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We explore the dynamical behaviors of the measurement uncertainty and quantum correlation for a vertical quantum-
dot system in the presence of magnetic field, including electron-electron interaction and Coulomb-blocked systems. Stem-
ming from the quantum-memory-assisted entropic uncertainty relation, the uncertainty of interest is associated with tem-
perature and parameters related to the magnetic field. Interestingly, the temperature has two kinds of influences on the
variation of measurement uncertainty with respect to the magnetic-field-related parameters. We also discuss the relation
between the lower bound of Berta et al. and the quantum discord. It is found that there is a natural competition between the
quantum discord and the entropy min

ΠB
i
S

ΠB
i
(ρA|B ). Finally, we bring in two improved bounds to offer a more precise limit

to the entropic uncertainty.

Keywords: entropic uncertainty relation, quantum correlation, quantum dot
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1. Introduction
The uncertainty principle proposed by Heisenberg[1] is

famous because it is one of fundamental characteristics in
quantum mechanics, which differs from those in classical
counterpart. It reveals that there exists inevitable uncer-
tainty in measurement of any two non-commutative mechan-
ical quantities within a quantum system. Inspired by this, a
universal inequality with standard deviation form is presented
by Kennard and Robertson,[2,3] which can be expressed as[4,5]

∆R∆Z ≥ 1
2
|⟨[R,Z]⟩| , (1)

where [R,Z] = RZ − ZR is denoted as the commutator asso-
ciated with a pair of incompatible observables R and Z, and
∆X =

√
⟨X2⟩−⟨X⟩2 with the X’s expectation value ⟨X⟩. Be-

cause of the state-dependent bound in Robertson’s relation, it
limits the accuracy to quantify the measurement uncertainty
when special states are chosen. In order to remove the defect,
Deutsch and Kraus[6,7] came up with a new uncertainty rela-
tion via adopting the Shannon entropy. Then, Maassen and
Uffink[8] optimized the entropic uncertainty relation (EUR) as

H (R)+H (Z)≥ log2
1
c
, (2)

with H (X) =−∑m pm (X) log2 pm (X) represents for the Shan-
non entropy. Note that the probability distribution of the m-th
outcome is described by pm (X) = ⟨ϕi|ρ |ϕi⟩ with the eigen-
states |ϕi⟩ of X when measuring ρ in a quantum system. In
addition, c = maxi, j{|⟨ri|z j⟩|2} is the complementarity of R
and Z, where |ri⟩ and

∣∣z j
〉

denote the eigenvectors of R and Z,
respectively.

Later, a quantum-memory-assisted entropic uncertainty
relation (QMA-EUR), which has been put forward by Refs. [9,
10] and experimentally demonstrated by Refs. [11,12], mod-
ifies the outcomes of the measurement uncertainty. Remark-
ably, the relation can be illustrated by a well-known uncer-
tainty game. In the game, we assume that there are two le-
gitimate participants, Alice and Bob. First, Bob prepares two
entangled particles A and B. A is subsequently sent to Alice
while particle B is serving as a memory. Then, Alice chooses
one of two measurements R and Z, and it is agreed in advance
to measure her particle and send her choice to Bob. According
to Alice’s measurement choice, Bob can predict the outcomes
measured by Alice as accurate as possible. The uncertainty
can be mathematically expressed as[10]

S (R |B )+S (Z |B )≥ log2
1
c
+S (A |B ) . (3)

Here, the conditional von Neumman entropy is described as
S (X |B ) = S (ρXB)− S (ρB) with S (ρ) = −∑i λilog2λi and
ρXB = ∑i (|ϕi⟩⟨ϕi|⊗1)ρAB (|ϕi⟩⟨ϕi|⊗1). Note that λi and
1 represent the eigenvalues of ρ and an identity operator, re-
spectively. Interestingly, one can obtain the following conclu-
sions: (i) If A and B are maximally entangled, Bob can predict
perfectly the measurement outcomes, attributed to S (A |B ) =

−log2
1
c . (ii) When quantum memory B vanishes, we can

obtain the inequality H (R) +H (Z) ≥ log2
1
c +H(A), whose

bound is stronger than that of Eq. (2), on account of H(A)≥ 0.
In addition, several groups have contributed to exploring en-
tropic uncertainty relations and made some progress.[13–16]

As a matter of fact, the QMA-EUR can be applied
to achieve many kinds of quantum tasks in the realm of
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quantum information and computation, such as quantum
cryptography,[17,18] quantum teleportation,[19] quantum key
distribution,[20–23] quantum metrology[24–26] and entangle-
ment witness.[11,12,27] Moreover, the relation has been ex-
perimentally demonstrated based on all-optics platforms,
promoting its applications in real-life quantum information
processing.[28–33]

Recently, the quantum coherence in a vertical quantum-
dot system (QDS) was investigated in Ref. [34], which demon-
strated the coherence for electrons in the structure of a solid
states. Remarkably, these investigations make for a further
understanding of the coherent control of spins in diamond and
manipulations electron spin qubits in QDSs. Nevertheless, the
measurement uncertainty has never been revealed in any QDS,
which play a fundamental and nontrivial role in quantum in-
formation processing. With this in mind, the aim of the paper
is to address this issue.

The remainder of this paper is organized as follows. We
first review the Hamiltonian of the quantum systems in Sec-
tion 2. In Section 3, we focus on the dynamical behavior of
the QMA-EUR. Meanwhile, we analyze the physical interpre-
tation of the measurement uncertainty in terms of the quantum
correlation. Next, several improved bounds in QDSs are inves-
tigated in Section 4. Finally, a concise conclusion is rendered
in Section 5.

2. Physical mode
In quantum mechanics, optical and electronic properties

of quantum dots differ highly from those in larger-scale parti-
cles, which can stimulate more and more interests to explore
deeper phenomena and mechanics in quantum information
theory.[35,36] Typically, Hamiltonian of a quantum-dot system
can be written as[34,37]

ℋ=
µ

4
Ŝ1 · Ŝ2 −νB0Ŝz, (4)

where µ is the difference of energy between the single and
triplet states, and the first term can be regarded as the exchange
coupling. Here we consider about B = B0z so that the Zeeman
effect is incorporated. Note that ν is the dot gyromagnetic ra-
tio. Additionally, Ŝ1 and Ŝ2 are two fictitious 1/2-spins. Ŝz is
the z-projection of the total spin quantum number S.

Hence, we obtain the eigenvectors and eigenvalues of
Hamiltonian (4) as follows:

E1 =
µ

16
,

|ψ1⟩ =
1√
2

(
χ 1

2

(
Ŝ1z
)

χ− 1
2

(
Ŝ2z
)
+χ− 1

2

(
Ŝ1z
)

χ 1
2

(
Ŝ2z
))

, (5)

E2 =
−3µ

16
,

|ψ2⟩ =
1√
2

(
χ 1

2

(
Ŝ1z
)

χ− 1
2

(
Ŝ2z
)
−χ− 1

2

(
Ŝ1z
)

χ 1
2

(
Ŝ2z
))

, (6)

E3 =
µ

16
+νB0, |ψ3⟩= χ− 1

2

(
Ŝ1z
)

χ− 1
2

(
Ŝ2z
)
, (7)

E4 =
µ

16
−νB0, |ψ4⟩= χ 1

2

(
Ŝ1z
)

χ 1
2

(
Ŝ2z
)
. (8)

For simplicity, Plank’s constant h̄ = 1 and Boltzmann’s
constant K = 1 are set. Herein, |ψ3⟩ and |ψ4⟩ are factorizable
states without entanglement. On the other hand, |ψ1⟩ and |ψ2⟩
are two of maximally entangled states, with the spin function
χα (sz)

(
α =± 1

2

)
for each electron. The spin function can be

transferred to

χ 1
2
χ 1

2
= | ↑↑⟩,

χ 1
2
χ− 1

2
= | ↑↓⟩,

χ− 1
2
χ 1

2
= | ↓↑⟩,

χ− 1
2
χ− 1

2
= | ↓↓⟩, (9)

where ↑ and ↓ stand for two different directions of the elec-
tronic spin.

For a solid state system in thermal equilibrium, the state
can be expressed as ρ = exp

(
− ℋ

KT

)
/Z with the partition func-

tion Z = Tr
(
exp
(
− ℋ

KT

))
at a finite temperature T , which can

be re-expressed by the probability of the eigenvectors of the
Hamiltonian as follows:

ρ = ∑
i

ai |ψi⟩⟨ψi| , (10)

where ai = exp
(
− Ei

KT

)
represents the probability distribution.

As a result, one can obtain the density matrix of the sys-
tem’s state:

ρ =


υ 0 0 0
0 γ λ 0
0 λ γ 0
0 0 0 ω

 , (11)

with

υ =
1
z

exp
(
−µ −16β

16T

)
, (12)

γ =
1
2z

[
exp
(
− µ

16T

)
+ exp

(
3µ

16T

)]
, (13)

ω =
1
z

exp
(
−µ +16β

16T

)
, (14)

λ =
1
2z

[
exp
(
− µ

16T

)
−exp

(
3µ

16T

)]
. (15)

Herein, we take β = νB0. The partition function z is given by

z = exp
(
− µ

16T

)[
2cosh

(
β

T

)
+1
]
+ exp

(
3µ

16T

)
. (16)

3. The entropic uncertainty relation in
quantum-dot system
First of all, we will focus on exploiting the dynamical

evolution of the measurement uncertainty in the quantum-dot
systems. Herein, we take two Pauli observables, σ̂x and σ̂z,
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as the incompatibility. Therefore, the post-measurement states
can be written as

ρσ̂xB =
υ + γ

2
(|00⟩⟨00|+ |10⟩⟨10|)

+
γ +ω

2
(|01⟩⟨01|+ |11⟩⟨11|)

+
λ

2
(
|00⟩⟨11|+ |01⟩⟨10|

+ |10⟩⟨01|+ |11⟩⟨00|
)
, (17)

ρσ̂zB = υ |00⟩⟨00|+ γ (|01⟩⟨01|+ |10⟩⟨10|)
+ω |11⟩⟨11| . (18)

In addition, the reduced density matrix ρB can be given by
ρB = TrA (ρAB). After that, one can easily obtain the eigenval-
ues, and the von Neumann entropy can be expressed as

S (ρσ̂xB) =−2η
+log2η

+−2η
−log2η

−, (19)

S
(
ρσ̂zB

)
=−υ log2υ −2γlog2γ −ωlog2ω, (20)

S (ρB) =−(υ + γ) log2 (υ + γ)− (ω + γ) log2 (ω + γ) , (21)

with η± = 1
4 (υ +2γ +ω ±

√
(υ −ω)2 +4λ 2).

Hence, the left-hand side of Eq. (3) can be rewritten as

UL = S (ρσ̂xB)+S
(
ρσ̂zB

)
−2S (ρB) . (22)

Additionally, due to the fact that the overlap always
equals 1/2 for σ̂x and σ̂z, the right-hand side of Eq. (3) is equal
to

UR = 1−υ log2υ − (γ +λ ) log2 (γ +λ )

− (γ −λ ) log2 (γ −λ )−ωlog2ω −S (ρB) . (23)

To reveal the nature of the measurement uncertainty of
interest in quantum-dot systems, we depict the entropy uncer-
tainty and the lower bound of entropy uncertainty as a function
of temperature T in Fig. 1. From Fig. 1, it is clear that the un-
certainty increases with the growth of temperature. Intuitively,
the higher the temperature is, the more disordered the system
is, and hence the weaker the systemic quantum correlation will
be, which results in the inaccuracy of the prediction to the out-
comes of Alice’s measurement. In addition, one can see that
the lower bound also increases with the growth of T and it al-
ways satisfies UL ≥UR. When the temperature is enough high,
it is easy to find that the measurement uncertainty shrinks to a
fixed value and UR →UL.

In the following, we focus on the effect of the parameters
µ and β on the entropic uncertainty in Fig. 2. Interestingly, the
behaviors of the measurement uncertainty are divided into two
regions, i.e., T = 0.1 region and T = 1 region. The evolutions
in the two regions are different. The entropic uncertainty will
firstly increase and subsequently decrease with the growth of
µ and β when temperature T = 0.1, and the entropic uncer-
tainty has a maximum value in the whole evolution. On the

other hand, the uncertainty always decreases with increasing
µ and β in the T = 1 regime, which is contrast to the non-
monotonic variation of entropic uncertainty with increasing µ

and β in the T = 0.1 region.

(b)

QD

0 1 2 3 4 5
T

0

0.5

1.0

1.5

2.0

UL

UR

(a)

0

0.5

1.0

1.5

2.0

0 1 2 3 4 5
T

QD

UL

UR

Fig. 1. Measurement uncertainty and the quantum discord depicted as
functions of temperature T for different values of µ and β : (a) µ = 5,
β = 1, (b) µ = 5, β = 2.

Next, we turn to probe the systemic quantum correlation.
Generally, the quantum discord (QD) is usually deemed as one
of effective quantification of quantum correlation,[38–40] which
is defined by

QD(ρAB) = I (ρAB)−CC(ρAB) , (24)

where I (ρAB) is the total correlation, which is denoted as

I (ρAB) = S (ρA)+S (ρB)−S (ρAB) , (25)

and CC(ρAB) is the classical correlation between subsystems
A and B, which is given by

CC(ρAB) = max
ΠB

i

[
S (ρA)−S

ΠB
i

(
ρA|B

)]
, (26)

where ρA(B) is the reduced density matrix of ρAB tracing over
B (A). ΠB

i represents a set of possible positive-operator-valued
measurements on particle B, the conditional entropy of A
is given by S

ΠB
i

(
ρA|B

)
= ∑

i
qiS
(
ρA

i
)

with the corresponding

probability qi = TrAB
(
ρABΠB

i
)
, where ρA

i is the density oper-
ator defined by ρA

i = 1
qi

TrB
(
ΠB

i ρABΠB
i
)
.

Furthermore, we plot the quantum discord as shown in
Figs. 1 and 2. In contrast to the dynamics of the entropic un-
certainty, the QD decreases with increasing T . Based on this
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phenomenon, we here offer a physical explanation. By con-
necting Eqs. (3) and (24)–(26), the lower bound can be derived
as

UR = 1+S (ρAB)−S (ρB)

= −QD(ρAB)+min
ΠB

i

S
ΠB

i

(
ρA|B

)
+1. (27)

From Figs. 1 and 2, one can see that the lower bound is
mainly anti-correlated with the quantum discord. For exam-
ple, the lower bound is correlation with the quantum discord
with the growth of β in the T = 1 regime as shown in Fig. 2(b).
It looks like that uncertainty is anti-correlated with the quan-
tum discord in Fig. 1(a), uncertainty increases as temperature
increases, while QD decreases until it reaches 0. However, in
Fig. 2(c), QD gradually decreases from 1 and remains at 0, but
the uncertainty is not a synchronous process with QD, it is a
process of first increasing, then decreasing and finally main-
taining. This means that the dynamics of the uncertainty is not
always synchronous with the tendency of the quantum correla-
tion as shown in Fig. 2(c). The reason is that the lower bound
does not only rely on the systemic QD, but also depend on
the conditional entropy min

ΠB
i

S
ΠB

i

(
ρA|B

)
. In fact, the quan-

tum discord have a competitive relation with the conditional
entropy as the derivation given above. In the current scenario,
we notice that the QD is a predominant factor for the evolution
of the measurement uncertainty from the present results.

(a) (b)

(c) (d)

UL
UR
QD

UL
UR
QD

UL
UR
QD

UL
UR
QD

0.5

1.0

1.5

2.0

0

0

0.5

1.0

1.5

2.0

0

0.5

1.0

1.5

0

0.5

1.0

1.5

0 1 2 3 4 5 0 1 2 3 4 5
β β

0 1 2 3 4 5 0 1 2 3 4 5
µ µ

Fig. 2. Measurement uncertainty and the quantum discord depicted as
functions of µ and β in different regimes of temperature T : (a) T = 0.1,
β = 1, (b) T = 1, β = 1, (c) µ = 5, T = 0.1, (d) µ = 5, T = 1.

4. The improved bounds in quantum-dot system
The uncertainty principle is regarded as as an impor-

tant tool to quantify the precision of the measurement out-
comes concerning two incompatible observables, the uncer-
tainty bound essentially plays a prominent role in quantum in-
formation theory.[41] Recently, more and more attention has
been paid to optimizing the lower bounds. Typically, Pati et
al.[42] proposed an improved bound via quantum correlation

between the subsystems, which has the form of

S (R |B )+S (Z |B )

≥ log2
1
c
+S (A |B )+max{0,QD−CC}. (28)

In addition, Adabi et al.[43] optimized the lower bound by con-
sidering the Holevo quantity and mutual information, which
can be expressed as

S (R |B )+S (Z |B )≥ log2
1
c
+S (A |B )+max{0,δ ′}, (29)

with δ ′ = I (ρAB)− I (ρRB)− I (ρZB).
In order to discuss the bounds of Eq. (3) and Eqs. (27)

and (28), we plot the evolution of UL, UR, Ub1 and Ub2 in Fig. 3
versus all parameters. Notice that Ub1 = log2

1
c + S (A |B )+

max{0,QD−CC} is denoted as the bound of Pati et al. ex-
pressed by Eq. (27), Ub2 = log2

1
c + S (A |B )+max{0,δ ′} is

the bound of Adabi et al. expressed by Eq. (28). Following
Fig. 3, the bounds of interest are more and more tight, i.e.,
UR ≤Ub1 ≤Ub2 ≤UL. The result of Adabi et al. limits the un-
certainty of the outcomes predicted by Bob superior to other
bounds, and the tightness between the entropic uncertainty and
the lower bound of Adabi et al. is too small to distinguish from
Fig. 3, which verifies that the bound of Adabi et al. is optimal.

(a)

(b)

UL

UR

Ub

Ub

UL

UR

Ub

Ub

0

0.5

1.0

1.5

2.0

0 1 2 3 4 5
T

0

0.5

1.0

1.5

2.0

0 1 2 3 4 5
µ

(b)

Fig. 3. Measurement uncertainty, the lower bound and two improved
bound depicted as functions of T , µ and β : (a) µ = 5, β = 1, (b)
T = 0.1, β = 1.

5. Conclusion
In summary, we explore the uncertainty of interest and

quantum correlation in a quantum-dot system with the mag-
netic field. As a consequence, we find that the higher temper-
ature can induce the higher measurement uncertainty, which
can undermine the entanglement between particles A and B.
It is worth noting that the different-temperature regimes have
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different influences on the behaviors of measurement uncer-
tainty as functions of µ and β . In the region of high tempera-
ture, the uncertainty decreases as µ or β increases. However,
the measurement uncertainty does not monotonously vary with
the growth of µ and β in the region of low temperature. In
fact, the uncertainty firstly increases and subsequently de-
creases as µ or β inflates. That is to say, the entropic un-
certainty has a maximum value during the evolution. Interest-
ingly, we find that the lower bound does not only always de-
pend on the quantum discord but also rely on the conditional
entropy min

ΠB
i

S
ΠB

i

(
ρA|B

)
. Moreover, we compare two im-

proved bounds, i.e., the lower bounds of Pati et al. and Adabi
et al. It is proved that the improved bound can effectively en-
hance the accuracy of the limitation to the measurement uncer-
tainty. Moreover, any quantum system is essentially disclosed,
and inevitably suffers from decoherence.[44–46] Thus, to clar-
ify how the noises in QDS affect the QMA-EUR is required
in practical quantum information processing, which may be
considered in the near future. With these in mind, we argue
that our results may be beneficial to further understanding the
entanglement dynamics of the solid-state systems and quan-
tum measurement precision in practical quantum information
processing.
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