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To explore the effect of non-uniform polarization on orbital angular momentum (OAM) in anisotropic medium, in
this work investigated are the evolution of the spiral spectra and OAM densities of non-uniformly polarized vortex (NUPV)
beams in uniaxial crystals propagating orthogonal to the optical axis, and also the case of uniformly polarized vortex (UPV)
beams with left-handed elliptical polarization. In the input plane, the NUPV beams present their spiral spectra of m-mode
concentrated at m = [/ = 1 modes rather than m = [ mode, and reveal the relation among topological charge /, mode of spiral
spectra m and the power weight value R, expressed by [ =Y ,»___ mR,,. The relation [ =Y, ___ mRy, is still satisfied
for UPV beams in uniaxially anisotropic crystals, whereas for NUPV beams their relations are no longer valid owing to
non-uniform polarization. Furthermore, the analysis indicates that the asymmetrical distribution of power weight of spiral
spectra and the non-zero value in the sum of longitudinal OAM densities originate from the initial non-uniform polarization
and anisotropy in uniaxial crystals rather than topological charges. In addition, the relation between spiral spectrum and
longitudinal OAM density is numerically discussed. This work may provide an avenue for OAM-based communications,
optical metrology, and imaging by varying the initial non-uniform polarization.
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1. Introduction

The influence of non-uniform polarization on angular
momentums has inspired considerable enthusiasm in recent
years.!!=! Generally, angular momentum is comprised of or-
bital component related to helical wavefront of light beam and
spin component associated with circular polarization.!®) The
light beams with helical phases or vortex structures carry or-
bital angular momentum (OAM) per photon of +/7 with topo-

[7:8] Circularly

logical charge / and reduced-Planck constant 7.
polarized beams originating from the helical trace of the vec-
torial optical field possess an intrinsic spin angular momen-
tum (SAM) of +4.1%1% The spin—orbit interaction also plays
an important role in producing novel optical phenomena such
as microscopic, nano-optics, and surface plasmons fields.!'!!
The optical spin—orbit conversion can occur in the longitu-
dinal component of the non-paraxial beam with non-uniform
polarization.!1%13]

The decomposition of OAM or spiral spectrum is an im-
portant approach to dealing with OAM modes of complex op-
tical fields. In isotropic media, a scalar beam presents symmet-
ric power weight distribution of spiral spectra about a maxi-
mal weight m = [, and its longitudinal OAM density is also

cylindrical symmetry or zero-value, and it is the sum of OAM
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density in the positive z direction and that in the negative z
direction.!'*13] Asymmetric spiral spectra about the higher or-
der Bessel-Gauss beams integrated in time (HOBBIT) sys-
tem and the new Hermite—Gaussian (HG) vortex beam can be

(16,17

found in turbulence. 1" As typical anisotropic media, uni-

axial crystals can show great flexibilities to design nonlinear

[18-20] 1t is natural to ask whether a vortex

optical elements.
beam coupled with non-uniform polarization could show dif-
ferent properties of OAM in anisotropic media. Following
our previous work,”!l we further explore the effect of non-
uniform polarization on OAM (i.e., spiral spectra and OAM
densities) in uniaxially anisotropic crystals. The results ob-
tained in our work reveal that an asymmetry in power weight
of spiral spectra and the non-zero value in the sum of longi-
tudinal OAM densities originate from the initial non-uniform
polarization at the input plane and anisotropy in uniaxial crys-
tals, and the multi-lobes of SAM can induce the non-zero value
of OAM even in non-vortex. The conclusions are beneficial to
the OAM-based communication, optical metrology, and imag-

ing by varying the initial non-uniform polarizations and vortex

cores, 227241
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2. Orbital angular momentum of NUPV beam in
uniaxial crystal

Under the paraxial approximation, the x- and y-direction
electric fields of the non-uniformly polarized vortex (NUPV)
beams propagating in uniaxial crystals orthogonal to the
optical axis in Cartesian coordinates obey the following

equation: (>

knye

ikzng
7/ dxodyoE (XO»)’O»O)

E;(x,y,2) = >

ik
exp{zznq[n%(x—xo) + 1 (v = y0) }} (1

where k is the wave number and the subscript s =xory, g =e
or g =o. If s = x, then n; = n. (extraordinary refractive index),
the sign n, = n, (i.e., ordinary refractive index) when s = y.
The x and y components of the input electric field of Ej(x,y,0)

in Eq. (1) are expressed as[?!26-27]

(Ex(xo,)’o,o))
Ey(x07y070)
_ X0cos 0 —ypsin O
~ \ (yocosO +xgsinf) e 19
x2 42
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X (xo +isgn (Z)YO)M exp (— 5
wo

where 6 denotes the angle between polarization and radial di-
rection, & is the phase retardation angle between the x compo-
nent and y component, sgn(/) is the sign function, w and [ are
the waist width and topological charge of vortex core, respec-
tively. Under the condition of 8 =0, 6 =0 and 6 = 7/2,
0 = 0, equation (2) reduces to the electric field of radially
polarized vortex (RPV) beams and azimuthally polarized vor-
tex (APV) beams, respectively. One can find that the NUPV
beams can describe not only RPV and APV beams, but also
a kind of hybridly polarized vortex (HPV) beams with linear,
circular and elliptical polarization states in different spatial po-

sitions.

2.1. Spiral spectrum

To elucidate the spiral spectrum of the x- and y-direction
electric field distributions, the complex field of Es(x,y,z) can
be projected into spiral harmonics e”?. The expanded ex-
pression in a cylindrical coordinate system is written as!>%2°!

E(r,9,2) = Z am (r,2)exp (im¢), 3)

1
vV NG e oo

where r and ¢ are radial coordinate and azimuthal coordinate
with x = rcos ¢ and y = rsin @, and the expansion coefficient

is expressed as

am (r,z) = \ﬁ/ Es(r,¢,z)exp(—imo) do. 4)

The power weight of the spiral spectrum can be computed

from

/0|am(rz)|2rdr P,
Z / lam (r,2)| rdr Z P,

m=-—oo m=—oo

&)

with the power of spiral spectrum F,,. Equation (5) provides
a powerful way to explore the relative energy of each spiral
spectrum of m-mode for the NUPV beams. Especially the spi-
ral spectra of the input optical field with different polarization
states are illustrated in Fig. 1. From Figs. 1(al) and 1(a2), it
is obvious that the spiral spectra of uniformly polarized vor-
tex (UPV) beams centered at m = [ due to the embedded vor-
tex cores with topological charge /, which indicates that these
beams carry well-defined OAMs only at unique peak at m = /.
However for NUPV beams their spiral spectra are concen-
trated at m =/ & 1 modes as shown in Figs. 1(bl) and 1(d2),
since the beam with non-vortex, i.e., [ = 0, incredibly carries
the same spiral spectra at of m = —1 and +1 mode, respec-
tively. One can find that the relation among topological charge
I, mode of spiral spectra m and the power weight value R,

oo
m——oo

can be expressed as [ =) mR,, in such symmetric OAM
spectra. 3%l For example, for the case of / = 2 in Figs. 1(b2)-
1(d2), the power weights are 0.5 and 0.5 for m = 1 and 3,
respectively, and their weight values are both equal to 0.5 for
m = —1 and 1 with / = 0 as shown in Figs. 1(b1)-1(d1). These
interesting phenomena demonstrate that spiral spectra of non-
vortex optical fields can also be induced by non-uniform polar-
ization in the initial field. The combined effect of non-uniform
polarization and vortex structure leads to the concentration of
spiral spectra at m = [ &= 1 modes.

Next, our attention is focused onto the evolution of spiral
spectra of NUPV beams and UPV beams in uniaxial crystals.
When the beams travel through a uniaxial crystal along the di-
rection orthogonal to the optical axis, the y-component optical
field follows the standard Fresnel diffraction in an isotropic
medium with ordinary refractive index, the calculation results
show that the weight values of spiral spectra of y-direction op-
tical field always remain the same value of R,,—;1; = 0.5 in
uniaxial crystal. Whereas the x-component optical field ex-
hibits anisotropic diffraction, the evolution of spiral spectrum
in an anisotropic medium is worth further studying. Unless
otherwise specified, the abbreviation NUPV beam in the fol-
lowing refers to the x component of the case of 8 = /4 and
0 =7x/8 in Eq. (1), and its polarization is a hybrid morphol-
ogy with linear, right-handed and left-handed elliptical polar-
izations. Besides, the abbreviation UPV beam refers to the x

component of a uniformly polarized vortex beam with phase
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retardation of 0 = 37/8 in the following studies. The param-
eters are chosen to be A = 632.8 nm, w = 1 mm, n, = 2.616
(rutile crystals), and Rayleigh length z. = kw? /2.

Figures 2(al)-2(a4) and 2(b1)-2(b4) show the evolutions
of spiral spectra of NUPV and UPV beams in uniaxial crystals
for different topological charge [ at n./n, = 1.5, respectively,
and the weight curves of different spiral spectra in / = 1 and
| = —2 are also described in Figs. 2(c1)-2(c4). One can find
that spiral spectra concentrated at m = [ 4+ 1 modes spread to
other modes along with the positive and negative directions at
an interval of Am = 2, which means that the power carried by
initial spiral spectrum gradually disperses into those of other
spiral spectra. In particular, the UPV beams still keeps sym-
metrical spiral spectra about a maximum weight value in uni-
axial crystal, whereas for NUPV beams their distributions in
spiral spectrum is asymmetrical. For example, the weight val-
ues of m = —2, 0, 2, 4 modes in NUPV beams as shown in
I =1 of Fig. 2(a2) are 0.018, 0.57, 0.39, 0.025 respectively,
while their weight values of m = —1, 1, 3 in UPV beam (see
I =1 of Fig. 2(b2)) equal 0.034, 0.93, 0.034, respectively. The
UPYV beams also exhibit another type of symmetry, which does
not exist in NUPV beams. When |/| is the same, the weight
value of the center position is the same, and the weight val-
ues on both sides of the center position are also symmetrically

equal. Particularly in the case of NUPV beam as shown in
weight curves in Figs. 2(c1) and 2(c2), the two initial weights
of 0.5 centered at m = [ 4+ 1 modes present asynchronous be-
haviors. The weight of one mode starts to increase to a max-
imum value then it gradually decreases, but the other mode
decreases to a lower weight. For the UPV beam the initial
weight of R,, = 1 decreases monotonically to a stable value,
and the synchronous increase of the weights at m = —1 and 3,
or m = —3 and 5 can be found at [ = 1 of Fig. 2(c3). A similar
case can be also found at / = —2 of UPV beam in Fig. 2(c4).
One can find that the equation of [ =Y mR,, still holds
true when the UPV beam propagates in a uniaxial anisotropic
crystal, but for the NUPV beam the equation no longer holds
true because of the embedded non-uniform polarization. More
detailed data of the relationship [ =},
Appendix A. It means that non-uniform polarization in the ini-

e oo MRy, are given in
tial optical field can lead to the asymmetrical distribution of
spiral spectrum propagating in uniaxial crystals, which pro-
vides a potential method for modulating the power carried by
OAM modes. The asymmetric distribution results from joint
action of the non-uniform polarization of the input plane and
the anisotropy of the uniaxial crystal. The topological charge

only affects the position and weight value of spiral mode.

Uniformly polarized vortex beams

Non-uniformly polarized vortex beams
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Fig. 1. Spiral spectra of input optical field with different polarization states. Top row: spiral spectra of / = 0; middle row: spiral spectra of / = 2; bottom row:
the right-handed polarization (red), left-handed elliptical polarization (blue), and linear polarization (black). (al)—(a3) uniformly polarized vortex beams;
(b1)—(b3) radially polarized vortex beams; (c1)—(c3) azimuthally polarized vortex beams; (d1)—(d3) hybridly polarized vortex beams.
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Fig. 2. Evolutions of spiral spectra and weight values of NUPV and UPV beams in uniaxial crystals for different values of / with ne /n, = 1.5. (al)-(ad) NUPV
beams; (b1)—(b4) UPV beams; (c1)—(c2) weight curves of spiral spectra of NUPV beams with / = 1 and / = —2; (c3)—(c4) weight curves of spiral spectra of
UPV beams with/ =1and [ = —2.
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Fig. 3. Evolutions of spiral spectra and weight values of NUPV and UPV beams in uniaxial crystals for different values of refractive index ratio ne /n, with [ = 1.
(al)—(a4) NUPV beams; (b1)-(b4) UPV beams; (c1)—(c2) weight curves of spiral spectra of NUPV beams with ne /n, = 0.6 and ne /n, = 1.8; (¢3)—(c4) weight
curves of spiral spectra of UPV beams with ne /n, = 0.6 and ne /n, = 1.8.
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The effect of refractive index ratio ne/n, on spiral spec-
tra of NUPV and UPV with [ = 1 beams in uniaxial crystals
are plotted in Figs. 3(al)-3(a4) and 3(b1)-3(b4), respectively,
and their weight curves in different modes at ne /n, = 0.6 and
ne/no = 1.8 are also given in Figs. 3(c1)-3(c4). It is clearly
seen that the weights of spiral spectra always remain the same
for ne/n, = 1, but the power at original modes can extend to
other modes in anisotropic media for ne/n, # 1. More im-
portantly, the extensions in weights of spiral spectra of UPV
beams remain symmetrical in uniaxially anisotropic crystals
for different values of ng/n,, but the distributions of weight
value at spiral spectra are asymmetrical for NUPV beams. In
addition, the weight values at m = [ = 1 for UPV beams de-
crease monotonically, and the weights of other modes grow
symmetrically with the increase of propagation distance z/ze
as shown in ne /n, = 0.6 and n. /n, = 1.8 of Figs. 3(c3)-3(c4).
However for the NUPV beams the non-monotonic changes of
weight at original modes m =[1+1, e.g, m=0and m =2
in Figs. 3(c1)-3(c2), also further verify the asymmetrical dis-
tributions of spiral spectra propagating in uniaxial crystals.
The phenomenon means that the central mode with maximal
weight in the NUPV beams can propagate in a lossless or high-
quality behavior, and the energy loss even in the far field is
much smaller than that of the UPV beams. These results indi-
cate that the asymmetrical spiral spectra in propagation orig-
inate from the joint action of input non-uniform polarization
states at the initial plane and the anisotropy in uniaxial crys-

z=0 z2=2z

tals. For the input field of the NUPV beams, even in the ab-
sence of vortex embedding, there are still weights on non-zero
modes. The central modes of the NUPV beams have larger
weight values than those of the UPV beams. Therefore, the
information carried in the NUPV beams will be lost less than
that in the UPV beams, which implies that the NUPV beams
in OAM-based communication have higher degrees of free-
dom,capacities and robustness than UPV beams.

2.2. Vectorial orbital angular momentum density

It is well established that the light beams with helical
wave-front structures can carry OAM of +I# per photon.3!]
The OAM in vectorial structures satisfies the following rela-
tionship:

L=Le,+Lye,+Le, (6)

where ey, ey, and e; are the unit vectors along the positive x,
¥, and z axes, respectively. The components of Ly, Ly, and L,

are given by[3233]
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Fig. 4. The x, y, and z components of the OAM densities of NUPV and UPV beams in uniaxial crystals with topological charge [ = 2 and ne /n, = 1.5, where
the transverse OAM densities, i.e., Ly and Ly, are also described by arrows. (a) and (d) L,; (b) and (e) Ly; (c) and (f) L.
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Fig. 5. The x, y, and z components of the OAM densities of non-uniformly polarized (NUP) beams and UP beams with non-vortex in uniaxial crystals, where
the transverse OAM densities, i.e., L, and Ly, are also described by arrows. The parameters are [ = 0 and n, /n, = 1.5. (a) and (d) Ly; (b) and (e) Ly; (c) and

) L.
In an arbitrary polarization, the L, component of light beam
with non-vortex is generally equal to zero in free space or
isotropic medium.?*! But the above analysis indicates that
in uniaxially anisotropic crystals the spiral spectra of NUPV
beams are asymmetrical due to non-uniform polarization at the
input plane, our attention is paid to the effect of the embedded
non-uniform polarization on the transversal and longitudinal
OAM densities for non-vortex and vortex cases, respectively.
Numerical calculations taken from Eqs. (7)—(9) and
shown in Figs. 4 and 5 are used to explore the evolution of
OAM in vectorial structures in a uniaxial crystal. It is clearly
seen that the longitudinal OAM densities of the NUPV beams
with topological charge / = 2 become distorted from circular
structures at z = 0 to non-cylindrical patterns at z = 40z, in
uniaxially anisotropic crystals as shown in Figs. 4(f1)—4(f4).
For the transversal OAM densities, the uniformity of the pat-
tern is destroyed as the transmission distance increases. The
x-components of OAM densities, i.e., Ly, display the rotation
of two main-lobes anticlockwise. This can be seen intuitively
from the rotation of the lobes in the transversal OAM density

shown in Fig. 4, where the center positions of two main-lobes
are connected by a dashed lines. One can see that dashed lines
are rotated by two lobes anticlockwise. However, such an ob-
vious rotation phenomenon is not found in L,. Undoubtedly,
the anisotropies in uniaxial crystals can lead to the distortion in
OAM densities of NUPV and UPV beams due to faster spread-
ing of light beams in the x direction for ne /n, > 1, and the sum
of L, of NUPV beams and the sum of L, of UPV beams, in the
presence of vortex and polarization, are both not equal to zero.
However, from Figs. 3(c4) and 3(f4), the sum of L, of the UPV
beams at the far field is closer to zero than that of the NUPV
beams. What will happen if the vortex does not exist? For the
case of / = 0, the OAM densities of both beams in the input
plane satisfy L, = O rather than circular structures as shown
in Figs. 5(c1) and 5(f1). From Figs. 5(c1)-5(c4), one can find
that the sum of L, equals zero, with four stable lobes in longi-
tudinal OAM densities for / = 0. However, for non-uniformly
polarized beams with non-vortex, the sum of the longitudinal
OAM density, i.e., L,, is not equal to zero. These phenom-
ena indicate that the non-zero appearance of the sums of L, in
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the NUPV beam is caused by a joint effect of the input non-
uniform polarization and anisotropy.

Figure 6 further gives the z components of SAM and
OAM densities of uniformly polarized (UP) and NUP beams
with non-vortex in uniaxial crystals. Their OAM densities can
be found for UP and NUP beams as shown in Figs. 6(b2) and
6(d2). The fact of L, = 0 for UP beams even in anisotropic

SAM densities

y (mm)

UP beams

y (mm)
= o

NUP beams

media indicates that the anisotropy in uniaxial crystal can-
not change orbital angular momentum. Whereas for NUP
beams the L, # 0 in anisotropic medium means that the in-
put non-uniform polarization, or the input multi-lobes SAM
in Fig. 6(c1) can induce non-zero value in L,. Therefore, the
non-zero value in L, is not caused by anisotropy, but by the
input non-uniform polarization or the input multi-lobe SAM.

OAM densities

6

y (mm)
L L o u .

(d1) z=0

Fig. 6. The z components of SAM and OAM densities of UP and NUP beams with non-vortex in uniaxial crystals at different propagation distances. The
parameters are [ = 0 and ne /n, = 1.5. (a) and (c) SAM densities; (b) and (d) OAM densities.

2.3. Relation between spiral spectrum and longitudinal
OAM density

The above analysis indicates that a non-uniform polariza-
tion can result in the asymmetrical distributions of spiral spec-
tra and a non-zero value in the sum of L,. The spiral spectra
and longitudinal OAM densities provide different perspectives
for exploring the evolution of OAM, and their relations are de-

termined by!?%3]

L Y mPy. (10)

m—=—oo

To intuitively and numerically elucidate their relations,
we define the ratio of positive part or negative part to the total
OAM as

Re = |uz1/(lvs | +1vs

), (c=sord). (11)
For spiral spectra, Ri are the percentage of positive

weight value and negative weight value, with |U,;"| = ¥ mP,
1

m=

-1
and |U; | = Y mP,, respectively.
m=—oo

For the longitudinal OAM densities, Ri represent the per-
centage of positive total magnitude and the percentage of neg-
ative total magnitude, with |Ud+‘ and |U n | integrated by the
longitudinal OAM densities.

Figure 7 displays the ratio of positive part and nega-
tive part to the total OAM of NUPV and UPV beams in
uniaxial crystals for different values of refractive index ratio
ne/ne = 0.6, 1, 1.8, and [ = 1, respectively. From Figs. 7(al)
and 7(bl), it can be found that the values of R in spiral spec-
tra and longitudinal OAM densities both monotonically in-
crease, and the values of R} decrease in two different ways
as shown in Figs. 7(a2) and 7(b2). When the NUPV beams
propagate in uniaxial crystals, the increase the values of R
means that the weight of negative OAM gradually grows from
zero-value, while the values of the positive part, i.e., R;r, de-
crease from maximal values. Compared with UPV beams, the
NUPYV beams present a greater range of change in Rt and Ry
The results confirm that the asymmetrical distribution of spi-
ral spectra as shown in Figs. 3(al)-3(a4) in NUPV beams.
The change of R; and R become increasingly intense with
the augment of the difference between refractive index ratio
ne/no and 1, while for ne /n, = 1 the values of R} and Ry re-
main unchanged, which indicates that the anisotropy can fur-
ther strengthen the asymmetrical distribution of spiral spectra
and a non-zero value in the sum of L, induced by non-uniform

polarization.
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(al)

—k— Spiral spectrum of n./n,=0.6
-m- OAM density of n./n,=0.6
Spiral spectrum of n./n,=1
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+
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Spiral spectrum of n./n,=1.8
-&- OAM density of n./n,=1.8
0.45 = L L L
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Propagation distance

Fig. 7. Ratios of positive part R} and negative part Ry to the total OAM of NUPV and UPV beams in uniaxial crystals for different refractive
index ratios ne /no, = 0.6, 1, 1.8, and / = 1, respectively. (al) and (a2) UPV beams; (b1) and (b2) NUPV beams.

3. Conclusions

Based on the beam model in our previous work, the spi-
ral spectra and OAM densities of NUPV and UPV beams in
uniaxial crystals are further studied. For the NUPV beams,
their positions of modes m concentrated at m = [ £ 1 rather
than m = [ in spiral spectra, and the relation among topologi-
cal charge /, mode of spiral spectra m and the power weight
value R, can be expressed as [ =Y, ___ mR,, at the input
plane. In the uniaxially anisotropic crystals the relation of
=Y _mRy, still holds true for UPV beams, whereas for
NUPYV beams their relations are no longer valid due to the non-
uniform polarization.

The influence of non-uniform polarization, topological
charge and refractive index ratio on spiral spectra and OAM
densities of NUPV and UPV beams are also explored by
anisotropic diffraction in the x-component electric field. The
UPV beams possess symmetrical power weights of spiral
spectra even in anisotropic media, whereas the symmetrical
distribution in power weights of spiral spectra disappears for
the NUPV beams. The results show that the asymmetrical spi-
ral spectra originate from the joint action of the input non-
uniform polarization and anisotropy in uniaxial crystals. The
topological charge affects the position and weight value of
modes. Furthermore, the sum of the longitudinal OAM densi-
ties L, for NUPV beams with non-vortex is not equal to zero,
which are different from that of the UPV beams. It indicates
that the non-zero value in L, is related to the anisotropy and

the input non-uniform polarization. The anisotropy in uniax-
ial crystals results in the extension of the spiral spectrum and
the distortion of L,. Based on such effects, the asymmetric
spiral spectra and the non-zero values of the sums of L, are
obtained under the joint effect of anisotropy and input non-
uniform polarization. These interesting phenomena may be
explained by the conversion of optical SAM related to non-
uniform polarization into OAM. 136! The relation between spi-
ral spectrum and longitudinal OAM density is also discussed.
The consistency of two different methods, i.e., spiral spectra
and OAM densities, in exploring OAM are numerically eluci-
dated by the defined RE. The NUPV beams present a greater
range of change in RZ than the UPV beams. The OAM change
induced by the initial non-uniform polarization has potential
applications in OAM-based communications, optical metrol-
ogy and imaging.

Appendix A: Sums of mR,, of NUPV and UPV
beams

To intuitively and accurately draw the conclusion about
relation [ =Y ,.___ mR,,, Appendix A gives the sums of mR,,
of NUPV and UPV beams during propagation in Fig. Al.

It can be obtained that regardless of the value of /, the sum
of UPV beams still satisfies the relation / =Y ,,___ mR,, when
propagating in a uniaxial crystal. For NUPV beams, the value

of the sum decreases as the propagation distance increases and
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the relation [ =Y. ___ mR,, does not hold true.

[4]
[5]

2 T T T T T ™
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