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Studies of sustained oscillations on complex networks with excitable node dynamics received much interest in recent
years. Although an individual unit is non-oscillatory, they may organize to form various collective oscillatory patterns
through networked connections. An excitable network usually possesses a number of oscillatory modes dominated by
different Winfree loops and numerous spatiotemporal patterns organized by different propagation path distributions. The
traditional approach of the so-called dominant phase-advanced drive method has been well applied to the study of stationary
oscillation patterns on a network. In this paper, we develop the functional-weight approach that has been successfully used
in studies of sustained oscillations in gene-regulated networks by an extension to the high-dimensional node dynamics.
This approach can be well applied to the study of sustained oscillations in coupled excitable units. We tested this scheme
for different networks, such as homogeneous random networks, small-world networks, and scale-free networks and found
it can accurately dig out the oscillation source and the propagation path. The present approach is believed to have the

potential in studies competitive non-stationary dynamics.

Keywords: self-sustained oscillation, excitable network, functional-weight approach
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1. Introduction

In recent years, the study of dynamics on complex net-
works has attracted great attention due to its extensive prac-
tical applications in a number of fields ranging from physics,
chemistry, biology, and even social science.!'"8! Much effort

(9-12] spread-

has been devoted to studies of synchronization,
ing and wave propagation dynamics.!'>-!7! It has been re-
vealed that the topology of networks plays an important role in
dominating the synchronizability and the spreading efficiency
on networks. Moreover, it has been revealed that there ex-
ist close relations between synchronization and propagation
dynamics,!'®! implying the inherent and universal mechanism
in various seemingly different dynamical behaviors. It is sig-
nificant to unravel these essential ingredients embedded in
spatiotemporal dynamics.

Self-sustained oscillation is a typical solution of many
nonlinear dynamical systems. For a non-oscillatory system,
oscillatory motion can be induced and maintained by external
drives. The essential mechanism of sustained oscillation is the
nonlinearity-induced competition and balance between the in-
ternal instability and the nonlinear feedback.!'”! On the other
hand, the emergence of sustained oscillations of a network of
coupled non-oscillatory elements is obviously a highly non-
trivial collective behavior, which strongly relies on the col-
laboration of these elements. Because each unit in the sys-
tem does not exhibit oscillatory behavior, the feedback mech-
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anism of sustained oscillations should be due to the collabo-
rative feedback of units. For example, it has been found that
as many excitable nodes are organized as a network, sustained
oscillation can be found through a collaboration of these ex-

[20-22

citable elements. ! Periodic and even chaotic oscillations

in gene-regulated networks have also been observed as a pro-

(23] Explorations of these emergent

totype of biological clocks.
oscillatory behaviors are potentially important because a num-
ber of phenomena such as memory formation in neuron and

(24,25 5,26271 and biological

brain dynamics, 1 cardiac dynamic
rhythms are closely related to this collective behavior.

For a given network composed of a large number of non-
oscillatory nodes, only a portion of elements will participate
in the formation of the sustained oscillation. It is thus very
interesting and important to explore the mechanism of oscil-
latory dynamics when these units interact with each other and
study how a number of non-oscillatory nodes organize them-
selves to emerge a collective oscillatory phenomenon. It has
been revealed that for an excitable network, oscillatory motion
is usually contributed by a small portion of units that serves as
the oscillation source, and other elements act as the propaga-
tion path of this oscillation. An important topic in revealing
the coordinated dynamics of non-oscillatory units is to explore
the core structure that is responsible for the persistence of os-
cillation and the propagation paths of the oscillation in the

network. Very early studies revealed that the loop topology,
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which was later called the Winfree loop,[?®! is the key source
that produces the persistent oscillatory motion. This type of
loop topology was recently clearly studied in terms of the so-
called dominant-phase advanced driving (DPAD) method.*’!
The merit of the DPAD method is that it is convenient to com-
pare the phase relations among different units in a network
as long as a normal oscillation and moreover a well-behaved
phase can be defined. This means that this approach will be
unavailable if the oscillation behavior is so complicated or
even non-stationary that an appropriate phase cannot be in-
troduced.

Apart from this approach, the functional-weight approach
was proposed in searching the fundamental building blocks
in the collective oscillation in gene-regulated networks, and
various different basic motifs have been found by using this
method. On the gene-regulated network, the behavior of
one gene is usually described by the one-dimensional dynam-
ics. It is interesting to apply the functional-weight method to
study the oscillation in networks of non-oscillatory units with
higher-dimensional dynamics.

In this paper, we develop the functional-weight approach
that has been successfully used in studies of sustained oscilla-
tions in gene-regulated networks by an extension to the high-
dimensional node dynamics. This approach can be well ap-
plied to the study of sustained oscillations in coupled excitable
units. We tested this scheme for different networks, such as
homogeneous random networks, small-world networks, and
scale-free networks and found it can accurately dig out the
oscillation source and the propagation path. The present ap-
proach is believed to have the potential in studies competitive
non-stationary dynamics.

2. Improved functional-weight method

The functional-weight scheme was first proposed by
Zhang et al. and was successfully applied to explore the topol-
ogy dependence of the oscillatory dynamics on large-scale
gene-regulatory networks (GRN).[3%3!] The main ingredient
of the functional-weight approach is to quantitatively evalu-
ate the significance of various interactions (links), further keep
those connections with higher weights. By applying the FW
approach, the relative weight of each interaction edge can be
quantitatively calculated from the dynamical data of the oscil-
latory networks by applying this approach, which eventually
identifies a small portion of key nodes and connections with
larger weight as the oscillation source and paths, which even-
tually leads to a simplified directed network in revealing the
essence of dynamical processes on networks. This is an im-
portant operation of network reduction through the evaluation
of dynamical influences.

It is promising to be applicable to studies of the collective
oscillatory motion in networks of excitable nodes. However,

the original functional-weight method was only used for the
case of one-dimensional node dynamics, where a definite fixed
point exists. For most of excitable node dynamics, at least
one excitation variable and one recovery variable are neces-
sary, i.e., the node dynamics of an excitable node should be
described in terms of two-dimensional phase space. Therefore
we propose the improved functional-weight (IFW) approach
below.

Suppose the network dynamics with N interacting nodes
can be described by the following (N x M)-dimensional non-
linear equations of motion

&; = F;(z;) + DG, ({z;}), (1
where i = 1,2,...,N denotes the i-th node, x;(r) = {x*(r)},
a=1,2,...,M is its M-dimensional state variable, and F; =

{F% a=1,2,...,M} describes the node dynamics with a
nonlinear function vector with M components, and G; = {Gf‘,
o =1,2,...,M} gives the M-dimensional coupling function
vector impacted on the i-th node with D being the coupling
strength.

Assume that in the absence of coupling, i.e., D = 0, the
dynamics of a single-node &; = F;(x;) possesses the stable
fixed-point solution ?. For convenience, we set ¥ = 0 be-
low. For the typical example of excitable models, e.g., the
FHN and Bar models, one usually has a stable fixed point.

We are interested in the case of collective sustained oscil-
lation of a network of non-oscillatory nodes. For all the nodes
in a network that cannot oscillate independently, the oscilla-
tion of each node i is obviously induced by the interactions
from its many neighbors represented by the nonlinear func-
tion G;({z;}) in Eqgs. (1). However, all the inputs from the
neighbors to the target node are mixed together in G; ({x;})
by nonlinear functions. To measure the degree of contributions
of different neighbors to the oscillation of the target node, con-
tributions from all these neighbors should be separated. The
basic idea of the functional-weight approach is to estimate the
coupling significance of a node with other nodes by appropri-
ately computing their weights, i.e., their individual contribu-
tions based on the coupling function.

Consider the coupling term of the i-th node in Eq. (1). The
cross-differential “force” between the i-th and the j-th nodes
(i # j) can be measured by the time derivative of the variation
of the coupling function & Gg‘j (x) as

. M aGf-Z B
8Gi; (@) = Yp1 5 5%
J
9G* | IGE. 9GE
= ittty @
J J J

where the summation is executed over all the components of
the state variable x (1) = {xﬁ3 (1)} with B =1,2,...,M. Equa-
tion (2) describes the time-varying influence of the dynamical
state of the j-th neighbor to the i-th node. The total driving
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force on the i-th node can thus expressed as the summation of
the contributions of all its neighbors, i.e.,

N
Y Yo 866G (), 3)

J=Lj#i

where the inner summation over the index & for components

5G,’ (w) =

of the state, and the exterior summation is performed over the
connected neighbors {j} of the i-th node.

The above relation indicates that the Jacobian differential
form 0G| (x) /dx; rather than the nonlinear function G; ()
itself plays a crucial role in the emergence of collective oscil-
lations, because the amount of the variation of the target node
i caused by the variation of a given neighbor j determines the
functional driving relationship from j to i.

We then can introduce the functional weight w; ;, which
means the relative degree of influence of the j-th unit to the
i-th unit, as the ratio of the cross differential force and the total

force:
3G, Y (G (@)
wij(1) = NH S — @
Y |6GE Y /T (G ()]
J=Lj#i J=Lj# ’

In Eq. (4), one adopts the definition of the Euclidean distance.

The quantity w; ;(¢) introduced here represents the instan-
taneous weight of the neighbor node j in driving the target
node i to oscillate and serves as the quantitative measure of
the importance of the link from node j to node i. Obviously
one has the semi-positive property of the weight functional 0 <
w; j(t) < 1, and the normalization relation leyzlvj#i wij(t) =1
A zero or small w; ; represents null or a weak functional inter-
action j — i, while a large or a unity w; ; denotes a strong or
dominant driving j — i. The overall weight of the contribution
of the node can be calculated by using the time average as

1 rto+T

Wi j = lim —

PR ; Wi j (l) dr. (5)

For periodic oscillation, the above integral can be executed in
one period as

~ 1 to+T
Wi’j:?,/to W,‘J(l‘) dt, (6)

where T is the oscillation period. The weight represents the
contribution of the j-th node to the oscillation of the i-th node.
This measure gives an average evaluation of the impact weight
of the j-th node to the i-th node.

It is also valuable to measure the portion of the time-
varying weight function w; ;(r) that is larger than a certain
value in a time interval. To measure the portion of the driv-
ing weight in a long time, let us introduce the following oc-
cupation ratio as the ratio of the weight w; ;(¢) above a certain
threshold:

1 T
Pij= f/o @ (wi (1) —w}) dt, %)

where © (x) is the Heaviside step function defined as

0, x<0,

ow={}" 1o ®)
w? is the threshold weight of the i-th node. For a node on a
network, because the normalization condition lei: (wij =1,
the threshold w? can be conveniently set as the average value
of the i-th node w? = 1/k;, where k; is the degree of the node.
For periodic oscillation, the above integral can be executed in
one period as

1 to+T

Pi.,j:f A
0

O (w;;(r) —wd) dr. )
It can be easily found that the occupation ratio F; ; also satisfy
the semi-positive property 0 <F; ; < 1, and the normalization
relation ):.I/Y:I,j 2ibj= 1. A small P, ; represents a weak func-
tional interaction of j — i, while a larger F; ; denotes a strong
or dominant driving j — i. Therefore it is easy to find that
both the average weight w; ; and the occupation ratio P, ; de-
scribe the relative influence of the j-th node to the i-th node.
Nevertheless, as we will show below, the accuracy of these
two weight functionals are different. In the following we will
focus on self-sustained oscillations in excitable networks.

3. The Bar-Eiswirth network model

There have been a number of models in describing
the excitable dynamics. Because one usually needs an ex-
citable (fast) variable and a recovery (slow) variable to de-
pict excitable dynamics, a minimal model should be a two-
dimensional dynamical system. Here one adopts the Bar—
Eiswirth (BE)[32l model to describe the excitable dynamics.
For a network of excitable units, the equations of motion of N
coupled BE elements can be described by

N
L't,'=—£71f1 (u,-,v,‘)—i—DZA,;j(uj—ui), (10a)
Jj=1

Vi = fa (ui,vi) . (10b)

Here i =1,2,...,N, variables u;(r) and v;(¢) describe the acti-
vator and the inhibitor dynamics of the i-th node, respectively.
The functions fi (u,v) for the BE model take the following
piecewise forms:

b
i) =utu=1) (=", (1)
—v, if u<1/3,
fruy) =< 1-675u(u—1)*—v, if 1 <u<1, (11b)
1—v, if u>1.

The relaxation parameter €< 1 represents the time ratio be-
tween the activator u and the inhibitor v. The dimensionless
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parameters a and b denote the activator kinetics of the local dy-
namics, and the ratio ur = b/a can effectively control the ex-
citation threshold. D is the coupling strength between linking
nodes. A = {A; ;} is the adjacency matrix, A; j =A;; = 1 if
there is a connection linking nodes i and j, and A; j =A;; =0

otherwise.
1.2
d @
1.0
0 v=1-6.75u(u—1)2
0.8} w=0 /
- 0.6 w1
0.4r u=(v+b)/a
0.2 A: (0, 0)
ol A B (b/a, 0)
B C: (1, 1)
—0.2 L L L L
—-0.2 O 0.2 04 06 08 1.0 1.2
u
1.0k — Reference _ 2 (b)
| =—-—Node1 7/ - .-
- Node 2 | \ 35
0.8f —-—Node 3 | VoB
! U g4
| | QE
0.61 | \ A
s DPAD ! |
0.4 N ‘
“*[ Phase-advanged : :
drivings \ A ‘
0.2 o !
S |
0 g WA UL U S

200 201 202 203 204 205 206 207 208 209
t

Fig. 1. (a) Phase diagram of the BE model, where the red lines are the null-
cline fi (u,v) =0, and the blue lines are the nullcline f> (u,v) = 0. Cross
points A, B, C, and D are fixed points in the interval 0 < u < 1, in which only
the point A [(u,v) = (0,0)] is stable. (b) A schematic plot of the DPAD. As a
comparison, the reference oscillatory time series, a usual PAD and a phase-
lagged dynamics are also presented, respectively.

The excitable property for the dynamics of the BE model
can be briefly analyzed by resorting to the phase diagram given
in Fig. 1(a), where the red and blue lines represent two null-
clines fi (u,v) =0and f, (u,v) = 0, respectively. The crossing
points A, B, C, and D are fixed points, in which only the fixed
point A [(#,v) = (0,0)] is the stable node, and fixed points
B [(u,v) = (ur,0)] and C [(u,v) = (1,1)] are saddles, respec-
tively, and the fixed point D is an unstable focus. An individual
excitable node is non-oscillatory, i.e., all nodes on the network
may evolve asymptotically to the rest state (u;,v;) = (0,0),
i=1,2,...,N and will stay there perpetually unless some ex-
citable drives push them away from this state. When the drive
on one node exceeds the threshold B [(u,v) = (ur,0)], the ex-
citable unit will first experience a global voyage in its phase
space in the form of a large firing approaching the nullcline
u =1 and then the saddle C [(u,v) = (1,1)], followed by
the evolution back to the vicinity of the nullcline ¥ = 0 and
then its resting state A [(u,v) = (0,0)]. This typical excitabil-

ity feature is common in other models. The transient insta-
bility leaves the possibility of a global and perpetual firings
on the network when many excitable nodes are coupled with
each other. This can be achieved by propagating a local fir-
ing to other resting nodes and eventually results in global self-
sustained oscillations, which is the focus in this paper.

In the following, we perform numerical simulations of the
excitable networks whose dynamics are described by Egs. (10)
and (11) for different network topologies. The parameters are
fixed as a =0.84, b =0.07, € = 0.04, D = 0.11. The thresh-
old here is ur = b/a = 1/12 ~ 0.0833. Numerically, equa-
tions (10) and (11) are integrated by the Runge—Kutta integra-
tion algorithm with the time step Az = 0.01. Random initial
conditions are adopted in the simulation.

4. Numerical results
4.1. The dominant phase-advanced driving approach

We will focus on the formation and propagation of oscil-
latory motion in excitable networks by using the IFW method
proposed in Section 2. As a comparison, we also apply the
dominant phase-advanced driving (DPAD) method to study
the oscillation on networks.*”! Here we briefly recall the dy-
namical DPAD scheme. Given a network consisting of N
nodes with M links among these different nodes. One may
clarify the significance of nodes in a network with sustained
oscillations by comparing their phase dynamics. The oscilla-
tory behavior of an individually non-oscillatory node is driven
by signals from one or more interactions with advanced phases
called the phase-advanced driving (PAD), if such a phase vari-
able can be properly defined. The interaction giving the most
significant contribution to the given node among all phase-
advanced interactions can be defined as the dominant phase-
advanced driving (DPAD). The corresponding DPAD for each
node can be identified based on this idea, and by keeping these
DPADs, the original network of N nodes with M edges can be
reduced to a one-dimensional unidirectional network of size N
with M’ < M arcs.

An example of clarifying the DPAD is shown in Fig. 1(b).
The black curve denotes the given node as the reference node.
Many nodes linking directly to this reference can be checked
when a given network is proposed. Suppose there are three
nodes whose dynamical time series labeled by green, blue and
red curves, respectively. The green curve exhibits a lagged os-
cillation to the reference curve, therefore one calls it the phase-
lagged oscillation. The blue and red curves provide the driv-
ings for exciting the reference node and are identified as PAD,
among which the blue one that makes the most significant con-
tribution should be the DPAD.

The DPAD structure reveals the dynamical relationship
between different nodes. Based on this functional structure,
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we can identify the loops as the oscillation source, and illus-
trate the wave propagation along various branches. All the
above ideas are generally applicable to diverse fields for self-
sustained oscillations of complex networks consisting of indi-
vidual non-oscillatory nodes.

4.2. Test on a ring of excitable sites

Let us first take on a test of the IFW approach in order
to get a proper evaluation of the mutual impacts among dif-
ferent nodes. The simplicity of the ring topology is that it is
symmetric so that one needs only to evaluate the impact of
a node by computing the weights of the interactions from its
two neighbors. For example, for the i-th node, we can study
the functional weights w;;+; and judge which one is larger.
If w; ;1 > w1, the propagation direction i4+1 — 7 —i—1
will dominant. Otherwise, if w; ;11 < w;;_1, this implies that
the propagation direction willbe i —1 —i — i+ 1.

In Fig. 2, we present the preliminary test of oscillation on
a ring with the size N = 10 shown in Fig. 2(a). A convenient

way in introducing a sustained oscillation on a ring is as fol-
lows. One first deletes a link so that the ring becomes a chain.
Then an external excitation can be added on one end node.
The end node will be excited with a firing and then propagate
along the chain by sequentially exciting its neighbors. One re-
covers the deleted link before the pulse reaches the other end
of the chain. This will lead to a persistent and unidirectional
propagation of the pulse along the ring. In Fig. 2(b), the evo-
lution of the components u57677(t) are plotted. For such a sus-
tained oscillation, in Fig. 2(c), the functional weights we s (¢)
and we 7 () are computed in terms of Eq. (8). It can be found
that we s (f) and we 7 (¢) present the competition of the influ-
ence of nodes i =5 and i =7 on the node i = 6. To evaluate the
overall weight, one plots the time-averaged functional weights
we.5 and we 7. Unfortunately, it can be found that we 5 = We 7,
as shown in left two columns in Fig. 2(d). This means that it
is hard to distinguish the influences 5 — 6 and 7 — 6. There-
fore, the average weight is not an appropriate quantity in dis-
tinguishing the propagation direction for the ring network.

10 — Whs -~ Whr (c)
I VARSI
. H ' O
(I VRSN YA
‘ (Y H  y
2 0.6F I; (]
3 3 ‘ |
0.4} i
' i'\‘ | |
0.2} no 4
' \I‘tI ! Y]
o Vi \LJVJ Y
50 51 52 53 54 55 56 57 58 50 51 52 53 54 55 56 57 58
t t
1.0f EBWes (d) 1.0 (e)
0.8} — Wis
—wé,7
506
3
0.4}
0.2
0
50 51 52

t

Fig. 2. (a) The loop network composed of N = 10 excitable nodes. (b) Time series of the components us7(¢). (c) The evolution of the weight functions
we 5(¢) (blue line) and w7 (¢) (red line). (d) Statistics of functional weights based on the time-average [We 5 (blue), w7 (red)], the occupation-rate [Pg s
(blue), P 7 (red)] approaches, and the partially-integrated approach [\4_/,675 (blue), W ; (red)]. () The evolution of the weight functions w’ﬁs(t) (blue line) and
w 7(t) (red line) when u()< ug, = b/a. (f) The propagation graph of the self-sustained oscillation.

To overcome the shortcoming of the averaged weight
shown above, we adopt the weight occupation ratio defined
by Egs. (7) and (9). For the simple ring network in Fig. 2(a),
all nodes possess the same degree k = 2, hence the threshold
weight is w® = 1/2. The right two columns present the ratio
Ps 5 and Ps 7, respectively. It can be clearly seen from the mid-
dle two columns of Fig. 2(d) that Ps 5 > Fs 7, which indicates

that the impact from node 5 prevails that from node 7. In this

case, the excitation will preferentially propagate via the path
5—=6—17.

A distinct feature of sustained oscillation on excitable net-
works is the propagation of firing pulses along certain paths.
This means that an excitable element stays at its stable point
(resting state) until it is excited by a pulse, and a global ex-
cursion in phase space will occur if the element is excited be-

yond a threshold. The contribution of the functional weight
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will be the most significant in this region, i.e., it is unneces-
sary to compute the functional weight in an oscillation period
for excitable dynamics. For the BE model adopted in this pa-
per, the stable manifold of the saddle B act as the threshold of
the all-or-none excitable behavior. Therefore, one needs only
to compute the functional weight in the vicinity of the rest-
ing state, i.e., it is enough to perform the integral of Eq. (6)
from the resting point (ug,vo) = (0,0) to the saddle thresh-
old (upn,vm) = (b/a,0). In Fig. 2(b), we label the threshold
by a horizontal dashed line. The behavior of the weight func-
tions we 5(¢) (blue line) and we 7(¢) are plotted in Fig. 2(e). It
is clearly shown that we s(f) ~ 1 and we 7 (t) ~ 0 in this time
interval. The averaged functional weight can be partially inte-
grated as follows:

! —L/Ttth(t)dt (12)
T Twdo Y ’

=

where Ty, is the time satisfying u(Ty) = ug = b/a. The
partially-integrated average functional weights W’@s (blue) wy,
(red) are plotted as the right two columns of Fig. 2(d). Obvi-
ously the dominant coupling direction is very clear.

By using the same procedure, for an arbitrary node i, the
above discussion gives the unidirectional propagation path of
the pulse as i — 1 — i — i+ 1. The closed ring topology there-
fore adopts the Winfree loop shown in Fig. 2(f). Of course
this wave direction depends on the initial condition. A simple
symmetry analysis implies the existence of a reversed trav-
elling path if the system starts from other initial conditions.

The propagation path of the oscillation can also be obtained

=)
980 4

960 1o
940 §

920 §

900 ,
2 6 10 14 18

Node index

in terms of the DPAD approach. One can find that the IFW
method shown in Fig. 2(d) agrees well with the DPAD ap-
proach.

4.3. Oscillation source and propagation path in homoge-
neous random networks

Let us further apply the improved functional-weight
method to study the sustained oscillation in larger-scale net-
works. We first study excitable dynamics on the homoge-
neous random networks (HRN), whose degree distribution
p(k) = 0 (k—ko). This means that each node in an HRN
has the same degree & but each link is randomly given. Fig-
ure 3(a) gives an example of an HRN with N = 20 nodes and
degree ky = 3. A typical sustained oscillation pattern by plot-
ting the evolution of u; (¢) (i =1,2,...,20) in Fig. 3(b), where
the white parts correspond to the firing process. By using the
DPAD scheme, the propagation graph is plotted in Fig. 3(c).
For this directed propagation network, each arrow i — j means
the dominant drive and also the propagation direction of the
oscillation from i to j. One clearly finds a Winfree loop with
1—13—20—4 — 6 — 1. This loop is the source that gener-
ates and maintains the oscillation of the network. As a compar-
ison, other nodes out of this loop only play the role of transfer-
ring the oscillatory pulses to their descending nodes and can-
not form a closed loop. This can be conveniently tested by
removing these nodes, and the same oscillation motion is still

sustained on the loop, while the propagation to other nodes

ceases.

Fig. 3. (a) A homogeneous random network with N = 20 nodes and the degree ky = 3. (b) Spatiotemporal dynamics of an example of sustained oscillation
on the network given in panel (a). (c) The propagation graph obtained by using the DPAD approach. (d) The propagation graph obtained by using the average
weight of the IFW approach, where some paths labeled in red are incorrectly judged. (e) The propagation graph obtained in terms of the occupation ratio
of the IFW approach, which is in totally agreement with the DPAD scheme. (f) The propagation graph obtained in terms of the partially-integrated weight

functional, which agrees totally with the DPAD scheme.
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Let predict this propagation path by using the functional—
weight approach. In Fig. 3(d), the path is plotted in terms of
the average-weight scheme. If can be found that several paths
labeled in red are distinctively different from those in Fig. 3(c).
One even cannot obtain a unidirectional Winfree loop. This
indicates that some average weights {W,'7 j} cannot correctly
give rise to the anticipated propagation topology. As a com-
parison, we turn to apply the occupation-ratio scheme to de-
termine the propagation path. In Fig. 3(e), all ratios {P,-’ j} are
computed, and the preferential directed drives are kept. This
directed graph is in total agreement with that predicted by us-
ing the DPAD method. Therefore, the IFW approach is valid
for anticipating the driving relations among excitable nodes in
a network. All the following discussions in terms of the [FW
method will be based on the occupation-ratio scheme.

4.4. Multi-stable oscillation in excitable networks

A drastic feature of the sustained oscillations in excitable
networks is the coexistence of a large number of oscillatory
nodes and patterns. This indicates that if one starts from dif-
ferent initial conditions, one may find different oscillatory pat-
terns. In Fig. 4, the left three columns (a), (c), (e) present
three different spatiotemporal patterns by plotting the evo-
lution of {u;(r), i=1,2...,n} starting from different initial
states. A clear comparison between these different oscilla-

tion patterns needs revealing the Winfree loops and the prop-

1.00 (c) 1

980
0.75 980
960 ¢ 960
- - 0.50 =+
940 § 940
920 § 0.25 920
900 0 900 .=

2 6 10

Node index

agation paths. By employing the IFW method, the propaga-
tion graphs of these three evolutionary states are obtained. It
can be found that for the pattern in Fig. 4(a), the propaga-
tion graph in Fig. 4(b) reveals the Winfree loop of six nodes
as1 — 13 —-20 —4 — 6 — 1, and other nodes serve as the
propagation path of the wave. Also for the pattern 4(c), fig-
ure 4(d) gives the propagation graph with another 6-node Win-
free loop with2 — 15 -4 — 6 — 1 — 8 — 2 as the oscillation
source, and three paths are extended from different nodes on
the loop. The oscillation pattern of Fig. 4(e) and its corre-
sponding propagation graph in Fig. 4(f) reveal a longer Win-
free loopwith2 =8 - 14 —+16 18 -9 —-7—=12—-5—-2
and four stretched propagation paths, which implies a longer-
period (lower-frequency) oscillatory dynamics.

It should be emphasized that the above three patterns are
only a small portion of patterns of sustained-oscillatory mo-
tion. However, the IFW method can distinguish all kinds of
oscillation sources and possible propagation paths. In fact, all
the Winfree loops are the topological loops embedded in the
network that satisfy the oscillation condition. For a given net-
work, there should be a number of loops. Due to the existence
of many other nodes connecting with a given loop in differ-
ent ways, the number of possible oscillation sources and paths
should be huge. This is another intriguing topic that we will

not discuss further here.

u u
1.00 () § 1.00
0.75 980y 3 0.75

960 3 -
0.50 = - 0.50
940 4
2 I 0.25
0.25 920 1 5
0 900 0

Fig. 4. Explorations of propagation graphs of the three different random initial conditions for a uniform random network (N = 20, k = 3) in 3(a). (a), (c),
and (e) The spatiotemporal evolution of three different collective oscillation modes; (b), (d), and (f) The propagation graphs corresponding to the dynamics
in panels (a), (c), and (e), respectively, where shaded yellow nodes form the Winfree loop. The differences of spatiotemporal patterns are revealed as the
distinction of propagation graphs with different oscillation sources and propagation branches.

4.5. Sustained oscillation in scale-free and small-world
networks

Let us apply the IFW approach to explore the oscillation
behaviors of other representative excitable networks such as
the small-world! and scale-free networks?. In Fig. 5, one stud-
ies the sustained oscillation of a Watts—Strogatz (WS) small-
world network, where a small-world network with N = 20

nodes and average degree (k) = 4 is shown. This network is
generated in terms of the WS scheme by starting from a reg-
ular network and randomly rewiring links with a probability
p =0.3. A typical collective oscillation generated by yellow
nodes {1,3,14,15,16} labeled in Fig. 5(a) are studied and the
propagation graph is given in Fig. 5(b).

It can be found that the yellow nodes are self-organized
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in a directed Winfree loop and serve as the oscillation source.
The generated oscillation is propagated from node No. 15 to
No. 17, and then the pulses travel along two branches. More
sub-branches are generated along the main paths. This is the
typical pattern of the sustained oscillation on a homogeneous
network. For homogeneous networks such as small-world net-
works, due to the homogeneity in the topology, one usually ob-
serves a moderate size loop and multiple bifurcations of prop-
agation paths, which are responsible for the spreading of the
oscillations among the network.

Fig. 5. (a) A schematic topology of a WS small-world network with N = 20
nodes by starting from a k = 4 regular network and rewire with the prob-
ability p = 0.3. (b) The propagation path of the oscillation on the net-
work obtained by the functional-weight method, where shaded yellow nodes
{1,3,14,15,16} serves as the oscillation source, and the other nodes play as
the propagator on the path.

As a contrast, it is interesting to investigate the property of
propagation graphs for oscillation dynamics on heterogeneous
networks. A typical class of networks with such properties are
the scale-free networks. In Fig. 6(a), a Barabasi—Albert (BA)
scale-free network with parameters (N,m,mp) = (50,2,2) is
plotted, where N, m, my are the number of nodes, number
of links added at each step, and the initial links, respectively.
The degree statistics of such BA network satisfies the power-
law distribution P(k) o< k=7 with y = —3, which is the typical
scale-free property. Due to the existence of a few hubs with
extremely large degrees, e.g., in Fig. 6(a), the largest three
nodes and their degrees are ks = 15, k; = 13, and k, = 10, re-
spectively. The dynamics of the coupled BE nodes are slightly
modified as

) 1 vi+b
u; = —gui(ui— 1) (u,'— !

)+Dm, (132)

vi=f (i) = vi, (13b)
where the coupling term satisfies the following excitation
form:
N
00
7/ e (14)

N
Yy Ajjuj | +K
j=1

Unlike uniform random networks, the interaction between
nodes adopts the one-by-one excitation coupling form and be-
longs to a type of strong excitation to ensure that any rest
node can be successfully exited by its any exciting neigh-

bors. This type of interplay has been widely used in neural
[33-35 [36-38]

I'and other excitable networks.

networks

Fig. 6. (a) A schematic topology of a BA scale-free network with N = 50
nodes, the number of links added at each step m = 2, and the initial links
mg = 2, respectively. (b) The propagation path of the oscillation on the
network obtained by the functional-weight method, where shaded yellow
nodes {1,5,35,22,19} serves as the oscillation source, and the other nodes
play as the propagator on the path.

Figure 6(b) presents a typical propagation pattern
of the self-sustained oscillation induced by yellow nodes
{1,5,35,22,19} on the scale-free network shown in Fig. 6(a)
by using the IFW approach, where the coupling strength D =
0.45, and the constant K = 1.8. Under the drive of this Win-

free loop, the oscillation is propagated along many paths. This
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lacking of multiple hierarchies of bifurcation branches is orig-
inated from the heterogeneity property of the network. It can
be found that most of the hubs with relatively large degrees are
not located on the loop. They tend to distribute along different
paths and form a number of star-like directed paths. This prop-
agation pattern is much different from those homogeneous net-
works presented above (for example, see Figs. 4 and 5(b)).

5. Concluding remarks

To summarize, in this paper we introduced the im-
proved functional-weight approach by considering the high-
dimensional node dynamics to study the collective oscilla-
tory motion on complex networks. By defining the dynami-
cal weight, both the averaged weight and the occupation ra-
tio statistics are introduced to evaluate the relative weights of
different coupling direction and search for the dominant di-
rection. This approach is applied to the study of sustained
oscillations on networks of coupled excited nodes. By mak-
ing comparisons with the DPAD method, it is shown that the
IFW approach can successfully predict the propagation graph
by using the occupation ratio statistics. We further studied
the propagation graphs for homogeneous random networks,
small-world networks, and scale-free networks in terms of the
IFW approach and found distinct propagation topology prop-
erties for homogeneous and heterogeneous networks.

The merit of the IFW approach is that it can be well ap-
plied to reveal the basic building blocks of the collective dy-
namics on various networks. Because the functional weights
are time-dependent, we expect that it can be applied to ex-
plore the emerging processes of collective oscillations, espe-
cially the competition dynamics. For the sustained oscilla-
tions of excitable networks, there exist a lot of potential can-
didates of Winfree loops. Different loops correspond to dif-
ferent dynamical oscillation modes with different phases and
frequencies. ! These loops will compete with each other, and
eventually only a very few modes will survive. We believe the
improved functional-weight method can be a promising ap-
proach in detecting these competition processes. This will be
our future subject.
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