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Since the evolution of a mixed state in a unitary system is equivalent to the joint evolution of the eigenvectors contained
in it, we could use the tool of instantaneous angular velocity for pure states to study the quantum speed limit (QSL) of a
mixed state. We derive a lower bound for the evolution time of a mixed state to a target state in a unitary system, which
automatically reduces to the quantum speed limit induced by the Fubini–Study metric for pure states. The computation of
the QSL of a degenerate mixed state is more complicated than that of a non-degenerate mixed state, where we have to make
a singular value decomposition (SVD) on the inner product between the two eigenvector matrices of the initial and target
states. By combing these results, a lower bound for the evolution time of a general mixed state is presented. In order to
compare the tightness among the lower bound proposed here and lower bounds reported in the references, two examples in
a single-qubit system and in a single-qutrit system are studied analytically and numerically, respectively. All conclusions
derived in this work are independent of the eigenvalues of the mixed state, which is in accord with the evolution properties
of a quantum unitary system.
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1. Introduction
As an important concept in fundamental physics, quan-

tum speed limits (QSLs) impose lower bounds on the evolu-
tion time required for a quantum system to evolve between
two distinguishable states,[1] and the time–energy uncertainty
principle is one of its possible physical interpretations.[2] QSL
plays an important role in quantum information processing,
which could be used to infer the maximal rate of informa-
tion transfer,[3,4] analyze the scrambling of information,[5]

improve measurement precision in quantum metrology,[6–8]

estimate computational capacity,[9,10] explore quantum opti-
mal control,[11–17] investigate entropy production rate in non-
equilibrium quantum processes,[18,19] enhance the charging
power of quantum batteries,[20–22] and so on. Owing to its sig-
nificance in both domains of theoretical physics and promising
applications in quantum information processing, the issue of
QSL is attracting more and more attention in recent years. In
a seminal work, Mandelstam and Tamm (MT) derived a lower
bound, based on the Heisenberg uncertainty relation between
the Hamiltonian and the projection operator to the initial state,
on the transition time required for a pure state to naturally
evolve to an orthogonal state,[2] τ(MT) = h̄π

2∆E , with ∆E the en-
ergy spread of the quantum system under consideration. Here
we see that energy spread of a quantum system takes effect
on its evolution speed. Over half century later, Margolus and
Levitin (ML) studied the same problem by using a different al-

gebra method, and another lower bound on the evolution time
between two orthogonal pure states is derived in terms of av-
erage energy Ē,[23] τ(ML) = h̄π

2Ē , where the ground state energy
of the quantum system is set zero for simplicity, E0 = 0, and
hereafter the average energy Ē should be replaced by Ē −E0

in the case of nonzero ground state energy. The average en-
ergy of the system plays another role of affecting the sys-
tem’s evolution speed. Therefore, a unified bound is formed
for QSL of unitary dynamics by combining these two inde-
pendent results as τ = max{ h̄π

2∆E ,
h̄π

2Ē }.[24] Based on the chang-
ing rate of phase of a quantum system, another unified QSL
bound is recently proposed in a mathematical way.[25] The
MT bound and ML bound are generalized to τ(MT) = h̄Θ

∆E
[26]

and τ(ML) = h̄Θ

Ē tan Θ

2 ,[27] respectively, for the unitary evolu-
tion between two nonorthogonal pure states, where the angle
Θ is the Fubini–Study angle between them.[28–30]

Based on the fact that the geodesic length between
two distinguishable pure states is no longer than the length
of any other path connecting the two states, the MT
bound could be generalized to a time-dependent quan-
tum system.[31] Generalizations of the MT bound to the
mixed state have also been extensively explored in the
literatures.[32–40] In the last two decades, the discussion
on the “minimum evolution time of a quantum system”
has been extended to the damped Jaynes–Cummings model
and the Ohimc-like dephasing model,[41–43] the driven
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systems,[44–47] open systems,[48–57] phase space,[58,59] quan-
tum many-body systems,[60,61] thermal states,[62] the gen-
eration of quantumness,[63] the regimes across quantum to
classical,[64] the non-Hermitian systems,[65] and so on. Some
related results will be introduced briefly in the next section.

In this paper, we use the tool of instantaneous angular ve-
locity for pure states to study the evolution time of a mixed
state, and a lower bound for the evolution time of a mixed
state to a target state in a unitary system is derived. This lower
bound is tight, and automatically reduces to the quantum speed
limit induced by the Fubini–Study metric for pure states. The
situation becomes more complicated if a degenerate mixed
state is under consideration. In order to study the QSL of a
degenerate mixed state with equal nonzero eigenvalues, we
have to make a singular value decomposition (SVD) on the
inner product between the two eigenvector matrices of the ini-
tial and target state. By combing these results, we present a
lower bound for the evolution time of a general mixed state.
Furthermore, two examples are presented analytically and nu-
merically to compare the tightness among the lower bound
presented here and those reported in the references. All con-
clusions derived in this work are independent of the eigenvalue
of the mixed state, which is in accord with the evolution prop-
erties of a quantum unitary system.

2. QSL time for a mixed state: a brief introduc-
tion
A usual approach for constructing a QSL is based on the

geometric property of a quantum state. That is, the length
of the geodesic path connecting two states is no longer than
the length of any other path. By introducing a distance
𝒟(ρ0,ρt) between the initial and final density matrices, and
the “maximum speed of evolution” Q(t)≡ (1/t)

∫ t
0

√
ℱ(t ′)dt ′

with ℱ(t ′) being a metric in the space of density matrices
induced by 𝒟,[66] the QSL time is then formulated as τ =

𝒟(ρ0,ρt)/Q(t). This approach is widely used in the issue of
QSL in quantum unitary and open systems, and as well in dy-
namics of classical systems.[67,68] In this section, we briefly
introduce three lower bounds for the evolution time of a mixed
state in a unitary system, which were reported in more details
in Ref. [69].

Combining the MT bound and the ML bound leads to
a unified QSL time.[24] It could be extended to the mixed
state case by defining the distance between the initial state
ρ0 and the final state ρt as their Bures angle ℒ(ρ0,ρt) =

arccos(ℱ(ρ0,ρt)),[70] with ℱ(ρ0,ρt) = tr [
√√

ρ0ρt
√

ρ0] be-
ing the Uhlmann root fidelity,[71,72]

τℒ(ρ0,ρt) =
ℒ(ρ0,ρt)

min{Ē,∆E}
, (1)

where we have set h̄ = 1 hereafter for simplicity. It bounds
the evolution time required to evolve the mixed state ρ0 to

the final state ρt by means of a unitary operator Ut , i.e.,
ρt = Utρ0U†

t , where the quantum system is governed by a
time-dependent Hamiltonian Ht . Here the average energy is
defined as Ē = (1/t)

∫ t
0(tr[ρt ′Ht ′ ]− h(0)t ′ ) dt ′, with h(0)t ′ being

the ground state energy of Ht ′ , and the average energy spread

is ∆E = (1/t)
∫ t

0

√
tr[ρt ′H2

t ′ ]− tr[ρt ′Ht ′ ]2 dt ′.
By defining the distance between two mixed states

ρ0 and ρt through the angle between their generalized
Bloch vectors,[69] which is equivalent to Θ(ρ0,ρt) =

arccos
(
(tr[ρ0ρt ]−1/N)/(tr[ρ2

0 ]−1/N)
)

with N being the di-
mensionality, it is proven that the evolution time required to
evolve from state ρ0 to state ρt by means of a unitary opera-
tion is also bounded from below by

τΘ (ρ0,ρt) =
Θ(ρ0,ρt)

QΘ

, (2)

where the denominator

QΘ =
1
t

∫ t

0

√
2 tr[ρ2

t ′H
2
t ′ − (ρt ′Ht ′)2]

tr[ρ2
t ′ ]−1/N

dt ′

could be considered as the maximum evolution speed. This
bound matches the first one in Eq. (1) for all pure states in
qubit systems (N = 2), where the Bures angle reduces to the
Fubini–Study distance.[28–30]

If the distance between two mixed states ρ0 and ρt is de-
fined as

Φ(ρ0,ρt) = arccos
(√

tr[ρ0ρt ]

tr[ρ2
0 ]

)
,

and the “average speed of evolution” turns to

QΦ =
1
t

∫ t

0

√
tr[ρ2

t ′H
2
t ′ − (ρt ′Ht ′)2]

tr[ρ2
t ′ ]

dt ′

accordingly, then the third lower bound for the minimal time
required to evolve from state ρ0 to state ρt by means of a uni-
tary operation is derived,

τΦ(ρ0,ρt) =
Φ(ρ0,ρt)

QΦ

. (3)

This bound matches the MT bound for pure states in all uni-
tary systems, because the above distance Φ(ρ0,ρt) reduces to
the Fubini–Study distance in the case of pure states regardless
of the dimension of the system, and the above “average speed
of evolution” QΦ reduces to the energy spread ∆E. It is shown
that the two bounds τΘ and τΦ in Eqs. (2) and (3) are easy
to compute and tighter than the bound τℒ in Eq. (1) in most
cases.[69]

3. QSL time for a mixed state
A quantum system governed by a time-dependent Hamil-

tonian Ht would undergo a unitary evolution, and the state at
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time t is connected to the initial one through a unitary trans-
formation Ut , i.e., ρt = Utρ0U†

t , with Ut = exp(−i
∫ t

0 Ht ′ dt ′).
Since the unitary transformation of a matrix does not change
its eigenvalues, the time evolution ρt has the same spectrum
with the initial state ρ0. Furthermore, the eigenvectors of a
density matrix associated with distinct eigenvalues are inde-
pendent to each other, so the evolution time of a mixed state
in a unitary quantum system is just the evolution time of each
eigenvector of the mixed state, which provides us a possible
way to study the QSL of a mixed state through the evolution
time of its eigenvectors. In this section, we present the main
results of the QSL for a mixed state in two different circum-
stances, a non-degenerate mixed state and a degenerate mixed
state with equal nonzero eigenvalues. The QSL of a general
mixed state could be obtained by combining the two results.

3.1. QSL time for a non-degenerate mixed state

The eigenvectors of a non-degenerate density matrix have
a one-to-one correspondence to its eigenvalues. Just as we
mentioned above, the evolution of the eigenvectors of a mixed
state are independent to each other, so the evolution time of a
mixed state in a unitary quantum system is exactly the evolu-
tion time of each eigenvector of the mixed state. In a recent
work, the concept of instantaneous angular velocity of quan-
tum evolution is proposed for a pure state.[27] It is found that
the quantum evolution of a pure state has two “directions” at
any moment, one is associated with the fidelity change of the
state at this moment, and the other one is related to the state’s
phase change. The instantaneous angular velocity of the quan-
tum evolution associated with the fidelity change is determined
by the time-dependent energy spread ∆Et =

√
⟨H2

t ⟩−⟨Ht⟩2

through the simple relation ωt = ∆Et/h̄. If the time evolution
of the state is always inside the plane spanned by the initial
vector and the target vector, the quantum system undergoes
the fastest evolution, which corresponds to the geodesic path
in the geometric description of the quantum evolution. That is
to say, the minimum time τmin required for a quantum system
to evolve from the initial state vector |ψ0⟩ to the target state
vector |ψτ⟩ satisfies the following equation:∫

τmin

0
∆Et dt =Θ(|ψ0⟩, |ψτ⟩), (4)

where Θ(|ψ0⟩, |ψτ⟩) = arccos |⟨ψ0|ψτ⟩| is the Fubini–Study
angle between the two state vectors |ψ0⟩ and |ψτ⟩, and the real
evolution time plays no role here. Although it is hard to work
out an analytical solution for τmin based on this equation, due
to the possibly irregular distribution of the energy spread ∆Et

as a function of time and the integral included, its numerical
result is not hard to obtain, and this equation is very useful to
estimate the evolution time of a quantum system when the real
evolution time is unknown to us. On the contrary, if the real

evolution time τ is given, the minimum time τmin required to
evolve between the two state vectors |ψ0⟩ and |ψτ⟩ could also
be expressed as

τmin(|ψ0⟩, |ψτ⟩) =
Θ(|ψ0⟩, |ψτ⟩)

1
τ

∫
τ

0 ∆Et dt
. (5)

This definition follows the same idea used in the above lower
bounds τℒ, τθ and τφ in Eqs.(1), (2) and (3), respectively. If
the unitary system is governed by a time-independent Hamil-
tonian H, the energy spread ∆Et becomes a constant ∆E, then
the above minimum time τmin has a simpler expression

τmin(|ψ0⟩, |ψτ⟩) =
Θ(|ψ0⟩, |ψτ⟩)

∆E
. (6)

Since the Fubini–Study angle Θ measures the geodesic “dis-
tance” between the initial state vector |ψ0⟩ and its time evolu-
tion |ψt⟩, the minimum time τmin defined in the above Eq. (5)
or (6) is a lower bound of the real evolution time between the
initial state |ψ0⟩ and its target state |ψτ⟩.

For a mixed state without degenerate eigenvalue, the time
evolution of each eigenvector brings out a minimum time ac-
cording to the above Eq. (5) or (6). Noting that the evolution
time of a mixed state in a unitary quantum system is exactly
the evolution time of each eigenvector of the mixed state, ev-
ery minimum time obtained in this way is a lower bound of
the real evolution time, so the real evolution time for a non-
degenerate mixed state is bounded from below by the largest
one among these minimum time,

τmin(ρ0,ρτ) = max
i
{τmin(|ψ

(i)
0 ⟩, |ψ(i)

τ ⟩)}, (7)

where τmin(|ψ
(i)
0 ⟩, |ψ(i)

τ ⟩) is obtained by substituting the

Fubini–Study angle Θ(|ψ(i)
0 ⟩, |ψ(i)

τ ⟩) = arccos |⟨ψ(i)
0 |ψ(i)

τ ⟩| be-

tween the eigenvectors |ψ(i)
0 ⟩ and |ψ(i)

τ ⟩ of ρ0 and ρτ asso-
ciated with the same eigenvalue λi, into Eq. (5) or (6). In the
calculation of τmin(|ψ

(i)
0 ⟩, |ψ(i)

τ ⟩) in the above equation, the en-
ergy spread ∆Et =

√
⟨H2

t ⟩−⟨Ht⟩2 involved in Eq. (5) is here
imposed on the time evolution |ψ(i)

t ⟩. That is to say, the energy
spread ∆Et used in the calculation of τmin(|ψ

(i)
0 ⟩, |ψ(i)

τ ⟩) stands
for the energy band of the time evolution of the i-th eigenvec-
tor |ψ(i)

0 ⟩, rather than the mixed state ρ0 itself. In fact, the
energy spread of the mixed state plays no role in the lower
bound proposed here, which is different from some previous
results.

3.2. QSL time for a degenerate mixed state with equal
nonzero eigenvalues

Suppose an N-dimensional quantum system is initially
prepared in a degenerate mixed state whose K (2 ≤ K ≤ N)
nonzero eigenvalues are all equal to λ = 1/K. The uni-
tary evolution of this system would keep the degeneracy of
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the eigenvalue and the structure of the eigenspace invari-
ant. Let {|ψ(i)

0 ⟩, i = 1,2,3, . . . ,K} be one set of eigen-
vectors of the initial mixed state ρ0, satisfying the normal-
ization condition ρ0 = 1/K ∑

K
i |ψ(i)

0 ⟩⟨ψ(i)
0 | and the orthog-

onality condition ⟨ψ(i)
0 |ψ( j)

0 ⟩ = δi j. Now we align these
column vectors to form an N × K eigenvector matrix R =

(|ψ(1)
0 ⟩, |ψ(2)

0 ⟩, . . . , |ψ(K)
0 ⟩), where only the eigenvectors asso-

ciated with nonzero eigenvalues are included, and we have
ρ0 = RR†/K. Each eigenvector matrix corresponds to a de-
composition of a degenerate mixed state with equal nonzero
eigenvalues. Given one eigenvector matrix R, we can obtain
another eigenvector matrix, R′ = (|ψ ′(1)

0 ⟩, |ψ ′(2)
0 ⟩, . . . , |ψ ′(K)

0 ⟩),
which satisfies ρ0 = R′R′†/K too, through the simple ma-
trix product R′ = RS, with S being an arbitrary K × K uni-
tary matrix. Accordingly, given an eigenvector matrix M =

(|ψ(1)
τ ⟩, |ψ(2)

τ ⟩, . . . , |ψ(K)
τ ⟩) of the target mixed state ρτ , which

also has K equal nonzero eigenvalue λ = 1/K, another eigen-
vector matrix of ρτ , M′ = (|ψ ′(1)

τ ⟩, |ψ ′(2)
τ ⟩, . . . , |ψ ′(K)

τ ⟩), sat-
isfying ρτ = MM†/K = M′M′†/K, could be expressed as
M′ = MT , with T being a K ×K unitary matrix. In a word,
based on an arbitrary eigenvector matrix of the mixed state ρ0

(or ρτ ), each K ×K unitary matrix S (or T ) corresponds to a
decomposition of the state ρ0 (or ρτ ).

The inner products between the eigenvectors of the initial
mixed state ρ0 and the corresponding eigenvectors of the tar-
get mixed state ρτ , are just the diagonal elements of the matrix
product R′†M′ = S†R†MT , with (R′†M′)ii = ⟨ψ ′(i)

0 |ψ ′(i)
τ ⟩. Now

we choose a particular decomposition of ρ0 and ρτ , so that
the matrix product R′†M′ is a non-negative diagonal matrix,
which means a SVD is made on the matrix R†M through the
two K×K unitary matrices S and T . That is to say, for the ini-
tial state ρ0 and the target state ρτ sharing the same eigenvalue
spectrum, we can always find two particular decompositions,
so that the inner products between their pairwise eigenvectors,
⟨ψ ′(i)

0 |ψ ′(i)
τ ⟩, are equal to the singular values of R′†M′, i.e.,

the eigenvalues of
√

R′†M′M′†R′. Noting that ρ0 = R′R′†/K
and ρτ = M′M′†/K, the matrix

√
R′†M′M′†R′ and the ma-

trix K
√√

ρ0ρτ

√
ρ0 have identical nonzero eigenvalues, so the

average value of the above inner products, 1
K ∑

K
i (R

′†M′)ii =
1
K tr(R′†M′), is equal to the Uhlmann root fidelity[71,72] be-
tween ρ0 and ρτ , ℱ(ρ0,ρτ) = tr [

√√
ρ0ρτ

√
ρ0], whose arc co-

sine function, arccos(ℱ), is a widely-used measure of the “dis-
tance” between two mixed states, and we have 1

K tr(R′†M′) =

tr [
√√

ρ0ρτ

√
ρ0]. Thus the two decompositions containing R′

and M′ are the closest among all decompositions of ρ0 and ρτ .
Based on the above analysis, we now focus on the par-

ticular decomposition R′ = (|ψ ′(1)
0 ⟩, |ψ ′(2)

0 ⟩, . . . , |ψ ′(K)
0 ⟩) of the

initial degenerate state ρ0 with equal nonzero eigenvalues, and
discuss the evolution of these column vectors of R′. Provided
the target state ρτ in a unitary system, since the decomposition
M′ = (|ψ ′(1)

τ ⟩, |ψ ′(2)
τ ⟩, . . . , |ψ ′(K)

τ ⟩) satisfying 1
K tr(R′†M′) =

tr [
√√

ρ0ρτ

√
ρ0], is closest to the decomposition R′, the po-

tential evolution time between the two decompositions R′ and
M′ is smaller than others. In other words, the minimum time
it takes for the state vectors |ψ ′(i)

0 ⟩ (i = 1,2, . . . ,K) to simul-
taneously reach new vectors whose fidelities with the cor-
responding state vector, ⟨ψ ′(i)

0 |ψ ′(i)
τ ⟩ (i = 1,2, . . . ,K), has a

one-to-one correspondence with the nonzero eigenvalues of
K
√√

ρ0ρτ

√
ρ0, bounds the evolution time for the initial state

ρ0 to evolve to the target state ρτ . Now we can use the mini-
mum evolution time for a pure state in Eq. (5) or (6) to describe
the minimum evolution time of a mixed state ρ0 to the target
state ρτ , which is

τmin(ρ0,ρτ) = max
i
{τmin(|ψ ′(i)

0 ⟩, |ψ ′(i)
τ ⟩)}, (8)

where τmin(|ψ ′(i)
0 ⟩, |ψ ′(i)

τ ⟩) is the minimum time required for

the column vector |ψ ′(i)
0 ⟩ in R′ to evolve to the column vec-

tor |ψ ′(i)
τ ⟩ in M′, obtained by substituting the Fubini–Study

angle Θ(|ψ ′(i)
0 ⟩, |ψ ′(i)

τ ⟩) = arccos |⟨ψ ′(i)
0 |ψ ′(i)

τ ⟩| and the energy

spread ∆E(i)
t =

√
⟨H2

t ⟩−⟨Ht⟩2 imposed on the time evolution
of |ψ ′(i)

0 ⟩ into Eq. (5) or (6).

3.3. QSL time for a general mixed state

QSL for a general mixed state in a unitary system could
be obtained by combining the above conclusions in subsec-
tions A and B. In an N-dimensional unitary system, an arbi-
trary initial state ρ0 with rank K ≤ N and its target state ρτ

have the same eigenvalue spectrum and eigenspace structure.
We rewrite the two mixed states ρ0 and ρτ as their eigen-
value decomposition, ρ0 =UΛU† and ρτ =VΛV †, where the
two unitary matrices U and V are formed by the eigenvec-
tors of ρ0 and ρτ , and the diagonal matrix Λ is composed of
the eigenvalues of ρ0 (or ρτ ). Every non-degenerate eigen-
value of ρ0 or ρτ contributes a distinct eigenvector as a col-
umn vector to U or V . However, if some of the column
vectors of U and V , e.g., |ψ( j1)

0 ⟩, |ψ( j2)
0 ⟩, . . . , |ψ( jl)

0 ⟩ in U and

|ψ( j1)
τ ⟩, |ψ( j2)

τ ⟩, . . . , |ψ( jl)
τ ⟩ in V , belong to a degenerate eigen-

value λ j of multiplicity l, which means the choice of these col-
umn vectors is not unique, then we set an extra requirement for
these column vectors, the inner product of the two eigenvec-
tor matrices U ′†

λ j
V ′

λ j
with U ′

λ j
= (|ψ ′( j1)

0 ⟩, |ψ ′( j2)
0 ⟩, . . . , |ψ ′( jl)

0 ⟩)

and V ′
λ j

= (|ψ ′( j1)
τ ⟩, |ψ ′( j2)

τ ⟩, . . . , |ψ ′( jl)
τ ⟩), has to be a non-

negative diagonal matrix, which actually implies these eigen-
vectors satisfy the orthogonality condition, ⟨ψ ′( jm)

0 |ψ ′( jn)
τ ⟩= 0

for jm ̸= jn.
The two particular eigenvector matrices U ′

λ j
and V ′

λ j
could

be obtained through the SVD decomposition on the inner
product of U†

λ j
Vλ j , with Uλ j (and Vλ j ) being an eigenvector

matrix of ρ0 (and ρτ ) with respect to the eigenvalue λ j. If the
SVD decomposition is expressed as U†

λ j
Vλ j = Sλ j Ωλ j T

†
λ j

, with
the singular values being contained in the diagonal matrix Ωλ j ,
then we have U ′

λ j
=Uλ j Sλ j and V ′

λ j
=Vλ j Tλ j .
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Through the two particular eigenvector matrices U ′

and V ′, with U ′ = (|ψ ′(1)
0 ⟩, |ψ ′(2)

0 ⟩, . . . , |ψ ′(K)
0 ⟩) and V ′ =

(|ψ ′(1)
τ ⟩, |ψ ′(2)

τ ⟩, . . . , |ψ ′(K)
τ ⟩), the evolution time for the quan-

tum unitary evolution from the initial mixed state ρ0 to the tar-
get state ρτ is bounded from below by the largest one among
the minimum time for the state vectors |ψ ′(i)

0 ⟩ to evolve to
|ψ ′(i)

τ ⟩. That is to say, the lower bound for the evolution time
in Eq. (8) is also valid for a general mixed state, where the
state vectors |ψ ′(i)

0 ⟩ and |ψ ′(i)
τ ⟩ are the eigenvectors in the two

closest decompositions of ρ0 and ρτ .
The SVD decomposition makes it more complicated to

compute the QSL time of a degenerate mixed state than a
non-degenerate mixed state. The lower bound for the evolu-
tion time of a mixed state proposed here is independent on the
eigenvalues of the system, which is in agree with the dynam-
ical properties of a quantum unitary system. Furthermore, it
will be shown in the next section that this lower bound is very
tight.

4. Results and discussion
4.1. Analytical results in a time-independent single-qubit

system

Let us start this section with a simple single-qubit
example. In the basis composed of the eigenvectors of
the time-independent Hamiltonian ℋ, which has a diago-

nal form ℋ =

(
a 0
0 b

)
in this particular basis, an initial

state ρ0 =

( 1
2 +λ η*

η
1
2 −λ

)
evolves to a target state ρτ =( 1

2 +λ η* e i(b−a)τ

η e i(a−b)τ 1
2 −λ

)
at the real evolution time τ . To

ensure the non-negativity of the density matrix ρ0, the two pa-
rameters λ and η should satisfy the conditions λ ∈ [−0.5,0.5]
and |η |2 ≤ 1

4 − λ 2. Now we could calculate the three lower
bounds τℒ, τθ and τφ in Eqs. (1), (2) and (3) of the evolution
time τ ,

τℒ =
1√

1
4 −λ 2

arccos

√
1+

2λ 3

γ
−2λ 2, (9a)

τθ =
γ

|η |
arccos

(
1− 2|η |2

γ2 sin2 τ

2

)
, (9b)

τφ =

√
1+4γ2
√

2|η |
arccos

√
1− 8|η |2

1+4γ2 sin2 τ

2
, (9c)

where the parameter γ =
√

λ 2 + |η |2 ∈ [0,1/2] and all in-
volved time τℒ, τθ , τφ or τ is in units of 1/(a−b), or equiv-
alently speaking, the condition a− b = 1 is assumed for the
Hamiltonian ℋ.

The initial mixed state ρ0 has two eigenvectors

|ψ1⟩=
1√

2γ(λ + γ)

(
λ + γ

η

)
,

|ψ2⟩=
1√

2γ(λ + γ)

(
−η*

λ + γ

)
,

which turn to, at the time τ , the eigenvectors

|ψ ′
1⟩ =

1√
2γ(λ + γ)

(
λ + γ

η e iτ

)
,

|ψ ′
2⟩ =

1√
2γ(λ + γ)

(
−η* e−iτ

λ + γ

)
of the target state ρτ under the action by the above Hamiltonian
ℋ. These eigenvectors has the same energy spread ∆E = |η |

2γ
,

the Uhlmann root fidelity between |ψ j⟩ and |ψ ′
j⟩ ( j = 1,2) is

ℱ(|ψ j⟩, |ψ ′
j⟩) =

√
1− |η |2

γ2 sin2 τ

2 , then the lower bound of the
evolution time τ in Eq. (7) is

τmin =
2γ

|η |
arccos

√
1− |η |2

γ2 sin2 τ

2
. (10)

It could be proven that the above lower bounds satisfy the fol-
lowing relation:

τ ≥ τmin = τθ ≥ τφ ≥ τℒ. (11)

It is very interesting that the lower bound τmin proposed here
perfectly matches the lower bound τθ in a single-qubit system,
although they are defined in two completely different ways.
In addition, these two lower bounds τmin and τθ are tighter
than the other two lower bounds τφ and τℒ in this system.
The above four lower bounds match each other for pure qubit
states (γ = 1/2) or mixed state without quantum coherence[73]

(η = 0). It is found that if a mixed qubit state has no quantum
coherence (η = 0) in the basis composed of the eigenvectors
of the time-independent Hamiltonian, it undergoes the fastest
evolution, where the three lower bounds τmin, τθ and τφ are
all equal to the real evolution time τ , i.e., τ = τmin = τθ = τφ .
By the way, in the trivial case of maximally mixed state with
λ = η = 0, all the above lower bounds τℒ, τθ , τφ and τmin

would present a zero result, because a maximally mixed state
will not change its density matrix during a unitary evolution.

4.2. Numerical results in a qutrit or higher dimensional
systems

Now we turn to a qutrit quantum system with the ini-
tial state mixed by three orthogonal pure states |ψ1⟩ =

1√
6
(1

√
2

√
3)†, |ψ2⟩ = 1√

6
(−2

√
2 0)†, and |ψ3⟩ =

1√
6
(1

√
2 −

√
3)† with the mixing coefficients p1 = λ ,

p2 =
1
4 (1−λ ), and p3 =

3
4 (1−λ ), so the density matrix of this

initial state could be described as ρ0 = ∑
3
i pi|ψi⟩⟨ψi|. Under

a Hamiltonian ℋ =

 0 1 1
1 0 1
1 1 0

, this state evolves to a state

ρτ = ∑
3
i pi|ψ ′

i ⟩⟨ψ ′
i | at time τ , with |ψ ′

i ⟩= exp(−iτℋ)|ψi⟩. In
the following, we fix the real evolution time as τ = π/6, and
numerically investigate the varying behavior of the four lower
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bounds τmin, τθ , τφ , and τℒ as the parameter λ changes (see
Fig. 1). It is shown that the three lower bounds τmin, τθ and
τφ are close to each other in this particular case, and the lower
bound τℒ deviates far from the real evolution time τ = π/6 in
most cases of the allowed parameter λ . The lower bound τmin

proposed here (see the top solid lines in Fig. 1), keeps constant
and is independent on the parameter λ except for the two spe-
cial cases of λ = 0.2 and λ = 3/7, which actually reflects the
fact that the lower bound τmin is independent on the spectrum
of the mixed state in a time-independent unitary system. In
the pure state case of λ = 1, the three lower bounds τmin, τφ ,
and τℒ meet with each other, but they are smaller than the real
evolution time at this point. Among the three lower bounds
τmin, τθ , τφ (see Fig. 1(b)), the lower bound τmin is the largest
one in this case, and τθ is not always larger than τφ , which is
in agree with the statement presented in Ref. [69].
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τL

Α2(3/7, 0.0471)

Fig. 1. Numerical results of the four lower bounds τmin, τθ , τφ , and τℒ
as the parameter λ changes (a). The varying behaviors of the former three
lower bounds τmin, τθ and τφ are redrawn in an enlarged scale to make them
clearer (b).

Different from the continuous varying behavior of the two
lower bounds τθ and τφ with the parameter λ , the two curves
of τmin and τℒ both have two discontinuities at the points
λ = 0.2 and λ = 3/7. See the points A1 and A2 of τℒ in
Fig. 1(a) and B1 and B2 of τmin in Fig. 1(b), respectively, in
which case the condition p1 = p2 = 0.2 or p1 = p3 = 3/7 is
satisfied for the mixing coefficients, and the initial state ρ0 is
represented by a degenerate density matrix. Here we conjec-
ture that the two lower bounds τθ and τφ proposed in Ref. [69]
have a continuous dependence on the initial state ρ0 and the

target state ρτ , may not the other two lower bounds τmin and
τℒ. The discontinuity might occur in the case of quantum de-
generate states.

We make a numerical comparison on the tightness of the
lower bound τmin proposed here and the maximum one among
the other three lower bounds τ ′min = max[τθ ,τφ ,τℒ]. In a time-
independent qutrit system, we generate 106 random positive
matrixes as the initial mixed states through ρ0 = UΛU† in a
numerical program, where each unitary matrix U containing
the eigenvectors of the mixed state is generated through a QR
decomposition of a random square matrix, and the eigenval-
ues, contained in the diagonal matrix Λ , are also generated
randomly, but the conditions of non-negativity and normal-
ization are guaranteed. The corresponding target states ρτ

is generated by imposing a random Hamiltonian ℋ on the
initial state with a randomly-chosen evolution time τ , i.e.,
ρτ = e−iτℋρ0 e iτℋ. It is found that only about 4% of these
sampled states have a larger lower bound τ ′min than τmin for
their evolution time to evolve from ρ0 to the corresponding tar-
get states ρτ . Our numerical results show that this ratio goes
down to about 2%, 0.9%, 0.3%, and 0.1% as the dimension of
the quantum system enhances from 4 to 7, where each numer-
ical result is derived based on a sample size of 106.

Degeneracy of a density matrix may reduce the lower
bound τmin proposed here, according to the definition of the
lower bound τmin introduced in Subsection 3.2, because the
decomposition of a quantum state represented by a degener-
ate matrix is not unique, and we have to figure out two closest
decompositions in the initial and target states to estimate the
evolution time. In a time-independent qutrit system, we gen-
erate 106 random positive matrixes as the initial states ρ with
the eigenvalues λ1 = λ2 = 1/2 and λ3 = 0, and the eigenvec-
tors are from the column vectors of the unitary matrix gener-
ated through the QR decomposition of a random 3×3 matrix.
The corresponding target state ρτ is also constructed through
ρτ = e−iτℋρ0 e iτℋ with randomly-chosen Hamiltonian ℋ and
evolution time τ . It is found that nearly half of these sampled
states have a larger lower bound τ ′min than τmin for their evolu-
tion time to evolve from ρ0 to the corresponding target states
ρτ , and this ratio is much larger than the ratio for the nonde-
generate states discussed above. Similar to the above case, this
ratio becomes smaller as the dimension of the quantum system
enhances. For example, in a 10-dimensional system, about
20% of the mixed states represented by a rank-deficient den-
sity matrix with equal nonzero eigenvalues have larger lower
bound of τ ′min than τmin.

5. Conclusions
In this paper, we have studied the quantum speed limits

of a mixed state in a unitary system. A lower bound of the
evolution time for the mixed state in a quantum unitary system

110307-6



Chin. Phys. B 31, 110307 (2022)

is proposed based on the instantaneous angular velocity of its
eigenvectors. This lower bound is independent on the eigen-
values of the mixed state, which is in accord with the prop-
erties of a quantum evolution, because unitary evolution does
not change the spectrum of a quantum state, and no evidence
shows that the eigenvalues of a quantum state would acceler-
ate or decelerate the unitary evolution of a quantum state. In a
single-qubit system, the lower bound proposed here is equiv-
alent to lower bound τθ proposed in Ref. [69], and they are
tighter than the other two lower bounds τφ and τℒ introduced
in the same reference. In a qutrit or higher quantum system,
our numerical results show that the lower bound proposed here
is very tight. Even for degenerate quantum states, in which
case the lower bound proposed here is smaller or equal to that
of the non-degenerate states containing the same set of eigen-
vectors, more than half of these states have larger lower bound
than the maximum one among τθ , τφ and τℒ.

Since the lower bound proposed here is based on the evo-
lution time of the eigenvectors contained in the mixed state, it
naturally reduces to the Mandelstam–Tamm bound in Ref. [2]
for pure states of arbitrary dimension. As a price to obtain a
tighter bound of the evolution time for a mixed state, the com-
putation of the current lower bound need to make an eigen-
value decomposition of the mixed state under consideration,
and even a SVD is required if a degenerate mixed state is con-
sidered, which is more complicated than the computation of
the lower bounds τθ , τφ , and τℒ introduced in Ref. [69]. It
is another example to demonstrate the trade-off relation be-
tween the tightness of a QSL and its computational complex-
ity. As indicated in Eq. (8), the evolution time of a mixed state
is bounded from below by the maximum evolution time of the
eigenvectors, which implies that reducing the maximum evo-
lution time of the eigenvectors may be a possible way to speed
up quantum computation.

The approach developed here could not be directly used
in a quantum non-unitary system, because a non-unitary dy-
namics would affect the spectrum of a mixed state, and the
evolution of a mixed state is not equivalent to the joint evo-
lution of the eigenvectors in this case. The generalization of
the instantaneous angular velocity of a pure state to the mixed
state case remains open. Furthermore, the derivation of the
current lower bounds of the evolution time is mainly based
on mathematical analysis on the density matrix and its unitary
evolution, rather than the operational meanings of quantum
evolution, and a physically meaningful QSL for open dynam-
ics would be very interesting and remains open too at present.
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