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We investigate the Andreev reflection across a uniaxial strained graphene-based superconducting junction. Compared
with pristine graphene-based superconducting junction, three opposite properties are found. Firstly, in the regime of the
interband conversion of electron–hole, the Andreev retro-reflection happens. Secondly, in the regime of the intraband
conversion of electron–hole, the specular Andreev reflection happens. Thirdly, the perfect Andreev reflection, electron–
hole conversion with unit efficiency, happens at a nonzero incident angle of electron. These three exotic properties arise
from the strain-induced anisotropic band structure of graphene, which breaks up the original relation between the direction
of velocity of particle and the direction of the corresponding wavevector. Our finding gives an insight into the understanding
of Andreev reflection and provides an alternative method to modulate the Andreev reflection.

Keywords: graphene, uniaxial strain, anisotropic Andreev reflection
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1. Introduction
Graphene, a single atomic plane of graphite with a two-

dimensional honeycomb lattice,[1] provides a highly practi-
cal and prospective platform for studying basic physics and
applied physics, such as half-integer quantum Hall effect,[2]

Klein tunneling,[3] specular Andreev reflection,[4] topological
phase transition,[5–8] superconductivity,[9–12] next-generation
electronics and photonics,[13,14] and heterostructure.[15] In the
first Brillouin zone, there are two inequivalent corners K and
K′, around which is a conical band structure described by the
massless Dirac equation. When a uniaxial strain is applied in
graphene, the tilted Dirac cone is found,[16,17] which leads to
the same structure of relativistic Landau levels as in pristine
graphene, but with a renormalized effective Fermi velocity. In
this work, we will show that the uniaxial strain can induce
anisotropic and interesting Andreev reflection.

In a normal metal–superconductor (s-wave pairing) junc-
tion, when an electron from normal region hits the interface
of junction, a hole is reflected to the normal region and a
pair of electron coupling a Cooper pair is injected into the s-
wave pairing superconductor, known as Andreev reflection.[18]

Owing to the same path of incident electron and reflected
hole in the same band (intraband conversion of electron–hole),
this process is also called Andreev retro-reflection (ARR).
However, the specular Andreev reflection (SAR) was found
in a graphene-based superconducting junction,[4] where elec-
tron and hole belong to different bands (interband conver-
sion of electron–hole) and then the paths of electron and

hole are specular. After that, Andreev reflection is widely
studied in many Dirac materials and a general view of in-
traband (interband) conversion-induced ARR (SAR) is left
gradually.[19–35] Whereas, an opposite view, i.e., interband (in-
traband) conversion-induced ARR (SAR), was shown in the
two-dimensional electron gas system with Rashba spin–orbit
coupling,[36] the 8-Pmmn borophene (borophane)-based su-
perconducting junction,[37–39] and the tilted Weyl semimetal
hybrid junction.[40] Although only the intraband (interband)
conversion-induced ARR (SAR) is believed to happen in
graphene previously, in this work, we will show that the in-
terband (intraband) conversion-induced ARR (SAR) can also
happen in graphene by applying a uniaxial strain. Besides, we
will show that the perfect Andreev reflection, electron–hole
conversion with unit efficiency, exists at a nonzero incident
angle in graphene, which breaks the previous view that the
perfect Andreev reflection only happens at normal incidence
in graphene.

The paper is organized as follows. We firstly give the
model and basic formalism. Then, the numerical results and
theoretical analysis are presented and discussed. Finally, the
main results of this work are summarized.

2. Models and methods
For the pristine graphene, the distance between nearest-

neighbor (next-nearest-neighbor) carbon atoms is denoted by
a = 0.142 nm (b =

√
3a). The nearest neighbor (next-nearest

neighbor) hopping amplitude is denoted by t = 3 eV (tnnn =
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0.1t). When a uniaxial strain along y direction is considered,
as shown in Fig. 1, the distance between nearest neighbor
atoms along y axis changes from a to a′ = a(1+ ζ ) in which
ζ = δa/a is the lattice deformation measuring the strain am-
plitude. The model for strained graphene-based normal metal–
superconductor (NS) junction is shown in Fig. 1. The electron
and hole excitations are described by the Dirac–Bogoliubov–
de Gennes (DBdG) equation[4](

ℋη −EF ∆0 e iφ

∆0 e−iφ EF −ℋη

)(
ue
vh

)
= ε

(
ue
vh

)
. (1)

Here ℋη = η(h̄vxσxkx + h̄vyσyky + h̄vtσ0kx)−Uσ0 in which
the anisotropic velocities are vx =

√
3at sinα and vy =

3
2 at ′(1 + 2

3 ζ ), the tilted velocity is vt = 2
√

3(atnnn sin2α +

at ′nnn sinα) with tnnn = 0.1t, t ′nnn = tnnn(1− 2ζ + b
2d ζ ), t ′ =

t(1 − 2ζ ), and α = arccos(−t ′/2t). t ′ (t ′nnn) is the hopping
amplitude between nearest neighbor (next-nearest neighbor)
carbon atoms separated by the deformed lattice distance a′.
d ≈ a/3.5 is a characteristic distance related to the overlap of
atomic orbitals. η =+ (−) denote D (D′) valley index, which
is shifted away from the high-symmetry points K (K′).[16] In
DBdG equation, η has another meaning, i.e., η = 1 (−1) rep-
resents the incident electron from D (D′) valley and the re-
flected hole back to D′ (D) valley. σx,y and σ0 represent the
2×2 Pauli matrix and unit matrix, respectively. U = U0Θ(x′)
with the Heaviside step function Θ can be adjusted by dop-
ing or a gate voltage in the superconducting region and is zero
in the normal region. Fermi energy of system is denoted by
EF . The macroscopic phase in the superconducting region is
denoted by φ . ε is the excited energy (relative to the Fermi
energy) of electron and hole. ue and vh represent the electron
and hole wavefunctions in the normal region, respectively. In
the superconducting region, ue and vh denote the electron-like
and hole-like wavefunctions, respectively. The zero tempera-
ture energy-gap function in the superconducting region is rep-
resented by ∆0.

From Eq. (2), the excited spectrum of electron and hole
in the normal region are calculated as

ε
±
e = η h̄vtke

x ± h̄
√
(vxke

x)
2 +(vyke

y)
2 −EF,

ε
±
h =−η h̄vtkh

x ± h̄
√
(vxkh

x)
2 +(vykh

y)
2 +EF. (2)

Here +(−) denotes the electron in the conduction (valence)
band and the hole in the valence (conduction). Similarly, the
excited spectrum of electron-like and hole-like particles in su-
perconducting region are obtained

η h̄vtkse
x + h̄

√
(vxkse

x )2 +(vykse
y )2

= EF +U0 +
√

ε2 +∆ 2,

η h̄vtksh
x + h̄

√
(vxksh

x )2 +(vyksh
y )2

= EF +U0 −
√

ε2 +∆ 2. (3)
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Fig. 1. (a) Schematic diagrams for strained graphene-based supercon-
ducting junction. The direction of junction is characterized by θ . The
bonds parallel to the deformation axis are modified. The pristine (de-
formed) lattice distance is denoted by a (a′). t (tnnn) represents the
nearest neighbor (next-nearest neighbor) hopping amplitude without de-
formation. t ′ (t ′nnn) is the hopping amplitude between nearest neigh-
bor (next-nearest neighbor) carbon atoms separated by the deformed
lattice distance a′. Schematic diagrams for SAR and ARR through
the equal energy surfaces of electron and hole with (b) EF = 0 or (c)
EF = ∆0 = 10 meV and θ = π/4. The black dotted line denotes the
conservation of transverse wave vector ky′ in the process of transmis-
sion. The incident electron comes from D valley and the reflected hole
returns to D′ valley. The direction of wavevector is different from the
direction of velocity due to the anisotropic band structure of strained
graphene, which makes interband-induced ARR and intraband-induced
SAR possible.

According to Fig. 1(a), the relation of the wavevector
components in coordinate systems x–y and x′–y′ meets[30,41]{

kx = kx′ cosθ − ky′ sinθ ,

ky = kx′ sinθ + ky′ cosθ .
(4)

Here the direction of x′-axis is perpendicular to the interface
of superconducting junction, as shown in Fig. 1(a). θ is the
angle between x-axis and x′-axis. By substituting Eq. (4) into
Eq. (2), the excited spectrum of electron and hole in the nor-
mal region in coordinate system x′–y′ can be obtained. The
schematic diagrams for SAR and ARR through the equal en-
ergy surfaces of electron and hole with EF = 0 (EF = ∆0) and
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θ = π/4 are drawn in Fig. 1(b) (Fig. 1(c)). Generally, the di-
rection of velocity parallels the direction of wavevector when
the band structure is isotropic. But, the direction of wavevector
is different from the direction of velocity due to the anisotropic
band structure of strained graphene, which makes interband-
induced ARR and intraband-induced SAR possible.

In the coordinate system x′–y′, owing to the continuity of
wavefunctions, the wavefunctions at the interface of NS junc-
tion meet

ψ
η

e++ rψ
η

e−+ raψ
η

h− = aψ
η
se +bψ

η

sh, (5)

where ψ
η

e+ (ψη

e−) denotes the wavefunction of incident (re-
flected) electron towards (away) the interface in the normal re-
gion, ψ

η

h− represents the wavefunction of reflected hole away
the interface in the normal region, and ψ

η
se (ψη

sh) denotes the
electron-like (hole-like) wavefunction in the superconducting
region. In the coordinate system x′–y′, the corresponding com-
ponent of momentum ky′ is conserved due to the translational
invariance in y′ direction. Then, when the excited energy ε

and transverse momentum ky′ are given, the detailed forms of
wavefunctions above are calculated as

ψ
η

e+ = e ik i
x′ex′+iky′ y

′
(1,κei,0,0)T,

ψ
η

e− = e ikr
x′ex′+iky′ y

′
(1,κer,0,0)T,

ψ
η

h− = e ikr
x′hx′+iky′ y

′
(0,0,1,κhr)

T,

ψ
η
se = e ikse

x′ x
′+iky′ y

′
(e iβ ,κse e iβ , e−iφ ,κse e−iφ )T,

ψ
η

sh = e iksh
x′ x′+iky′ y

′
(e−iβ ,κsh e−iβ , e−iφ ,κsh e−iφ )T, (6)

where

κei(r) = η
h̄vxk i(r)

xe + ih̄vyk i(r)
ye

ε −η h̄vtk
i(r)
xe +EF

,

κhr =−η
h̄vxkr

xh + ih̄vykr
yh

ε +η h̄vtkr
xh −EF

,

κse(sh) = η
vxkse(sh)

x + ivykse(sh)
y√

(vxkse(sh)
x )2 +(vykse(sh)

y )2
,

β =

{
arccos(ε/∆0) ε < ∆0,

−iarcosh(ε/∆0) ε > ∆0.
(7)

Here the values of all wavevectors can be obtained by Eqs. (2)–
(4). By substituting Eq. (6) into Eq. (5), the reflected coeffi-
cient r and Andreev reflected coefficient ra are derived as

r =
(κhr −κse)(κei −κsh)+(κse −κei)(κhr −κsh)

(κhr −κse)(κsh −κer)+(κer −κse)(κhr −κsh)
,

ra =
(κei −κer)(κse −κsh)e i(β−φ)

(κhr −κse)(κer −κsh)− (κer −κse)(κhr −κsh)
. (8)

In our paper, the Hamiltonian of strained graphene is
rewritten as Hη = η(h̄Sxkx′ + h̄Syky′) with Sx = vxσx cosθ +

vyσy sinθ + vtσ0 cosθ and Sy = −vxσx sinθ + vyσy cosθ −

vtσ0 sinθ in the coordinate system x′–y′. The probability cur-
rent is conserved in x′ direction, then, by using the same
derivation in Ref. [41], the corresponding incident (reflected)
probability current of electron along x′ direction is calculated
as Jx′ei = ηψ

η†
ei Sxψ

η

ei (Jx′er = ηr*rψ
η†
er Sxψ

η
er) and the corre-

sponding reflected probability current of hole is calculated
as Jx′hr = ηr*a raψ

η†
hr Sxψ

η

hr. So the reflected and Andreev re-
flected probabilities are written as Rη = |Jx′er/Jx′ei| and Rη

a =

|Jx′hr/Jx′ei|, respectively.

3. Results and discussion
3.1. Anisotropic Andreev reflection

In the coordinate x′–y′, the velocity of incident electron
along the x′ (y′) direction is obtained by uη

x′(y′)e =
∂ε±e

h̄∂ke
x′(y′)

and

the velocity of reflected hole along the x′ (y′) direction is ob-

tained by uη

x′(y′)h =
∂ε

±
h

h̄∂kh
x′(y′)

. The signs of uη

x′e and uη

x′h are op-

posite all the time. When the signs of uη

y′e and uη

y′h are the
same (opposite), the SAR (ARR) happens. From the view
of incident and reflected angles, the incident angle of elec-
tron ϕ

η

ei = arctan(uη

y′e/uη

x′e) and the reflected angle of hole
ϕ

η

hr = arctan(uη

y′h/uη

x′h) have the opposite (same) signs for SAR
(ARR). In the follow process of calculation, we set ζ = 10%.
In experiment, lattice deformation in graphene is estimated to
the approximated value 12%.[42,43]

In the regime of electron–hole conversion in the inter-
band (EF = 0), as shown in Fig. 2, the incident electron comes
from the conduction band and ϕ

η

ei -dependent ϕ
η

hr are plotted in
θ = 0,π/4, π/3, and π/2. When the signs of ϕ

η

ei and ϕ
η

hr are
the same (opposite), ARR (SAR) happens, which are labeled
in Fig. 2. In Fig. 2(a), by some simple calculations, we can
obtain

uη

y′e = v2
yky′/

√
(ke

x′vx)2 +(ky′vy)2,

uη

y′h = v2
yky′/

√
(kh

x′vx)2 +(ky′vy)2.

Obviously, the signs of uη

y′e and uη

y′h are the same. Then, the
signs of ϕ

η

ei and ϕ
η

hr are opposite due to the opposite signs of
uη

x′e and uη

x′h. Therefore, SAR happens, which is similar to the
one in a pristine graphene-based superconducting junction.[4]

However, in Figs. 2(b) and 2(c), we can obtain

uη

y′e = −ηvt sinθ +
−v2

xke
x sinθ + v2

yke
y cosθ√

(ke
xvx)2 +(ke

yvy)2
,

uη

y′h = ηvt sinθ +
−v2

xkh
x sinθ + v2

ykh
y cosθ√

(kh
xvx)2 +(kh

yvy)2
.

The presence of tilted velocity vt and θ makes the opposite
signs of uη

y′e and uη

y′h possible. In other words, the ARR may
happen in the regime of electron–hole conversion in the inter-
band. The numerical calculations in Figs. 2(b) and 2(c) show
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that the ARR happens in an approximate range of ϕ
η

ei from
−30∘ to 0∘. In Fig. 2(d) with θ = π/2, we can obtain

uη

y′e = −ηvt +
v2

xky′√
(ky′vx)2 +(ke

x′vy)2
,

uη

y′h = ηvt +
v2

xky′√
(ky′vx)2 +(kh

x′vy)2
.

Obviously, the signs of uη

y′e and uη

y′h may be opposite due to the
presence of tilted velocity vt and then the ARR happens. The
numerical calculations in Fig. 2(d) show that the ARR happens
in an approximate range of ϕ

η

ei from −15∘ to 15∘.

 30
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-30

90

-60
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0
hr
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)b()a(
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h
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Fig. 2. (a)–(d) The incident angle of electron-dependent reflected angle
of hole in the different directions of junction. The black (red dashed)
line denotes the electron from D (D′) valley while the hole back to D′

(D) valley. Here ∆0 = 10 meV, ε = 0.6∆0, and EF = 0.

In the regime of electron–hole conversion in the intra-
band (ε < EF), as shown in Fig. 3, the incident electron comes
from the conduction band and ϕ

η

ei -dependent ϕ
η

hr are plotted in
θ = 0, π/4, π/3, and π/2. By calculations, we can obtain

uη

y′e = −ηvt sinθ +
−v2

xke
x sinθ + v2

yke
y cosθ√

(ke
xvx)2 +(ke

yvy)2
,

uη

y′h = ηvt sinθ −
−v2

xkh
x sinθ + v2

ykh
y cosθ√

(kh
xvx)2 +(kh

yvy)2
.

Therefore, the signs of uη

y′e and uη

y′h are dependent on the di-
rection of junction and the lattice deformation. In Fig. 3(a), it
is easy to obtain

uη

y′e =
v2

yky′√
(ke

x′vx)2 +(ky′vy)2
,

uη

y′h = −
v2

yky′√
(kh

x′vx)2 +(ky′vy)2
,

which leads to the appearance of ARR due to the opposite
signs of uη

y′e and uη

y′h. This result is similar to the one in a

pristine graphene-based superconducting junction.[4] Interest-
ingly, an unusual phenomenon, i.e., intraband-induced SAR, is
shown in Figs. 3(b)–3(c), which comes from the fact that the
signs of uη

y′e and uη

y′h may be the same in the presence of tilted
velocity vt and θ . The numerical calculations in Figs. 3(b) and
3(c) show that the SAR happens in an approximate range of
ϕ

η

ei from −15∘ to 0∘. In Fig. 3(d) with θ = π/2, we can obtain

uη

y′e = −ηvt +
v2

xky′√
(ky′vx)2 +(ke

x′vy)2
,

uη

y′h = ηvt −
v2

xky′√
(ky′vx)2 +(kh

x′vy)2
.

When vt = 0, it is easy to find that the signs of uη

y′e and uη

y′h are
opposite, which means only the presence of ARR. However,
the numerical calculations in Fig. 3(d) show that the SAR hap-
pens in an approximate range of ϕ

η

ei from −5∘ to 5∘ due to the
presence of tilted velocity vt.
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Fig. 3. (a)–(d) The incident angle of electron-dependent reflected angle
of hole in the different directions of junction. The black (red dashed)
line denotes the electron from D (D′) valley while the hole back to D′

(D) valley. Here ε = 0.6∆0 and EF = ∆0.

Generally, in a pristine graphene-based superconducting
junction, the ARR (SAR) only appears in the regime of the
intraband (interband) conversion of electron–hole. But, in
a strain-modulated graphene-based superconducting junction,
the ARR (SAR) can appear in the regime of the interband
(intraband) conversion of electron–hole. The strain-induced
anisotropic band structure of graphene, which breaks up the
original relation between direction of velocity of particle and
direction of the corresponding wavevector, leads to these two
anomalous phenomena. In fact, the value of energy-gap func-
tion ∆0 does not affect these two anomalous phenomena, i.e.,
interband-induced ARR and intraband-induced SAR. On the
contrary, these two anomalous phenomena are affected by the
tensile strain deeply. In Figs. 4(a) and 4(b), the numerical
calculations show that the interband-induced ARR and the
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intraband-induced SAR are not nearly modulated by energy-
gap function ∆0. But, in Figs. 4(c) and 4(d), it is easy to find
that the larger ζ is, the more obvious these two anomalous
phenomena are.
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3.2. Perfect Andreev reflection

When the incident energy ε is smaller than energy-gap
function ∆0, it is easy to obtain Rη + Rη

a = 1. Under cer-
tain conditions, the Andreev reflected probability Rη

a is al-
ways equal to 1, i.e., perfect Andreev reflection. In the co-
ordinate x′–y′ system, by using the Heisenberg’s equation of
motion, the velocity operator of electron along the x′ direction
is ûx′e =

1
i h̄ [x

′,ℋη −EFσ0] = ηSx. The time evolution of ûx′e

is ˙̂ux′e =
1
i h̄ [ûex′ ,ℋη −EFσ0] = 2vxvyσzky′ . It is obvious that

the velocity along the x′ direction is conserved and the perfect
Andreev reflection happens when ky′ = 0. In our model, the
valley-dependent incident angle of perfect Andreev reflection
is given by

ϕ
η

ei = arctan
−ηmvt +(v2

y − v2
x)cosθ

ηmvt cosθ +m2 sinθ , (9)

where m =
√

v2
x cos2 θ + v2

y sin2
θ . We can obtain ϕ

η

ei = 0

for θ = 0, ϕ
+(−)
ei = −13.9∘(−9.8∘) for θ = π/4, ϕ

+(−)
ei =

−14.4∘(−8.5∘) for θ = π/3, and ϕ
+(−)
ei = −4.3∘(4.3∘) for

θ = π/2.
In Fig. 5, incident angle-dependent Rη and Ra

η are plotted
in EF = 0 and θ = 0, π/4, π/3, and π/2. The incident an-
gles of perfect Andreev reflection by numerical calculations is
equal to the ones by solving Eq. (9). In Fig. 6 with EF =∆0, the
incident angles of perfect Andreev reflection are not changed,
which means the perfect Andreev reflection is independent on
Fermi energy. In Fig. 7, we give incident angles of perfect
Andreev reflection in different directions of junction, where

the incident angles is dependent on the conversion order of
valley due to the strain-induced anisotropic band structure of
graphene.
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4. Conclusion
In conclusion, we discuss the Andreev reflection across

a uniaxial strained graphene-based superconducting junction.
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The band structure of graphene becomes anisotropic by apply-
ing a uniaxial strain, which induces three interesting phenom-
ena: The Andreev retroreflection happens in the case of inter-
band conversion of electron–hole, the intraband conversion of
electron–hole results in the specular Andreev reflection, and
the perfect Andreev reflection happens at a nonzero incident
angle of electron. Our work provides an alternative and flexi-
ble method to tune Andreev reflection.
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