Chin. Phys. B 32, 030203 (2023)
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This study proposes a novel fractional discrete-time macroeconomic system with incommensurate order. The dynam-
ical behavior of the proposed macroeconomic model is investigated analytically and numerically. In particular, the zero
equilibrium point stability is investigated to demonstrate that the discrete macroeconomic system exhibits chaotic behavior.
Through using bifurcation diagrams, phase attractors, the maximum Lyapunov exponent and the 0-1 test, we verified that
chaos exists in the new model with incommensurate fractional orders. Additionally, a complexity analysis is carried out
utilizing the approximation entropy (ApEn) and Cy complexity to prove that chaos exists. Finally, the main findings of this

study are presented using numerical simulations.
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1. Introduction

Fractional calculus is an old subject that has been evolv-
ing for over 300 years. Despite this, it has only been ex-
tensively researched in the last few decades, with its appli-
cations having been noticed in many domains such as ap-
plied physics, engineering, and so on.[! In comparison to the
integer-order derivative, the fractional-order derivative is more
exact as it provides useful tools for the expression of mem-
ory effects in a wide variety of materials and processing.”!
These considerations have led to an increasing number of re-
searchers being interested in the applications of fractional-
order systems.!?] During the same time, interest has also been
concentrated on fractional difference operators and discrete
fractional calculus within the past decade.!*! Recently, various
complex dynamics residing in a fractional order iterated map
have been investigated, such as chaos, hyperchaos and coexist-

>-101 For example, the hyperchaotic dynamics of

11

ing attractors. |
the fractional generalized Hénon map have been analyzed, !
while in Ref. [12], Peng et al. established the existence of
chaos in a fractional discrete memristor system. In Ref. [13],
the chaotic dynamics and combined synchronization of three
two-dimensional maps were illustrated, whereas in Ref. [14]
the authors exhibited the rich behaviors of a new 2D fractional
hyperchaotic map with an infinite line of equilibrium. Mean-
while, Ouannas et al.!'3! presented a three-dimensional frac-
tional iterated map, where the proposed fractional map is ob-
served to have hidden attractors. Thanks to these unique char-
acteristics, fractional order iterated maps have been deeply
studied in academic fields.!!®8]

Macroeconomics is a field of economics concerned with
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the overall performance and behavior of an economy. It
aims to achieve gross domestic product growth and price
stability. To avoid the effects of inflation and unemploy-
ment, governments and businesses use macroeconomic mod-
els to assist in the development of economic policies and
strategies.!”) Macroeconomic models are a useful tool de-
signed to conduct theoretical investigations of macroeconomic

a.120-22] Their purpose is to examine the dynamics

phenomen
of aggregate quantities and comparative statics, such as rev-
enue earned, services produced, and total products, as well
as levels of employment of productive resources and price
levels. >3] Currently, fractional calculus is being employed to
construct some economic models. For example, in Ref. [24] a
discrete fractional order prey—predator model was established
using a Caputo-like operator, where the influence of fractional
order was examined. In Ref. [25], chaotic phenomena were
demonstrated in a discrete-time version of a Cournot duopoly
game with fractional order, whereas a fractional order triopoly
game with bounded rationality was analyzed.!?®! As shown by
Refs. [25,26], the olygopoly of the market is increased when
the fractional order is changed. Nonetheless, research on frac-
tional order macroeconomic discrete-time systems is scarce in
the literature. Recently, Hu et al.”*”! proposed a new discrete
nonlinear fractional-order macroeconomic model with the Ju-
marie fractional derivative. Later, Chu et al.>®! presented
a two-dimensional discrete fractional macroeconomic system
using the Caputo-like operator and proved that it displayed
chaos behavior. In the above literature, only commensurate
order is considered, and there is no study on incommensurate-
order systems. In actuality, the non-commensurate order is a
special case of fractional-order systems in which the orders
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have different values. In recent years, it has been found that
models with incommensurate orders have more flexibility. In
this context, it is logical to concentrate on examining the com-
plex dynamics behavior of fractional macroeconomic systems
with incommensurate order.

The main goal of this essay is to investigate a macroe-
conomic discrete system with incommensurate fractional or-
der. Stability analysis of the proposed system is carried out.
The dynamical behavior of the system is numerically analyzed
using bifurcation diagrams, phase attractors, maximum Lya-
punov exponents and Cp complexity. The rest of this article
is formulated in the following manner. In Section 2, we give
some of the fundamentals connected with discrete fractional
calculus, as well as the fractional form of the macroeconomic
system and its stability analysis. The behaviors of the sug-
gested fractional system are discussed in Section 3 in detail,
including bifurcation diagrams, phase attractors, and the Lya-
punov exponent. For the chaos and complexity analysis of the
system, Section 4 offers some chaos tests including the 0-1
test method, approximate entropy, and Cy complexity analy-
sis. Finally, the most important results of the study are sum-
marized in Section 5.

2. Preliminaries and model description

In order to describe our macroeconomic model, some def-
initions of discrete fractional calculus are discussed and the
mathematical model of the fractional macroeconomic discrete
system involving the Caputo-left operator is given.

2.1. Discrete fractional calculus

Definition 13! The fractional sum of order ¥ for a func-
tion g on a time scale Ny = {n,n+1,n+2,...} is defined
as

Ayg () = #siy(s—l—l)(“)g(w (1)
! L(r) 5 ’

with s € Ny, > 0.
Definition 2[>!1 The y-Caputo fractional difference oper-
ator for a function g (s) is expressed as

Cafg(s) = 4y "V Amg (s)

1 s—(m—7) (m—y-1)
= — —1=-1D)"" A" (D), (2
oy & 0D g, @
where s € Ny gy, Y€ Nand m = [y] +1. A"g(l) and
(s—1— 1)(’"7771) are the mth integer difference operator and
the falling factorial function, respectively, which are given as

I'(s—1)
[(s—I—m+y+1)
A"g(s) = A(A™ g(s))

(s—1—1)m=7r"1) =

3)

_ f <’Z) (—1)"*g(s+k), seNp. )

k=0
2.2. Mathematical model

Recently, Pul*?! modified the Goodwin model by permit-
ting the accelerator function to be non-monotonic. This model
takes the following form:

Xit1 = Ceg1 + g1,y 4)
Cir1 = (1 =5)X + X1, 6)
Lei =v(Xe—Xi 1) —v(Xe —Xi 1), ©)

where X, C, I are the state variables. Specifically, X denotes
income, C denotes consumption, and I denotes investment.
The marginal propensity to save is presented by s, while the
coefficient of the accelerator function is presented by v.

By introducing the variable y; = X4 — Xi, and substitut-
ing Eqgs. (6) and (7) into Eq. (5) one may obtain the recurrence
relation

Yir1 = (v—5)ye —v(m)’ (8)

According to Pu in Ref. [32], it is more rational to refor-
mulate Eq. (6) into

Cirr = (1 =X + sXi—1 +s(1 — €)Xi. )

By repeating the previous calculation, the macroeco-
nomic model is derived as

X1 = Xk + Vi

Yir1 = Ak — (A +1)y; — oxg, (10)

where x = X and ¢ = s(1 — €). By changing the real param-
eter A € [—2.5,0.5], the macroeconomic system (10) can exe-
cute various dynamic scenarios. Setting the system parameter
o = 0.2 and initial condition xy = 2, yg = 0.1, figures 1(b) and
1(c) show the bifurcation diagram and the corresponding max-
imum Lyapunov exponents (MLE), respectively. We can see
that the dynamical behavior of the macroeconomic model (10)
has evolved from chaotic to periodic as A increases. partic-
ularly, the proposed system is chaotic when A € [—2.4,-2];
where the maximum LE is positive. It serves to explain that,
with a proper bifurcation parameter value, model (10) can gen-
erate chaotic attractor as illustrated in Fig. 1(a) for A = —2.3.

In this work, we expand the integer-order macroeconomic
system to the case of the incommensurate fractional order.
Herein, the first-order difference of the macroeconomic sys-
tem is formulated as

Ay(m) = (& =1)y(m) — (A +1)y>(m) — ox(m). (11)
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Fig. 1. (a) Chaotic attractor of the macroeconomic system (10) with A = —2.3 and initial conditions (x(0),y(0)) = (2,0.1). (b) Bifurcation diagram versus

A € (=2.5,0.5] of the macroeconomic model (10), (c) the corresponding MLEs.

According to Eq. (11), we replace the first difference op-
erator A with the Caputo difference operator CATJ;" and obtain a
novel 2D incommensurate fractional discrete-time macroeco-
nomic system. This yields the following discrete-time macroe-
conomic model with fractional order:

CAPx(s) = y(s—1+n),
CARY(s) = A=Dy(s—14+n)— A+ 1)y (s—1+n)
—ox(s—1+7) (12)

for s € Ny 1y, where 0 < §; < 1, i = 1,2 are the fractional
orders. When one of the system’s orders has different value
from the other one (7, # 7»), we get a discrete-time macroe-
conomic model with incommensurate fractional order. In gen-
eral, fractional-order discrete-time models offer more chaos
and are more feasible for numerical computing; as a result, the
incommensurate discrete-time macroeconomic system simu-
lates economic systems more precisely.

2.3. Stability analysis

In order to determine the equilibrium points of the
macroeconomic system with incommensurate order (12), we
must solve the system obtained by making the left side of the
model (12) equal to zero

y=0,

A—=1y—(A+1)y*—0ox=0. (13)

Obviously, the model has a zero equilibrium point. To
analyse the stability of this equilibrium point, we first review
the following theorem that is used to examine the stabilization
of nonlinear discrete systems with incommensurate fractional
orders.

Theorem 133! Consider the system

CAMYI(s) =g1(0(s— 1+ 7)),

CAT?yz(s):gg(y(s—l—l—‘yz)), s=0,1,..., (14)

CAYyu(s) = ga(y(s = 1+ 1)),

where y(s) = (y1(s),--,ya(s))" € R" and g = (g1,---,8n) :
R" — R". Suppose that y; = w;/u;, (ui,wi) =1, wi, u; € Z.,
i=12,...,n (0 <7y <1). Consider that M is the least
common multiple (LCM) of uy,u,...,u,. If any root of the
Eq. (15)

det(diag(eM",...,eM%) — (1 —eM)J) =0 (15)

is included within a set C/K 6, then the trivial solution of sys-
tem (14) corresponding to xo = x(0) is locally asymptotically
stable, where 8 = 1 /M, J is the Jacobian matrix of system (14)

and

Ko _ {ge(C: C|S(2COS(|3§§|)>5

5
and arg ¢ < <% . (16)

It is not difficult to find that the Jacobian matrix for a

discrete-time macroeconomic system (12) computed at zero

0 1
J:(G /11)'

To investigate the stability of the macroeconomic model

point is

with incommensurate order, we consider the following two
cases as an example.

Case 1 When (A,0) = (—2.3,0.2) and (11,p) =
(9/10,8/10). Notice that M = 10, and so

dd((eo9 e%> (1"’10)(—8.2 0%9)) =0

< 0260 4+0.9¢" +e'"—0.4e'°—0.9¢° +02=0. (17)

The MATLAB platform is used to solve Eq. (17) and the
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following results were obtained:

—4.72405
—0.930571
—0.785502 +0.2988621
—0.732375 +£0.6090381
—0.390789 +0.7377551
—0.214189+£1.038141 | . (18)
0.182104 £0.8128041
0.2586£1.107611
0.668233 +£0.5127631
0.710525£0.6419571
0.880702 £0.0241438i

\Y|
Il

Thus, one can deduce that e = 0.880702 +0.0241438i €
K'/10 Hence, according to Theorem 1, for the given fractional
order values and system parameters, the zero equilibrium point
of system (12) with incommensurate order is unstable. There-
fore, in this case the discrete-time macroeconomic model sat-
isfies the necessary condition to present a chaotic behavior.

Case 2 Let (A,0) = (1.9,0.2) and (71,72) = (0.2,0.95).
By the same procedure as the above case, we get

(5 8) 02 8 L))o

& 026" =332 463 0.4 +33*+02=0. (19

Thus, by solving system (19), one can deduce that
there are solutions e; = (0.968528 +0.307566i,0.825632 &

1/20
0.5861881) such that |e;| < (200320|argej> . Then,

ej € K'/?, j=1,...,4. Hence, in this case the fractional
macroeconomic system (12) satisfies the necessary condition
for the existence of chaos.

3. Dynamic analysis and numerical simulation

The purpose of this section is to investigate the complex
dynamic properties and chaotic behaviors of the macroeco-
nomic model (12) with incommensurate fractional orders via
numerical simulations for the same system parameters given
in the above section. To demonstrate this, we present the theo-
rem that will enable us to derive the numerical formula for the
suggested fractional discrete system.

Theorem 234! For the fractional difference equation

CANx(s) =g(s+ 7 — Lx(s+7—1)),

Afx(s)=xp, m=[y]+1, k=0,1,....m—1, (20)

the unique solution of this initial value problem (20) is given
by

x(s) = xo(s ; Y s — (1)
(s) = o()+r(%)l:n§;7%( o(l)M

Xg(l+%_1ax(l+%_1))7 SENT]erv (21)

where

m—1 §— k
Z (s—=m)

T A (22)

xo(s) =
k=0

The numerical formula of the discrete macroeconomic
system (12) is constructed according to Theorem 2 as

B 1 "Irn—1—j+n) .
x(n) _X(O)+F(71) ];] Ti—1= 1) y(i),

1 A Tn—1-j+mn)
L(p) = T(n—1—j+1)
— (A+1)y*(j) — ox(j), (23)
This is a

novel type of economic system characterized by “memory ef-

y(n) =y(0)+ (A —1)y(j)

where x(0) and y(0) denote initial conditions.

fects”. As seen in Eq. (23), the states x(n), y(n) depends on
all preceding variables, namely, x(0),x(1),...,x(n— 1) and
3(0).y(1),....y(n—1).

Here, the route to the chaos of the proposed macroeco-
nomic system with non-commensurate fractional orders (12)
is extensively examined via a variety of numerical methods,
including Lyapunov exponent calculations, bifurcation dia-
grams, and the display of phase portraits. In particular, the
impact of parameter system A, as well as the fractional values
Y Vi = 1,2, on the model dynamics are discussed in detail.
All the numerical simulations are carried out using MATLAB
software.

3.1. Bifurcation diagrams and maximum LEs

Here, we explore the fractional macroeconomic system
dynamics (12) by varying A and fractional order ¥; when the
control parameter is assigned as ¢ = 0.2 and the initial condi-
tion is selected as (x(0),y(0)) = (2,0.1).

Case 3 Setting the system parameter A = —2.3 and the
fractional order values (7, %) = (1, 1), the fractional macroe-
conomic model (12) with commensurate fractional values re-
veals a strange attractor. The phase portrait of the corre-
sponding attractor is depicted in Fig. 2(f). We can notice
that when 71 = 1, = 1, the trajectories of the proposed frac-
tional model (12) are identical to those of the classical model
in Fig. 1(a). Also, as seen in Fig. 2, when the fractional or-
der values vary, the resulting trajectories change. For exam-
ple, when (71,72) = (0.97,0.94) and (y,7%) = (0.97,0.99),
the fractional discrete model shows chaotic attractors while
when (71,72) = (0.53,1) and (71,72) = (0.53, 1); the fractional
discrete model shows periodic attractors. When the fractional
order 7, takes small values (close to 0), the trajectories of the
proposed fractional map display chaotic attractors as shown in
Fig. 2(a). To further investigate the effect of A on the dynam-
ics of the proposed system (12), we have plotted the bifurca-
tion diagram using A as a bifurcation parameter. In Fig. 3,
corresponding to the three fractional-order values (y;,7) =
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(0.97,0.99), (71,72) = (0.97,0.94), (11, %) = (1,0.01) for the
parameter A in the range (—2.5,0.5). It can be observed from
Fig. 3(a), for (71,712) = (0.97,0.99), that the fractional discrete
macroeconomic system (12) gradually changes from a chaotic
state to a periodic state for A = —1.089, through a period-
doubling bifurcation. However, when 7 is decreased from
0.99 to 0.94, the chaotic motion shrinks from (—2.38, —2.055)
to (—2.315,—2.155) and a periodic window appears in the

interval (—2.154,—2.037). Figure 3(c) shows that when the
parameter 7y is decreased to the value 7, = 0.01, the states
of the discrete map (12) indicate chaotic motion in the region
A € (—2.34,—1.912), whereas as the parameter A is increased,
the chaos disappears and eight-, four, and two-periodic orbits
occur. One can infer that the changes in the fractional-order
values have an impact on the bifurcation diagrams and influ-
ence the dynamic behaviors of the system.
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Fig. 2. Different phase portraits of the fractional macroeconomic discrete system (12) with A = —2.3 for different incommensurate fractional order values:

@ (n,72) =(0.01,1), (b) (11, 72) = (0.53,1), (©) (N1, 12) = (0.83,1), (d) (11, 12) = (0.97,0.94), () (71, %2) = (0.97,0.99), ) i = = L.
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Fig. 3. Bifurcation diagram of the fractional macroeconomic discrete system (12) with fractional order values: (a) (1,72) = (0.97,0.94), (b) (71,12) =
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Fig. 4. (a) Bifurcation diagram versus 9 € (0, 1] of the fractional discrete
macroeconomic system (12) with y; = 0.97, (b) the corresponding MLE.

When the fractional order 7 is taken as an adjustable pa-
rameter, the bifurcation diagram is seen in Fig. 4(a), for pa-
rameter A = —2.3 and fractional order y; = 0.97. It is clear to
see that there is a chaotic region when , € (0.923, 1]. In addi-

tion, when the order is less than 0.915 the system will diverge.
Despite the fact that bifurcation plots are helpful tools for iden-
tifying the presence of chaos in the fractional system, it is often
most practical to compute or estimate the system’s Lyapunov
exponents. The maximum Lyapunov exponents (MLEs) can
be calculated using the Jacobian matrix algorithm.!33! The
MLEs are calculated and presented in Fig. 4(b). Obviously,
the MLEs are in agreement with the corresponding bifurcation
diagrams in Fig. 4(a), where they are positive in the chaotic re-
gions.

Similarly, setting parameters A = —2.3 and fractional or-
der p» = 1, figure 5 shows the bifurcation diagram and the
MLEs for order y; € (0,1]. When 7; is used as the bifurca-
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tion parameter, the fractional macroeconomic system exhibits
a relatively complete bifurcation route. For the smallest val-
ues of y; € (0,0.4248], chaotic behavior can be obtained with
a positive Lyapunov exponent, while the MLEs change their
values between negative and positive when ; € [0.53,0.84],
so the chaos appears and disappears. In addition, when 7, be-
comes larger, chaos occurs again. To verify these findings,
we compute the Lyapunov exponents (LE1 and LE2) at some
values of the fractional order %;. When (y1,72) = (9.97,0.99),
the LE1 = 0.17 and LE2 = —0.03, indicating the system is
chaotic. When (71,7%) = (0.83,1), the LE1 = —0.003 and
LE2 = —0.012, indicating that the system is periodic, which
is in accordance with the phase portraits given in Fig. 2.

2
3.5 5 0.5
o
2.5 & 0.4
E o
> 03
15 E
e = 0.2
< 2
5 .58 g
| 5 0.1
—0.5- E o
(a E b
—1.5 @) % —0.1 (b)
0 02 04 06 08 1.0 = 0 0.2 04 06 08 1.0
=
jast "

Fig. 5. (a) Bifurcation diagram versus y; € (0, 1] of the fractional discrete
macroeconomic system (12) with 5 = 1, (b) the corresponding MLE.
Remark 1 By choosing the same parameters as those

in case 3, the resulting bifurcation diagram of the macroe-
conomic discrete system (12) with commensurate fractional
orders is given in Fig. 6. One can see that the dynamic behav-
iors of the fractional-order system (12) are distinctly different
when the fractional orders are incommensurate from those in
which the fractional orders are commensurate.

1.5

0.5

z(n)

—0.5¢

—1.
8.91 0.94 0.97 1.00
Y

Fig. 6. Bifurcation diagram of the fractional macroeconomic discrete sys-
tem (12) when 9, =9, € (0,1] and A = —2.3
Case 4 Similarly, we explore the dynamics of the macroe-
conomic model with fixed system parameter A = 1.9. Firstly,
we explore the behaviors of the fractional macroeconomic dis-
crete system when A ranges from 0 to 2 for fractional or-
der values 71 = 0.95, y» = 0.98. The bifurcation diagram
and the corresponding MLEs of the discrete macroeconomic
model are displayed in Fig. 7. As depicted in Fig. 7(a), the
stability of the fixed point is lost via Neimark—Sacker bifur-
cation at A = 0.85 which results in chaos, where its corre-
sponding Lyapunov exponent values are LE1 = 0.0007 and

LE2 = —0.0026. Clearly, the bifurcation diagram and the cor-
responding MLEs are consistent. When A € (1.681,1.968)
the corresponding MLEs are positive, confirming the pres-
ence of chaos after Neimark—Sacker bifurcation has occurred.
In addition, Figs. 7(c) and 7(d) display the bifurcation dia-
grams for (1,7%) = (0.6,0.9) and (y1,%) = (0.01,0.9), re-
spectively. One can infer that the bifurcation diagrams are
quite different, in which the variations in the fractional or-
ders affect the behaviors of the fractional discrete model (12).
When (71, %) = (0.01,0.9) the system is stable with period-2
and 4 orbits occurring for A € (0,1.704), while for A > 1.704,
the system loses its stability and becomes chaotic, and the 10-
periodic orbit occurs at A = 1.95.

Maximum Lyapunov exponents
o
—
S)

Fig. 7. (a) Bifurcation diagram of the fractional macroeconomic discrete
system (12) versus A € [0,2] with (y1,7%) = (0.95,0.98), (b) the corre-
sponding MLE. (c) Bifurcation diagram versus A € [0,2] with (1,72) =
(0.6,0.9). (d) Bifurcation diagram versus A € [0,2] with (y1,72) =
(0.01,0.9).

Maximum Lyapunov exponents

Fig. 8. (a) Bifurcation diagram versus ¥; € (0, 1] of the fractional macroe-
conomic discrete system with 7> = 0.9 and A = 1.9, (b) the corresponding
MLE.

To investigate the bifurcation scenarios with these two
fractional order values, a bifurcation diagram is drawn in the
region y; € (0, 1] with , =0.9 and A = 1.9, as shown in Fig. 8.
We can observe that when ¥ > 0.724 the MLE is positive,
which indicates that the system is chaotic. As 7y; decreases
from 0.328, the system becomes totally periodic. If we con-
tinue to decrease 7;, a small chaotic region can be detected in
the range [0,0.11].

Considering the bifurcation diagram and the MLEs of the
discrete macroeconomic system (12) with y; = 0.9 and order
1 € (0,1] (see Fig. 9). As can be observed, the dynamic be-
havior of the system (12) ranges from periodic state to chaotic
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state. Namely, the macroeconomic model is chaotic when 95 €
(0,0.72], while it is periodic at the rang [0.75, 1]. These differ-
ent dynamics are expressed by the phase portraits as depicted
in Fig. 10. Clearly, the phase portraits in Fig. 10 demonstrate
the changes of the fractional macroeconomic model’s complex
dynamical behaviors, including invariant closed curve, peri-
odic attractor and for chaotic attractors. The above numerical
simulation show that the fractional macroeconomic model has

rich dynamical properties.

—0.05

04 06 08 1.0
V2

0 0.2

0 02 04 06 08 1.0

Y2

Maximum Lyapunov exponents

Fig. 9. (a) Bifurcation diagram of the fractional macroeconomic discrete
system (12) versus % € (0,1] with 3 = 0.9 and A = 1.9, (b) the corre-
sponding MLE.
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Fig. 10. Different phase portraits of the fractional macroeconomic discrete system (12) with different fractional order values of Y = (11, %), (8) (v1, %) =
(0.01,0.9), () (1, 12) = (0.9,0.4), (¢) (v1,%2) = (0.9,0.7), (d) (11, %) = (0.9, 1), () (11,%2) = (1,0.9), (©) (11, %) = (1, 1).
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1.5

0.5

z(n)
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Y
Fig. 11. Bifurcation diagram of the fractional macroeconomic discrete
system (12) with commensurate order 7, = 1> € (0,1] and A = 1.9.

Remark 2 Taking the commensurate-order case y; =
P € (0,1], the bifurcation diagram of the fractional macroe-
conomic discrete-time system is displayed in Fig. 11. One
can notice that the bifurcation changes greatly when the or-
der is commensurate. As can be seen from Fig. 11, when
Y € [0.83,1] the system is chaotic. However, when the orders
of the macroeconomic system are incommensurate, the system
is chaotic when ¥, = 0.9 and %, € [0.72, 1], as shown in Fig. 9.
Therefore, the dynamic behavior of the fractional macroeco-
nomic discrete-time system with commensurate order is less
complex. This further demonstrates that the incommensurate

order can describe the economic behavior more accurately.

4. The 0-1 test and complexity analysis of the in-
commensurate macroeconomic discrete-time
system

The complexity of chaotic characteristics may also be
used to analyze the dynamic behaviors of chaotic systems. The
model becomes increasingly chaotic as its level of complexity
rises. The approximate entropy method and the Cp measure
are used to determine the complexity of the discrete macroe-
conomic model (12). The 0-1 test technique is also used to
investigate and assess the chaotic behavior of a discrete-time
macroeconomic system with incommensurate order.

4.1. The 0-1 test

The 0-1 test is one technique that may be used to dis-
cover chaos.[*®! In comparison to the Lyapunov exponents
method, the 0-1 test acts on the time series, eliminating the
need for phase reconstruction. Specifically, to illustrate the
method, we write the translation variables using the time se-
ries x(k) for k =1,2,...,N, as p.(n) = X7, x(i) cos(ci) and
gc(n) = X1 x(i)sin(ci), where ¢ € (0,7) is arbitrary. The
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mean square displacement M, (n) is denoted by

N

.1 2

-(n) = lim — c(i+n)—pe(i

Me(n) Hmszl[(pw) pe(i))
Hacli+n) -a)’] ns i @4

The asymptotic growth rate K, is denoted by the expres-
sion

logM,
K. — lim 108Mc(n)
n—eo  logn

(25)

Using the results obtained by plotting p. and g. or by
calculating the asymptotic growth rate K = median(K,), we
may determine if there is chaos in the macroeconomic sys-
tem with incommensurate order. If the trajectories exhibit
Brownian-like behaviors and K approaches 1, the dynam-
ics of the incommensurate-order macroeconomic model are
chaotic, whereas, if the trajectories’ behaviors are bounded
and K approaches 0, the dynamics of the incommensurate or-
der discrete-time macroeconomic system are regular

40 — —0.5
30
20
10
0 o
—10" 7

-0.7}

—-0.9
o

_20 —-1.3
—30 (2) -1
—120 —100 —80 —60 —40 '%AS
P
2.4 = 15
5
2.0
-5
o> >
—15
1.6
—25
1.2 = _35 (d) .
—-1.6 —1.2 —0.8 —-0.4 —-10-5 0 5 10 15 20 25

P P
Fig. 12. The p—q trajectories of the fractional macroeconomic dis-
crete system (12) with A = —2.3 and for (a) (y1,7%2) = (0.01,1), (b)
(1:7%) = (0.53,1), (©) (1, 12) = (0.83,1), (d) (11, 712) = (0.97,0.94).

Here, the 0-1 test of the incommensurate-order discrete-
time macroeconomic system (12) is performed directly on
the states x(n). When A = —2.3, and both of the fractional
order values y; and 7 vary, the p.—q. plots of the frac-
tional discrete-time macroeconomic system (12) are shown in

Fig. 12. In light of Fig. 12, it is easily noticed that the trajecto-

ries exhibit Brownian-like behavior when (71,7 ) = (0.01,1)

and (1,7%) = (0.97,094) which indicates that the fractional

macroeconomic system with incommensurate order is chaotic.

Otherwise, when (71,7%2) = (0.53,1) and (y1,72) = (0.83,1)

the fractional macroeconomic system provides a regular be-

havior in which it is evident that the translation components p

and ¢ in the p—q plan show bounded behavior. Furthermore,

figure 13 shows the p—q trajectories corresponding with var-
ious fractional orders, in which A = 1.9. When (y1,7) =

(0.9,0.4) and (y1,7) = (0.9,0.7) the trajectories in the p—q

plane are bounded which means that the system is regular, and
(0.92,0.92)
(1,1), figure 13 shows Brownian-

for the commensurate order, i.e. when (y1,72) =
and integer order (71,7) =
like trajectories in the p—g plane which indicates that the
macroeconomic system is chaotic. Thus, it can be seen that
the 0-1 test confirms very well the results of the bifurcation
diagram and the MLEs shown above.

% 23 22 -1 0 1 2

p

60

o
N2

q
I S -

N

-3 -2 -1 o0 1 =80 —40 0 40
P p

Fig. 13. The p—q trajectories of the fractional macroeconomic discrete
system (12) with A = 1.9 and for (a) (y1,7%2) = (0.9,0.4), (b) (1,7%2) =
(0.92,0.92), (¢) (71, %2) = (0.9,0.7), (d) (11, 72) = (1, 1).

4.2. Approximate entropy

The approximate entropy (ApEn) is a regularity measure
that may be used to quantify the degree of complexity in the
system that is created by a time sequence. In general, se-
quences with larger values of ApEn are regarded as being the
more complex ones.3”) Note that the value of ApEn depends
on two important parameters: the embedding dimension m and
the similar tolerance r. In this paper we put r = 0.2std(x) and
m = 2; std(x) represents the standard deviation of the data x.
ApEn is computed as follows:

ApEn = ¢"(r) — ¢ (1), (26)

where ¢™(r) is given by

n—m+1

0" (r) = Z logC™(r 27

n—m—1

The ApEn complexity of the macroeconomic discrete-
time system with incommensurate order 71, 7 is studied and
the findings are shown in Table 1. As can be seen, the ApEn
complexity of the macroeconomic system (12) varies when
¥; (i = 1,2) varies, and the highest ApEn are obtained when
the discrete-time macroeconomic system is chaotic, which is
consistent with the findings of the maximum LE. As a conse-
quence, to obtain a high structural complexity, we need to be
conscious in determining the values of the fractional order 7;
in the system (12).

030203-8



Chin. Phys. B 32, 030203 (2023)

Table 1. Approximate entropy test for different incommensurate
fractional order.

A " v ApEn
—-23 0.01 1 0.5495
23 0.53 1 0.0460
—23 0.97 0.99 0.4647

1.9 0.9 0.7 0.1126

1.9 1 0.9 0.4705

1.9 1 1 0.4961

4.3. The Cy complexity

According to the inverse Fourier transform, we use the Cy
algorithm to compute the complexity of chaotic models. The
algorithm is described as follows: 33! First, the Fourier trans-
form of the series [x(0),x(1),...,x(N —1)] is figured out by

1 N (kj
W0)= 5 L e (—2m (lj)) ,
j=01,.. N—1. (28)

We calculate the mean square as Gy = (1/N) le\':_ol Yy ()|
and we let

- . Yn(j) if [[¥n(j)|* > rGy,

W= T i It ()| < rGy. 29

Now, we compute the inverse Fourier transform of Yy as
1 N—1 o k]
ym)=— ) Yn(Jj 2mi | =
sm = 3 X (e (251 () ).
m=0,1,..., N—1. 30)

Then, we calculate the Cy complexity as

N=1||=( 0\ _
Gy Encb [5(m) —x(m) | o

Lo llx(m)[ |2

The Cp complexity of the fractional macroeconomic
discrete-time system (12) with varying fractional order val-
ues 7; are calculated and the results are presented in Fig. 14.
From Fig. 14, as with the MLEs and ApEn, the Cy complex-
ity value of the fractional macroeconomic system increases
rapidly when the value of the fractional-order 7; approaches
1. As a consequence, we can conclude that the Cy method is
an effective tool for measuring complexity accurately. When
Y = 0.9, figure 14(a) illustrates that the fractional macroeco-
nomic system (12) has higher complexity when y; € (0.724,1].
When y; = 0.9, the Cy complexity increases with an increase
in fractional order p» as shown in Fig. 14(b). These results
are consistent with previous results of the MLE shown in
Figs. 8(b) and 9(b).

0.6 0.7

a b
NE Cw)
5
0.4 0.5
0.4
S 03 S
0.3
0.2 0.2
0.1 0.1
0 — 0
0 02 04 06 08 1.0 0 02 04 06 08 1.0
" 72

Fig. 14. The Cy complexity analysis of the system (12) with (a) 7 = 0.9,
(b) 1 =0.9.

5. Conclusion

This paper has considered a new fractional macroeco-
nomic discrete system. Through using bifurcation diagrams,
phase attractors and maximum LE, the complex dynamics of
this proposed system, with some changes in the incommen-
surate fractional order, are discussed. The results show that
chaos exists in this fractional macroeconomic system and that
the type and range of chaotic behavior depend on the fractional
order values. Furthermore, we have also computed and pre-
sented the 0—1 test, Cy complexity and approximation entropy
of the macroeconomic discrete system for various values of
the fractional order to illustrate and measure the complex dy-
namics of the system. In addition, the results show that the
fractional macroeconomic system with incommensurate order
has greater complexity compared to that of the fractional sys-
tem with commensurate order. Owing to the diverse complex
dynamical behavior, this study may offer a theoretical foun-
dation and assist in the advancement of research in economic
fields.
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