5) < et( )A > ) (68)
From Egs. (64) and (66), we can obtain det(W) \det(I-2S)
- here
1 [ log(1—k(2)&(z)) v
= - d
Sll(Z) eXp( 271_1/2 é—Z é W_<O a > A_(O o )
W /oo \2 “\vi-s) " " \vi-S)’
% H Z— M —iv
e, ’ v (1 @
n=l | '{ (1 — (DR v={,2 | ? = (Danx1, v =(0)anx1. (69)
" 10 —K(2)K(z ’
522(2) = exp | 7= / £ dé
27 Jx E—z s(L1) g(1.2)
y ﬁ (z—n;>2 o - The 4N x 4N partitioned matrix S = <5(2-,1) S(z*z)) with
=l N2 T SE) = (ngi}j))zzvxzzv (i,j = 1,2) is given by
|
2N
(1,1) N 1 - 1 - 1
12— ¥ GGy |- — 1
Sy = 2 CGe(n,)Ci(m) | — *+<D+* )
R I e A S
I ()G 1 - 2 2 - 1
T TN S A R AT W A | |
=t Tl =Tk M —M; Mk —M; M = Mk M —M;
N ()G 1 2
CO k(n:) J (M) *_ (Dk+ : ) _ (70)
’ = M~ Tk Mk —M; My — Mk
y o (80D 502 i) (i) o
The 4N x 4N partitioned matrix § = <§(2’1) §22) ) with S\ = (sm'j Jansan (i, j = 1,2) is given by
& Cu(n;)C; 1 - 2 1 1/~ 1 1
OS2 Y My LA 1LY
’ k=1 Mk M —M; Me—M; n; M =Nk Tk Me—m; M
& C(n))C; 1 1 1
SA’(}};) _ K()Ci(k) | i +771;<Dk+ i _) ’
=1 Mk Me—M; M M =Mk T
AN Cr(ni)C; 1 - 2 2 - 1 1
e - F WO (5, 2 ) Mg 2 y(p 1LY
’ =1 T~ Tk M —M; Mk —1; n; M — TNk Me—mn; N;
N Cr(ni)C; 1 2
e _ 3 GGt * _”§<Dk+ : ) _ (1)
’ k=1 Mn — Mk Nk — 71, 771 N — Mk
Proof Taking Egs. (56), (62), and (63) into consideration, the reflectionless potential is expressed as
Y det (W) 2iv_(x,t)
u(x,t) = ZIM (72)
In order to obtain an exact form for the reflectionless potential, one can obtain
o [L2(M(x152)/2)  Res(M(x,1;2)/2) L2 (M(x552)/2)  Res(M(x,1:2)/2)
M) =142y | =™ . Sl = = : (73)
b (2= 1) 2= (z—n7) 2=,
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from Eqs. (67) and (11) as x — oo, and obtain

(ot = 21 9L W)
’ det (1 —3)

iv_(xt)

; (74)

by plugging ¥ back into the formula of the potential, which
can be given by using Eq. (73). Then, the exact form of re-
flectionless potential can be given by combining Eq. (72) with
Eq. (74). This proof is completed.

by @

—
o

§ WY VNN U W WO SO |

Jul?

e

\V)

—4

-2

From the above analysis, it is easy to obtain N double-
pole soliton solution of the NLST equation (2) under ZBCs
via Eq. (68). For example, the single double-pole solution
is given in Fig. 1. Here, Figs. 1(a)-1(c) show the dynamical
characteristics of double-pole soliton of the new Schrodinger-
type equation for r = —3,0,3, and the nonlinear phenomena
is caused by two bright-solitons bumping into each other ap-
proximatively.

—1t=0
L (o) - - t=3
——t=-3

0 2 4
T

Fig. 1. The first-order soliton solution u of Eq. (2) under ZBCs, and A(1;) =1, B(1) = 1, 11 = 1 4+ (1/2)i. (a) The three-dimensional plot.
(b) The density plot. (c) The sectional drawings at t = —3 (dashed line), = 0 (solid line), and r = 3 (dot-dashed line).

4. Summary and discussion

In this work, we mainly investigate a new Schrodinger-
type equation (NLST) with double zeros of analytical scatter-
ing coefficients, which is regarded as a new extension of the
classical NLS equation, under ZBCs via the RH approach. For
the direct scattering problem and the inverse scattering prob-
lem, we not only discuss the key properties including the an-
alyticity, symmetries, asymptotic behaviors and discrete spec-
trum, but also construct the matrix RH problem via analyz-
ing the spectral problem of the lax pair, and the reconstruc-
tion formula of potential, and trace formula are also derived
correspondingly. Therefore, the expression of N double-pole
soliton solution for the NLST equation (2) is given. Further-
more, an example is given when taking parameters A(1;) = 1,
B(n1) =1, n1 = 1+ (1/2)i, and the solution is also analyzed
in detail. In our future work, we will consider this equation
under nonzero boundary conditions via the RH approach, and
study the long-time asymptotic behavior of the solution for
the equation via the Deift—-Zhou nonlinear steepest descent
method. Moreover, the mathematical structure and physical
properties of this equation are also necessarily studied.
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