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The Maryland model is a critical theoretical model in quantum chaos. This model describes the motion of a spin-1/2
particle on a one-dimensional lattice under the periodical disturbance of the external delta-function-like magnetic field. In
this work, we propose the linearly delayed quantum relativistic Maryland model (LDQRMM) as a novel generalization of
the original Maryland model and systematically study its physical properties. We derive the resonance and antiresonance
conditions for the angular momentum spread. The “characteristic sum” is introduced in this paper as a new measure to
quantify the sensitivity between the angular momentum spread and the model parameters. In addition, different topological
patterns emerge in the LDQRMM. It predicts some additions to the Anderson localization in the corresponding tight-binding
systems. Our theoretical results could be verified experimentally by studying cold atoms in optical lattices disturbed by a

linearly delayed magnetic field.
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1. Introduction

The quantum kicked rotor (QKR) model is a prototypi-
cal model in the quantum chaos area.!!~!3! The QKR has been

[13,16-27] Baged on

realized by many successful experiments.
the original QKR model, the Maryland model was firstly in-
troduced in the 1980s./*7! In the Maryland model, the mass
term m equals zero, and the free Hamiltonian of the rotor is
proportional to the angular momentum. Although the Mary-
land model has been studied since the 1980s, previous studies
focused on the periodically kicked Maryland model. Those
studies considered the original Maryland model,*"! noise
influences, 28331 dissipation, >8] nonlinearity, 37! super-
ballistic transportation!*8! and many-body localization.*"!

In 1982, Fishman, Grempel, and Prange[z] firstly found
the relationship between the dynamical evolution of the origi-
nal Maryland model over time and the static electron problem
in the one-dimensional (1D) tight-binding lattice. However,
the non-periodically kicked Maryland model is hard to be re-
lated to the periodic lattices in nature. So, the non-periodically
kicked Maryland model failed to raise people’s attention. Due
to the optical lattice studied and applied in the area of the
quantum simulation and the cold atom, the artificial lattice is
realized in the optical lattice.[>** By operating the particu-
lar magnetic field on the spin-1/2 particle and controlling the
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pulsed optical lattice, the realization of the non-periodically
kicked Maryland model is possible in the optical lattice sys-
tem.

In the original Maryland model, the periodic evolution
of the angular momentum spread appears with irrational .
Compared to the other cases of the QRKR, the massless case
of the QRKR (Maryland model) shows the pattern of the pe-
riodic evolution.*¥! In this paper, we aim to check whether
the periodic kicks raise the periodic evolution in the Mary-
land model. Therefore, the linearly delayed quantum relativis-
tic Maryland model (LDQRMM), a non-periodically kicked
Maryland model, is studied. In the LDQRMM, the kicking
potential is not uniform but linearly delayed over time.

In our previous work,>! the angular momentum spread
of the LDQRMM has been found to have the “stable—jump—
stable—jump” pattern. The expectation value of p* increases
or decreases significantly after a particular number of kicks
are performed on the rotor. If the “stable—jump—stable—jump”
condition is not satisfied, the angular momentum spread will
vibrate until the next “stable—jump-stable—jump” condition
is satisfied. Although the ‘“stable—jump-—stable—jump” pat-
tern explains the local periodic jumps of the LDQRMM, the
long-time transportation characteristics of the angular momen-
tum spread can not be explained by the “stable—jump—stable—
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jump” pattern. Due to the intrinsic characteristics of long-term
transportation in the LDQRMM, our objective in this paper is
to interpret the long-term transportation characteristics in the
LDQRMM. This work can help one understand the evolution
of the angular momentum spread in a non-periodically kicked
Maryland model, particularly in the LDQRMM.

The framework of this paper is listed below. In Sec-
tion 2, a non-periodically kicked Maryland model is intro-
duced as the LDQRMM. The spread of the angular momen-
tum in the LDQRMM is found to be related to the evolution
of the characteristic sum S(n) with n in the complex num-
ber space. In Section 3, the linearly delayed classical Mary-
land model (LDCMM) is introduced. We calculate the ensem-
ble average of the angular momentum of the LDCMM. We
find that the evolution of the ensemble average of the angu-
lar momentum in LDCMM is also related to the characteristic
sum. In Section 4, the numerical results of the LDQRMM
and LDCMM are shown, respectively. In Section 5, differ-
ent evolution modes of the characteristic sum S(n) are clas-
sified and analyzed with different system parameters, ctg and
d. In Section 6, we devise experiment proposals to realize the
LDQRMM with the optical lattice technology. We discuss the
corresponding relationship between the LDQRMM and a spin-
1/2 particle in an external magnetic field pulsed 1D lattice. In
Section 7, our work in this paper is briefly concluded.

2. Linearly delayed quantum relativistic Mary-
land model

In this section, we introduce the linearly delayed quantum
relativistic Maryland model (LDQRMM). In the LDQRMM,
the kicking potential is not uniform but linearly delayed over
time. The Hamiltonian operator of the LDQRMM reads

oo n
H =2mop+Ksin(qh) ZS(tZw(l)). (1)

n=1 =1
It is the Hamiltonian operator of a 1D free Dirac rotor kicked
by a 8-function potential sequence. 27 is the effective speed
of light. The kicking potential is a linearly delayed sequence
over time. ¢ is a parameter that determines the period of the
function sin in the angular coordinate. w(!) is the internal time
between the /-th and (I + 1)-th kick, which is linearly delayed
as the time of kicks, /, increases, that is, w(l) =1+ (I —1)/d.
In the LDQRMM, the free Hamiltonian of the LDQRMM is
massless. p is the dimensionless angular momentum opera-
tor which reads as p = —id/d0. The parameter K = kTR /h,
where R is the radius of the 1D ring, k is the kick strength of

the kicking potential, and 7 is the unit of time.

In the LDQRMM, the evolution of the kicked rotor is re-
lated to the propagator operator F'(n), where n is the time of
kicks. The propagator operator £ (n) following the (n — 1)-th

kick in the LDQRMM reads

F(n) _ efil(sin(qé)efi(Zn'aﬁ)w(n). o)

The quantum state |%¥,+) is calculated by operating the propa-
gator operator F'(n) on the previous quantum state |¥,). |¥ 1)
reads

| q’n+l> _ e—iKsin(q@)e—i27t(xﬁ(1+n/d) | qln> (3)

In the angle coordinate representation, the wave function fol-
lowing the n-th kick reads ¥,11(0). ¥,+1(0) is given by oper-
ating the bar of the 6 coordinate eigenstate (6| on the quantum
state |Y11),

@, 1(0) = e iKsin(40) (g|e—i2nap(ln/d)| )
_ efiKsin(qG)%(e_FZna(l+n/d))' @

One iterates Eq. (4) fromn =0 to n— 1, then

—iK[él sing(0+U(1))]

W (0)=e (6 +U(n)), )

where U (1) is equal to Y, _ 27ac(1+m/d).

To study the dynamical evolution characteristic of the
LDQRMM, we calculate the angular momentum spread based
on the expression of the wave function in Eq. (5). The angular
momentum spread of ¥,(60) is calculated below:

(0l p? %)

1 2= . d2
= —— ¥Y(0) —¥.(0)do
JARACF=0

5 1 2n n 2
= pﬁ-g/ {Kchosq[9+U(l)}} de
= =1

+(Z sin [qU(l)]>2 /9 2”0 sin? (qe)dﬂ]

= pi+ %;12 Kan‘icos [qU(l)])2/27r cos® (¢0)do

where S(n) = Y] ,exp{i2naql+I1(I—1)/2d])}. ¥ (0) is
the complex conjugate of the wave function ¥,(0). |S(n)| rep-
resents the magnitude of the complex number S(n). The evo-
lution of the characteristic sum S(n) in the complex number
space strongly influences the characteristic of the dynamical
evolution of the LDQRMM.

Based on Eq. (6), the characteristic sum directly reflects
the resonance and antiresonance characteristic of the angular
momentum spread of the corresponding LDQRMM system.
The algebraic analysis of the characteristic sum with parame-
ter n will be the key point to understanding the corresponding
physical picture of the angular momentum spread.
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3. Linearly delayed classical Maryland model

In this section, we introduce the LDCMM. The LDCMM
is a classical model that corresponds to the LDQRMM that we
have introduced in the above section. The Hamiltonian of the
LDCMM reads

oo n

H—27rotp+ZKSiﬂ(qG)S(t—Zw(l)). @)
n=1 =1

In the LDCMM, the rotor is kicked by a linearly delayed kick-

ing potential sequence. The interval between two adjacent

kicks increases linearly over time. We show the standard map

of 8, and p, as follows:

01 — 9n+27wz<1 + Z)
Pn+1 = pu+Kgqcos (q6n+1)7 (®)

where 6, and p, are the angle coordinate and angular momenta
of the LDCMM following the nth kick, respectively. The ini-
tial angle coordinate and angular momenta are 6y and pg. Ac-
cording to Eq. (8),

0, =00 +2mo [n+

- I(1—1
Pn:PO+qu=ZICOS<¢I{60+27FOC|:l+ (Zd )H> 9)

n(nZ; 1)}

We substitute the real number part of a complex number for
the cosine function in Eq. (9), then the characteristic sum S(n)
is added into this equation. The expression of p, reads

Pn = po+KqRe(e'1%58(n)). (10)

Re(e'?®S(n)) represents the real number component of the
complex number e'9%S(n). According to Eq. (10), it is ob-
vious that the variation in the angular momentum after the
n-th kick is proportional to the real number component of
el1%S(n).

To study the quantum-classical correspondence between
the LDQRMM and the LDCMM, we select a special kicked
rotor ensemble in the LDCMM, which corresponds to a pure
angular momentum eigenstate in the LDQRMM. The ensem-
ble of the LDCMM consists of kicked rotors with the same
value of the initial angular momentum 0, but different initial
angular coordinates 6y randomly taken from O to 27. The aver-
age angular momentum spread of this ensemble after the n-th

kick reads
2 1 m 2 [2)
- d
(D) o /90=0p” o
2 1 m ig 0, 2
= pht o [ (KaRe(e'1®s(n)))*dey
27 Jo—0
K2 2
= ph+ IS an

Compared with Eq. (6) in the LDQRMM, the spread of the
angular momentum in the LDQRMM and its corresponding
classical model (LDCMM) is the same. The evolutions of the
angular momentum of the LDQRMM and the corresponding
LDCMM are all principally influenced by the mathematical
properties of the characteristic sum S(n) in the complex num-
ber space.

4. Numerical simulations and results

In Sections 2 and 3, we have discussed the evolution of
angular momentum in the LDQRMM and LDCMM. This sec-
tion calculates some results of the average angular momentum
spread of the kicked rotors in the LDQRMM and LDCMM.
The numerical simulations in this section are based on the
equations and discussions in Sections 2 and 3.

4.1. Classical dynamics

The standard map of the LDCMM has been shown in
Eq. (9). The results of the LDCMM are based on Eq. (9).
In this subsection, we discuss the numerical results of the LD-
CMM.

In Fig. 1, we select three representative cases to compare
and discuss the LDCMM trajectories with different system pa-
rameters. The initial angular coordinate and the angular mo-
mentum of the rotors that we select in Fig. 1 are 7 and O, re-
spectively. In panels (a)—(c), several discrete “levels” of the
angular momentum emerge on a single trajectory. The evolu-
tion trajectories of the angular momentum and angular coor-
dinate oscillate at those “levels” or jump between those “lev-
els”. It is called the “stable—jump—stable—jump” pattern. >3 In
panel (b), one notices that the evolutionary trajectory is dra-
matically different from those in panels (a) and (c). The total
number of angular momentum “levels” in panel (b) is infinite.
Therefore, the evolution of angular momentum at these levels
is unbounded in phase space. The ensemble average of the
angular momentum is bounded in panel (b). It is consistent
with the discussion of the resonance modes of the characteris-
tic sum S(n) in Section 5. However, the angular momentum
values periodically jump between the two levels of angular
momentum in panel (a). The ensemble average of the angu-
lar momentum spreads is localized. In panel (c), the single
trajectory is similar to the single trajectory in panel (a). How-
ever, the angular momentum levels in panel (c) are not strictly
axisymmetric along a particular axis, like those in panel (a).
The reason is that the corresponding evolution modes in pan-
els (a) and (c) belong to different classes of homeomorphisms.
However, all of them belong to the antiresonance mode. So
although their trajectories are bounded and closed, panels (a)
and (c) show some differences. In the next section, we will
explain those differences by analyzing the characteristic sum.
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Fig. 1. The revolution trajectories of the angular coordinate and the angular momentum in the phase space. The initial angular coordinate and
the angular momentum are 7 and 0, respectively. In panel (a), the system parameters are o = 2/3, d = 20000, ¢ = 1, and K = 1.6. In panel
(b), d =20002. In panel (c), d = 20000/3. The other parameters in panels (b)-(c) are the same as those in panel (a). The x-axis is the angular
coordinate. The y-axis is the angular momentum. The colors of the evolution track represent the kicking time. The maximum kicking time is
10°. The angular momentum and the angular coordinate are shown in a dimensionless unit.

4.2. Quantum dynamics

In the LDQRMM, the evolution of the wave function
is calculated by operating the Floquet operator on the wave
function. The Floquet operator of the LDQRMM is given
in Eq. (2), which can be separated into a free Hamiltonian
propagator operator exp [—i(2rap+ Mo,)w(n)] and a kick-
ing propagator operator exp[—iK sin (qé)]. The numerical
calculations separate a single kick into three steps. Firstly, the
discrete Fourier transformation is operated on the initial wave
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function of the rotor to switch the wave function to the angular
momentum representation. The next step is to operate the free
Hamiltonian propagator operator on the wave function in the
angular momentum representation. In this step, the p opera-
tor is substituted for the eigenvalues. Finally, we perform the
inverse Fourier transformation to switch it back to the angular
coordinate representation and operate the “8-function” poten-
tial propagator operator on it. Through these three steps, the
operation of a single kicking process is performed on the rotor.
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Fig. 2. Panels (a)-(c) show the angular momentum spread (p?) with different linearly delayed increases. Panel (d) shows the probability
density distributions of the cases in panels (a)—(c) after the 8000th kick. In panel (a), d equals to 2000. In panel (b), d = 2001. The other
parameters are listed below. K = 1.6, o« = 3, and ¢ = 1. In panel (c), @ =5/3, K = 1.6, ¢ = 1, and d = 2000/3. In panels (a)—(c), the solid
black lines show the ensemble average of the angular momentum of the LDQRMM, and the solid red lines are the results of the LDCMM. The

angular momentum spread shown is in a dimensionless unit.

In the previous subsection, we study the classical dynam-
ical characteristics of the LDCMM through the simulations of
the trajectories of the kicked rotors in the phase space. In
the LDCMM, the trajectories of the angular momentum and

coordinates are related to the ensemble average of the angu-
lar momentum spread. The angular momentum spread of the
LDQRMM and LDCMM are calculated in Sections 2 and 3,

respectively. The comparison indicates the quantum—classical
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correspondence between the LDQRMM and LDCMM. In
this subsection, the average angular momentum spread in the
LDQRMM and LDCMM will be exhibited. The numerical re-
sults in Fig. 2 are consistent with the analytical discussions in
Sections 2 and 3.

The numerical results of the LDQRMM and LDCMM are
exhibited in Fig. 2. In our numerical calculation, the LDCMM
ensemble consists of 107 kicked rotors. The initial coordinates
of these kicked rotors in the phase space are (6, po). The ini-
tial angular coordinate 6y is a random number taken from the
values ranging from O to 27. The initial angular momentum
po is set as 0. The initial quantum state of the LDQRMM
is the angular momentum eigenvector with the eigenvalue 0.
The antiresonance condition has been discussed in Section 5.
d/gced{agq,d} € E is satisfied in panel (a) of Fig. 2. The evo-
lution of the angular momentum spread is periodic. When
d =2001, d/gcd{ag,d} € O. The increase of the angular
momentum spread is quadratic in panel (b). Panel (c) shows
the evolution of the spread of the angular momentum in the
antiresonance case with fractional system parameters.

The numerical results of the angular momentum spread in
the LDCMM and the LDQRMM do not show a significant dif-
ference. The spread of the angular momentum of the kicked
rotors in the LDQRMM and LDCMM is consistent with the
convergence property of the characteristic sum S(n) in the
complex number space.

5. Classifications and discussion

Based on the discussions in Sections 2 and 3, we have
known that the characteristic sum S(n) strongly dominates the
spread of the angular momentum in the LDQRMM and LD-
CMM. Therefore, the analysis of the characteristic sum S(n)
in the complex number space is necessary for understanding
the evolution characteristics of the angular momentum spread
in the LDQRMM and LDCMM. In this section, we discuss
the classification of the characteristic sum S(n). This classi-
fication is based on the resonance and antiresonance charac-
teristics of the characteristic sum with different parameters.
In Subsection 5.1, the characteristic sum evolution with the
integer system parameters (0g and d) will be discussed. In
Subsection 5.2, a special antiresonance mode of the charac-
teristic sum S(n) with fractional values of og and d will be
discussed. We argue that a topological difference exists be-
tween the antiresonance modes introduced in the subsections.
We will discuss them in the following subsections.

5.1. Resonance and antiresonance modes with integer
number parameters

The values of the characteristic sum S(n) with different
system parameters are shown in Figs. 3 and 4, respectively. In
Fig. 3, the characteristic sum S(n) periodically evolves in the

complex number space as n increases. However, the magni-
tude of the characteristic sum (|S(n)|) is linearly divergent as
the variable n increases in Fig. 4. The evolution of the charac-
teristic sum in the complex number space shows a significant
difference.

xl(/’\

Fig. 3. The characteristic sum S(n) with ¢ =3, g = 1, and d = 20000 in
the complex number space. The colors represent n, corresponding to the
number of terms to be summed in the calculation of the characteristic
sum S(n).

In Fig. 3, S(n) evolves along the same trajectory and re-
turns to the original position in the complex number space.
Based on Fig. 3, this antisymmetry of the characteristic sum is
deduced in Eq. (12). We consider the characteristic sum S(n)
having this antisymmetry when # is equal to a number between
k and k+ u. t is an integer number between k and k 4 u. The
antisymmetry of the characteristic sum reads

S(t)=Sk+u—(t—k)) =S(u+2k—1). (12)

Equation (12) can be replaced by S(t) = S(u+k) — [S(u+k) —
S(u+ 2k —1)]. If we take the definition of the characteristic
sum S(n) in this equation and calculate it, then

—k re
y oi{2magli-+i Ry
i

k
_ _tz ei{2naq[u+kfl+l+W]}' (13)

=1

When g and d are integer numbers, we simplify the above
equation and get the following result:

t—k

S (u4-2k)1
Z{el[ 2rog-——+naq
=1

(u+2k)(u+l)]
d

+1}=0. (14)

Due to that Eq. (14) must hold for any integer numbers from k
to u + k, we deduce the following conditions:

{ aq% €z,

aq (u+2k‘)l(u+l) €0,

5)

where Z and O represent the set of integers and odd num-
bers, respectively. According to Eq. (15), we know that
oq(u+2k)/d € Z and aq(u+2k)(u+1)/d € O. Therefore,
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u+1¢€O. Because u+1 € O, we deduce that u+ 2k € E. Be-
cause aq(u+2k)/d € O in Eq. (15), d/gcd{ag,d} € E. In
a word, the antisymmetric structure of the characteristic sum
appears when

d/gcd{og,d} € E. (16)

E is the set of the even numbers. gcd{ag,d} is the largest
common divisor of &tg and d. Under this condition, the angu-
lar momentum evolution of the corresponding LDQRMM and
LDCMM is periodic in time. Equation (16) is the condition
of the antiresonance mode of the characteristic sum S(n) with
integer parameters og and d.

For the resonance mode of the characteristic sum with in-
teger parameters, the evolution of S(n) is unbounded in the
complex number space as n increases. Based on the character-
istic of the characteristic sum shown in Fig. 4, the geometric
symmetry in the complex number space is concluded as

S(t)—S(k—1)=S(u+k)—Su+2k—t—1), (17)

where ¢ is an integer number between k and u+ k. k and u+k
are arbitrary integers. We take the definition of the character-
istic sum S(n) into it and then get the following equation:

u+k /(=1

1 ei{Zan[l’+%]}. (18)

L (-1
Z oil2magi+ )}
1=k I'=u+2k—t

To let the ranges be the same on both sides of the Eq. (18), we
substitute the right-hand side of Eq. (18) for

t
Z e{i271:(xq[u+2k—l+ (L¢+2k—l)(u+2§k—2—(l—l))]}.
1=k
Then
t — . —Lu — . u u -
Z ei[Znaq%]{en[Maq I( +de l)]el[qu( +2k)(d+2k 1)] B ]} —0.
1=k
(19)

Because Eq. (19) must be satisfied for all integers rang-
ing from k to u+k, and exp {i[2mogl (I — 1) /2d]} is a complex
number that is not zero. The resonance condition is deduced
as

u+2k—1
{ i (20)

(u+2K) (Z+2k7 D cE.

aq
We discuss the conditions in Eq. (20) with two possible cases.
In the first case, we suppose that u# is an even number. So
u+2k—1€ 0 and ag(u+2k—1)/d € Z. Therefore, we
deduce d/gcd{aq,d} € Q. In the second case, u is sup-
posed to be an odd number. So u+ 2k € ©@. According to
og(u+2k)(u+2k—1)/d € E and aqg(u+2k—1)/d € Z,
og(u+2k—1)/d € E. If d/ged{ag,d} € E, then ag(u+
2k —1)/d € Q. This result contracts with Eq. (20). So

d/ged{agq,d} must € Q. Based on the above discussions,
the antiresonance condition reads

d/ged{og,d} € O. (21)

X10°
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Fig. 4. The characteristic sum S(n) with a = 3, ¢ = 1, and d = 20001.
The colors represent n, corresponding to the number of terms to be
summed in the calculation of the characteristic sum S(n).

In this section, we have considered all cases of the
characteristic sum with integer parameters otg and d. The
d/gcd{agq,d} is odd or even determines the resonance or an-
tiresonance properties of the characteristic sum S(n) in the
complex number space.

5.2. Antiresonance mode with fractional number parame-
ters

In the above subsections, we have discussed the reso-
nance and antiresonance modes of the characteristic sum S(n)
with different integer parameters. In this subsection, we will
discuss an antiresonance mode with fractional number param-
eters. In Fig. 5, we plot the evolution of the characteristic sum
with this antiresonance mode. In Fig. 5, the characteristic sum
S(n) shows the rotational symmetry. The characteristic sum
evolution is periodic, S(n) = S(n+uT), where T is the least
period to let the whole image invariant under a rotation opera-
tion. u is the order of the rotational symmetry.

X102

Fig. 5. The characteristic sum S(n) with &« =5/3, g =1, and d =
80000/3. The colors represent n, corresponding to the number of terms
to be summed in the calculation of the characteristic sum S(n).
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The rotational symmetry reads

(8()—a

where ae!% is the position of the center of symmetry. e'? is

e'®)el® =S(j+T)—ael®, (22)

the rotational operator. ¢ is the least invariant angle. The least
invariant angle means the least angle to hold the rotation in-
variance in the complex number space. For example, the least
invariant angle depicted in Fig. 5 is /3. T is the least rotation
period.

The characteristic sum S(j+ nT) reads

S(j+nT)=S(j)e'" +ae'®(1—ei"?). (23)

If n¢ is a multiple of 27, then S(j+nT) = S(j). The least n¢
is the dynamical evolution period of the fractional resonance
case. Through letting n = 1 in Eq. (23), we have the following
equations:

(S() — aei®)e® = 5(j +T) — aci®,
(S(+1)—ae'®)e =S(j+T+1)—ae'®.

After subtracting equations in Eq. (24) and substituting the

(24)

characteristic sum expression for S(j) and S(j + 1), respec-
tively,

(+T)(j+T+1) ]
2d

12ﬂ0!q[j+1+/(J+1)]ei¢ _
- )

127r(xq[j+T+l+

and canceling out the similar terms in the above equation, we
get

oid _ gi2magT+ MG 7] (25)

Equation (25) holds for an arbitrary integer j,

T=4%Lecz,
! T(T+1 (26)
¢ =2mag[T + )] mod 2z

Equation (26) is the antiresonance condition of the character-
istic sum with fractional values of ag and d.

6. Experiment proposal

In this section, the experiment proposals for the LDQRM
will be introduced. In Ref. [49], several experiment proposals
have been devised to check the numerical results of the single
QRKR and the coupled QRKR. The experimental proposals
in this paper refer to their experiment proposals and modify
them. Based on the Floquet operator expression in Eq. (2),
one notices that the quantum dynamics are similar after ex-
changing the free Hamiltonian and the kicking potential in the
Floquet operator. [*°! In their experimental proposals, the origi-
nal kicking potential is swapped for the free Hamiltonian. The
swapping LDQRM Hamiltonian reads

HLDQRM _

swap 27r(xp6x25(t2w > ) ) +Ksin(g6)I.

According to Eq. (3), the swapping exchanges the operating
sequence of the free Hamiltonian part and the kicking poten-
tial part of the Floquet operator.

The experimental proposals proposed in this section in-
clude the realizations of the original LDQRMM and the swap-
ping Hamiltonian of the LDQRMM in the novel optical lattice
system, pulsed with the external magnetic field. In the first
proposed experiment, the spin-1/2 particle hops in the 1D op-
tical lattice, periodically pulsed by an external magnetic field.
The 1D single-band tight-binding lattice provides the discrete
lattice coordinates corresponding to the discrete dimension-
less angular momentum eigenvalues in the LDQRMM. Ta-
ble 1 summarizes the corresponding relationship between the
LDQRMM and the spin-1/2 particle model mentioned here.

Table 1. Corresponding relationship.

LDQRMM  x  p 2ma
Spin-1/2 —4TB.(1)

M(M =0) K

ka+m ~4CB.(B.=0) TT

In the table, a is the lattice constant. The quasi-
momentum in the first Brillouin zone is indexed as k. The
quasi-momentum in the experiment corresponds to the angular
coordinate x in the LDQRMM. The eigenvalue of the angular
momentum operator p in the LDQRMM corresponds to the
index of the real space site j in the 1D tight-binding lattice. u
is the magnetic moment of the spin-1/2 particle. B, (1) is the x
component of the magnetic field in the 1D lattice where the lat-
tice index is 1. B,(j) is the x component of the magnetic field
at the site of the 1D lattice indexed with j. By(j) = jB:(1). T
is the jumping energy that corresponds to the kicking strength
k in the LDQRMM. The Hamiltonian of the experiment sys-
tem is

w(i)Sy8(t) — T cos(ka). 27

Hmagn = - Z .qu(
i=1

The Hiagn is the Hamiltonian of the first experiment system.
i represents the time of kicks. j represents the number of lat-
tice sites. Unlike the experimental proposal designed for the
original Maryland model, the experimental proposal in this pa-
per adjusts the magnitude of the external magnetic field for
the time of kicks. w(i) is set to increase linearly over time i
through w(i) = 1+ (i — 1) /d. The magnitude of the magnetic
field is proportional to w(i).

As we have mentioned in this section, after the exchange
of the free and kicking part of the Hamiltonian, the dynamical
evolution pattern is similar. Hyag, is the swapping Hamilto-
nian of the LDQRMM. The Hamiltonian of another experi-
mental proposal reads Hy|, which describes a spin-1/2 particle
that is in the constant magnetic field, pulsed with an optical
lattice potential. The Hamiltonian reads

=

Hpy = —uBy(j)Sx — T cos(ka) Z

(z - Zw(l)), (28)
i=1 =1

where w(l) is the sum of the linearly delayed increases, and
Sy 1s the first component of the Pauli matrix operator. To pre-

vent the free Hamiltonian return to the quadratic kinetic energy
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form, the kicking operation is simulated by switching the deep
lattice to the shallow one back and forth instead of completely
turning on and off. [4°]

In summary, the LDQRMM experiment proposals in-
clude two operating experiment frameworks. The first frame-
work performs a linearly increasing magnetic field on a spin-
1/2 particle in the optical lattice. The second proposal holds
a constant magnetic field and lets spin-1/2 particles linearly
delayed pulsed by an optical lattice potential.

7. Conclusion

This paper has discussed the evolution characteristics
of the spread of angular momentum in the LDQRMM and
LDCMM, including the resonance and antiresonance phe-
nomenon with different system parameters. Our conclusions
are listed below. Compared to the other cases of QRKR dy-
namical localization, the massless case (the Maryland model)
shows the periodic evolution of the spread of the angular
momentum. 8] To answer whether periodic kicks cause a
periodic change of the angular momentum in the Maryland
model, we have considered the LDQRMM, a non-periodically
kicked Maryland model, in this paper. We found that the
resonance and antiresonance phenomenon of the angular mo-
mentum spread exist in the LDQRMM. In Sections 2-5, the
resonance and antiresonance phenomenon in the LDQRMM
are interpreted through classifications and discussions of the
characteristic sum. In the LDQRMM, the antiresonance phe-
nomenon appears with rational number parameters. It shows
that the antiresonance phenomenon in the LDQRMM is more
complex than that in the original Maryland model. The topol-
ogy difference between different antiresonance cases emerges
in the LDQRMM. It is also absent in a periodically kicked
Maryland model.

Moreover, our work in this paper predicts some local-
ization phenomena in the corresponding 1D tight-binding lat-
tice. We argue that the LDQRMM can be realized by hopping
spin-1/2 particles in a 1D tight-binding lattice. This 1D tight-
binding lattice is pulsed with a linearly delayed magnetic field
in the x-direction. The wave function spread of a spin-1/2 par-
ticle in the optical lattice corresponds to the evolution of the
angular momentum spread in the LDQRMM.
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