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An open quantum battery (QB) model of a single qubit system charging in a coherent auxiliary bath (CAB) consisting
of a series of independent coherent ancillae is considered. According to the collision charging protocol we derive a quantum
master equation and obtain the analytical solution of QB in a steady state. We find that the full charging capacity (or the
maximal extractable work (MEW)) of QB, in the weak QB-ancilla coupling limit, is positively correlated with the coherence
magnitude of ancilla. Combining with the numerical simulations we compare with the charging properties of QB at finite
coupling strength, such as the MEW, average charging power and the charging efficiency, when considering the bath to
be a thermal auxiliary bath (TAB) and a CAB, respectively. We find that when the QB with CAB, in the weak coupling
regime, is in fully charging, both its capacity and charging efficiency can go beyond its classical counterpart, and they
increase with the increase of coherence magnitude of ancilla. In addition, the MEW of QB in the regime of relative strong
coupling and strong coherent magnitude shows the oscillatory behavior with the charging time increasing, and the first peak
value can even be larger than the full charging MEW of QB. This also leads to a much larger average charging power than
that of QB with TAB in a short-time charging process. These features suggest that with the help of quantum coherence of
CAB it becomes feasible to switch the charging schemes between the long-time slow charging protocol with large capacity
and high efficiency and the short-time rapid charging protocol with highly charging power only by adjusting the coupling
strength of QB-ancilla. This work clearly demonstrates that the quantum coherence of bath can not only serve as the role
of “fuel” of QB to be utilized to improve the QB’s charging performance but also provide an alternative way to integrate

the different charging protocols into a single QB.
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1. Introduction

The rapid development of quantum science and technol-
ogy has greatly promoted the investigations of core physi-
cal quantities in thermodynamics, such as work, heat and
fluctuation, shifting from the macroscale to the nanoscale.
And many efforts have devoted to the explorations theoret-

1-10

ically and experimentally.l'-!! Unlike the classical physics,

the quantum effects like quantum coherence/squeeze and en-
tanglement in quantum systems can lead the thermodynamic
performance of quantum systems to go beyond their classi-

ILI21 For example, using the quantum coher-

13,14

cal counterparts.|
ence and squeeze, the Carnot limit can be broken, | I and
the reversal heat flow against the direction of negative gradi-
ent of temperature can occur. [15-181 1y this context, two attrac-
tive questions have emerged. How does a quantum system
implement the energy storage effectively for the later use by
the other system (or load)? What roles can the quantum ef-
fects play in transferring energy and improving the system’s

capacity? Quantum battery (QB) as a good platform to ad-
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dress the above issues!'?% has received much attention until
recently.3!]

In 2013, Alicki and Fannes, in their pioneering work, 132)
formally proposed the concept of QB, and clearly demon-
strated the advantage of entangling operation on work ex-
traction of QB. And, they concluded that it is feasible to
implement the maximal work extraction when the battery
is driven through intermediate entangled states in the dis-
After that, various models of QB based

on different quantum systems, such as a single harmonic
[21,33-38

charging process.
oscillator,?-281 spin chains, I and single/multi-qubit
systems, **“! have been studied. One of core goals in ex-
ploring QB is to understand how the QB realizes the charging
and the discharging and whether it can outperform the classi-
cal counterpart. Quantum entanglement and coherence as the
special features of quantum system have drawn much atten-
tion of their roles in QB. And, many researches have identified
their constructive effects on enhancement of the QB’s perfor-

25,41,46-49
y [

mance, e.g., improving the QB’s capacit I and in-
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creasing the charging power and efficiency.*>°-33] However,
most of previous efforts have devoted to the explorations of
isolated QB implementing the charging process and discharg-
ing processes via unitary operation, which requires fine tuning
between the initial state and the unitary process. As is well
known, it is usually difficult to isolate one system from its
surrounding environment completely in engineering. There-
fore, it becomes a significant problem to explore the QB’s
performance in an open environment (i.e., open QB). Most
recently, Barra in Ref. [54] presented a dissipative charging
scheme where the QB performed an open charging process
by introducing a thermal auxiliary bath (TAB) composed of
a number of thermal two-level atoms (TLAs). The author
demonstrated that it is possible to charge the QB, under an
external agent driving, from an initial thermal passive state
to an active state in an open thermal bath (or environment),
verifying that one could extract work from a thermal quan-
tum system with a thermal passive state by the cyclical unitary
operation. In addition, there have been many researches fo-

[41,55-601 ¢ o using the Floquet en-

cused on different aspects,
gineering to overcome the aging of a QB,[*!! stabilizing open
quantum batteries by structure engineering®” and sequential
measurements scheme,>®! identifying quantum speed-up via

1591 highly efficient charging and

a collision charging scheme,
discharging through shortcuts to adiabaticity,*! and so on.
Though these researches have provided many interesting re-
sults in open QB, the rich underlying features and physical
mechanism of open QB performing have not been demon-
strated enough. Especially, the effects of quantum coherence
and entanglement in nonequilibrium bath (or auxiliary bath)
on the performance of open QB are worth studying in depth.
Recently, a powerful tool for studying the dynamics of

[61-64]

open quantum system, namely, collision model (CM)

method!®! has been developed. It has been widely used
in the quantum information process and quantum thermody-
namics, especially in the investigation of the roles of quan-
tum effects of nonequilibrium bath in thermodynamics,[6%-70]
as well as the strong coupling thermodynamics.!”!! So far,
the general thermodynamic framework of CMs has been
established.[>74] Based on the framework of CMs, the
QB models with collision charging protocol have been
constructed.’*>°! Being different from the single-qubit colli-
sion charging battery with TAB in Ref. [54], a multi-level col-
lision charging battery with a coherent auxiliary bath (CAB)
has been considered.? And, in Ref. [59] the authors demon-
strated that under the energy preserving interaction between
QB and ancilla, the quantum coherence of auxiliary bath can
effectively speed up the energy transfer into QB when the
CAB has a negative effective temperature (i.e., the ancilla re-
maining the inverse populations is required). Naturally one

will ask whether the quantum advantage of quantum coher-

ence of CAB can still emerge when the CAB is kept at a pos-
itive effective temperature (i.e., ancilla without inverse popu-
lations). How does the quantum coherence influence the QB’s
capacity? These issues are interesting and have not been ad-
dressed enough.

Motivated by the above considerations, we, in this pa-
per, investigate a collision charging scheme of a single qubit
battery charging with a CAB having positive effective tem-
perature. Specifically, the CAB in our model is composed of a
stream of independent coherent ancillae. We allow the ancillae
to interact with the QB one by one, mimicking the dissipative
charging process. According to the collision charging protocol
we demonstrate that the QB with CAB can perform prominent
superiorities in the full charging capacity, charging power and
efficiency over their classical counterparts (i.e., the situation
of QB charging with TAB) due to the ancillae’s coherence of
CAB. The numerical simulations clearly demonstrate that to
implement a long-time charging protocol is suitable for the
QB with CAB in the weak QB-ancilla coupling regime where
the QB can obtain a large capacity and have a highly charging
efficiency. In addition, we have also found that the presence of
coherence of ancilla can lead the MEW of QB to oscillate with
charging time. And, for the strong coupling of QB-ancilla, the
first peak value can even go beyond that of QB in saturation
which also results in a highly charging power of QB with CAB
in a short-charging process. These features suggest that with
the help of quantum coherence of CAB, the QB can effectively
perform the two different charging protocols: the long-time
slow charging with large capacity and high efficiency, and the
short-time rapid charging with highly charging power only by
adjusting the coupling strength of QB-ancilla to the weak and
strong coupling regimes.

The remainder of this paper is arranged as follows. In
Section 2, we first introduce the charging scheme of open QB.
Then, we derive the quantum master equation of QB and an-
alytically obtain the steady-state solution. In Section 3, we
review the key indicators characterizing the charging perfor-
mance of QB, such as the MEW, charging saturation, average
charging power and charging efficiency. And, some analyti-
cal results are obtained. In Section 4, we numerically discuss
the influences of coherence of auxiliary bath and the coupling
strength of QB-ancilla on QB’s performance at length. In Sec-
tion 5, we briefly summarize our work.

2. Model and charging dynamics

Any charging process involves auxiliary systems that

54,59]

provide the charge (or energy),! such as a thermal

e,l* an external field,[’7°! or a nonequilibrium

engin
system.[?8] Here, we characterize the charging process by us-

ing a CM protocol (see Fig. 1), that is, allowing the identical
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independent ancillae of auxiliary bath interacting with the bat-
tery in subsequence by an external driving (or agent) to be
used to mimic the charging process. Here, we assume that
each ancilla only interacts with the battery once, and the time-
independent interaction V between the ancillae and the battery
is the same for each ancilla. When the auxiliary bath is a ther-
mal bath consisting of thermal ancillae, a thermal QB without
coherence can be formed, and a coherent QB is for the aux-
iliary bath composed of coherent ancillae, i.e., the CAB. The
QB, after a long-time charging, will reach a saturation level
and the whole charging process ends. The resulting Hamilto-
nian of battery plus ancilla in each charging step reads

Hy =Hg+ Hp+V, (D

where H; = wi(o7 +1)/2, i =S, A, (set i = 1) are indepen-
dent, i.e., the free Hamiltonian of system (or battery) and
Hamiltonian of ancilla (A), with wg and wa being the corre-
sponding transition frequencies between the excited state |1)
and the ground state |0), I being an 2 x 2 identity matrix,
and the interaction of QB-ancilla implemented by an external

agent (or power resource) is given as!>4!
V=g(ofoi+o50,), )

where g is a coupling constant, 6;* = (cf +i0;’)/2 are the
raising operator (61) and lowering operator (6~) with Pauli
matrices 6/, j = x,y,z. To consider the system and auxiliary
bath to be initially independent, the total density matrix can be
= ps(0) ® pa(0)*"

number of auxiliae in bath, and

written as Pyor(0) where N represents the

ps(0) = Zg ' exp(—BHs) = Y Py lk) (1, (3)
k,1=0,1
pa(0) = ap™ +(1 =) BRIk (1, 4
k,1=0,1

are the initial state of battery and the initial state of each an-
In Eq. (3), Zs = Tr[exp(—BHs)] is the
partition function with the inverse temperature § = 1/T (set
kg = 1, hereafter), P,dA with k,/ = {0,1} are the elements
of ps,A(0) in energy basis {|0)g(5).[1)g(a

Hg(a). And, in Eq. (4) p<° = |q/><1//| w1th

W)=Y g " (ml e PN/ Zx Im) m),

cilla, respectively.

)} of Hamiltonian

where Zp = Tr[exp(—PBHa)] is the partition function, 6 and

p™ are independently the relative phase and the thermal state
corresponding to the diagonal part of pure coherent state p<°",

o (0 <a<1)is a weight parameter determining the ratio
between two components: p™ and p°" in the initial state of
ancilla pa(0).
only appears in the non-diagonal elements of pa (0). Accord-

Meanwhile, it is noted that the parameter

ing to the coherence measure of /;-norm, for an arbitrary state

p the coherence is given as!®]

(Ch (p) = Z |pmn‘7 Q)

m,n(m+#n)

where p,,,(m # n) are the non-diagonal elements of p. Thus,

the coherence of pa(0) becomes

Ci, (pa(0)) =200/ PPy

proportional to ¢, which can be taken as an effective indicator
of the coherence magnitude of ancilla with state pa(0). For
example, at fixed populations P4y (P4 = 1 — Pgy) of pa(0) in
the energy basis {|0),[1)} of Ha the coherence C;, (pa(0)) in-
creases with o increasing. And, when a = 0 the state p (0)
reduces to a complete mixture state p™ without coherence
C1,(pa(0)) = 0, and when o = 1 the state pa(0) becomes a

coh with the maximal coherence

—2,/PAPA.

Thus, for simplicity, we take & indicator instead of C;; to char-

pure state p

anelﬁl)ﬁ][@l (Pa(0))]

acterize the coherence magnitude of ancillae, and consider the
system and the ancilla having the same energy spectra, i.e.,
ws = wa = w. Then, according to the initial states ps (0)
(see Egs. (3) and (4)) the system and the ancillae have the
same populations: P = P{} = Z, Yexp(—Bw) and POSO‘A =
1—- PISI’A, implying that the system and aux111ary bath have the
same effective temperature Togs = 1/ = w[ln( /P At

Here, the non-negative effective temperature Teff requires the
excitation populations of system and ancilla Plsl’A
0< Pyt
ie., Plsl‘A =0 and Plsl’A = 0.5, correspond to the high and low

to satisfy

< 0.5 and the upper and lower boundaries of PlslA,

temperature limits, i.e., Toie — 0 and Tee — oo, respectively.
The off-diagonal elements of ps(0) become Py, = Pjj, = 0 and
Py = ()" = e 0, /Py P for pa(0). We consider the dy-

namic of system memoryless,>%81-83]

after the n-step charg-
ing, i.e., at the end of the n-th ancilla interacting with the sys-

tem, can be described as

Ps(tn) = Enl- - E2[E1[Ps (0) @ pa | @ paz] @ pa,],  (6)
where &;[-] = Tra, {Ui(7)[]U;" ()} with the unitary operator

Upn(7) = exp[—i(Hs + Ha, +V)1], (7

where n =1,2,...,N, and Hp, = H denotes the Hamilton of

=pa(0)) . Owing to
all the ancillae being identical and each ancilla only interacting

the n-th ancilla with initial state pa, (pa,

with system once, the state of the nth ancilla, after interacting
s : / .
with system, will be mapped from pa, to pj as follows:

U
par 2 ph = Trg{U(T)ps(ta 1) @pAUT (D)}, (8)

where we, for brevity, have omitted the subscript #n of unitary
operator U, (7).
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Fig. 1. Sketch of charging protocol of open quantum battery (QB). The charg-
ing process of battery (a single-qubit system) is mimicked by a series of two-
level atoms (TLAs) as auxiliary units (or ancillae labeled by A; with state pa)
coupling to the battery one by one. We assumes that each ancilla only inter-
acts with the battery once, and the time-independent interaction V between
the ancilla and the battery lasts for time 7 for each ancilla. pj denotes the
state of the ancilla after interacting with the battery. The thermal (coherent)
QB without (with) coherence can be formed when the thermal (coherent) an-
cillae with ancilla’s state pp = pIh (thermal state) (pa = p'“’h (coherent state))
are considered.

2.1. Quantum master equation
Now, we focus on the quantum master equation of the sys-
tem in the charging process. To consider the short-time limit

7 — 0 the unitary evolution operator U(7) in Eq. (7) can be
expanded to the second order O(7?) as given below.

Y Ul ©

1
U(t)~I—itHr — = (tHr)* =
2 jhT0.1)

where Uji are the matrix elements of U(7) in energy basis

{]0),|1)} of Hs and written as
Ui = 1—iw(ci+1)/2 — [w* (05 +1)*/4+ E20 05 /2,
Ugo = 1 —iw(o§ — 1)/2 — [W(c§ — 1)*/4+ E%og 04 ] /2,
Uy = —i& O'S+ and Upy = —iéGS_

with & = gt and w = wt. Suppose that the system with pg ()

at time ¢ is coupled to a new ancilla, then the state of system,
after a time interval 7, i.e., at time 7 + T, will become

TralU(7)ps (1) ® paU™ (7)]

Y PRUwps()US, (10)
Jk;m={0,1}

ps(t+7)

where Trp denotes the trace over the degree of ancilla with
Hamiltonian Ha. The rate of change of system’s state in each
step with a very short interaction time 7 is described as

7—0 T

Submitting Eq. (10) into Eq. (11) and using the elements of
U(7) given in Eq. (9), after some simple algebras, we can ob-
tain the quantum master equation of system with CAB to be

ps = —i[Hefr, ps] + Lps + (reDps +H.c.), (12)

where the effective Hamiltonian Hegr = wod/2 + é(P{?)GS’ +
Pyiog ), re = WEPy/2, the super-operators £ps and Dps are
independently written as

Lps = ra(20g psGs — psOs 05 — O O ps)

+7¢(205 psOg — psOg 05 — 05 05 ps), (13)

Dps = OgpsOg + Og PsOg + PsOs — O Ps, 14)

where rq = P{}£%/2 and re = Py&?/2. Here, it is noted that
the non-diagonal elements of ancilla P{?) (P()A]) appear in both
the unitary evolution (the first term on the right-hand side in
Eq. (12) and the dissipative part (the third term in Eq. (12))
which implies that the coherence of bath will contribute not
only to the unitary dynamics of system but also to the dissi-
pation. In addition, it is noted that the master equation (12) is
valid in the weak coupling regime, i.e. for the small coupling
parameter & = g7 in each charging step. The reason is that
the derivation of Eq. (12) has used the approximated unitary
operator U(7) as given in Eq. (9) holding only for small . In
terms of the master equation (12), one can obtain the solution
of system steady state in weak coupling regime as discussed
in the following subsection, but for finite (not weak) coupling
regime, the above master equation will be invalid and the dy-
namics of system should be carried out via Eq. (10).

2.2. Steady state of QB

In terms of the condition of steady state ps = 0, one can
obtain the analytical solution of system at the steady state de-
noted as p35 = >y PjS;(S |j) (k| with

J:k=0,
2
P+ (82 —1) |Ph| (15)
14+2(82—1)|PAJ
9 \Py| (Pgy— PAy)e®
1+2(82—1) P4

ss ss
Py =1-Fy =

P = (For)" (16)

where |P{y| = o0\ /PPf and 8 = g/w describing the cou-
pling strength of QB-ancilla. Equations (15) and (16) provide
the general solution of system at steady state for the ancilla
with an arbitrary coherence magnitude o (0 < @ <'1). And,
it shows that the steady state of system are related not only
to the population and the coherence (i.e. the diagonal and oft-
diagonal elements) of ancilla but also to the coupling strength
0 of QB-ancilla. According to Eq. (16) one can see that for a
finite coupling strength & and coherent magnitude o (o # 0),
the off-diagonal element Pj}y is nonzero which means that in
this case the system can reach a coherent steady state (or a co-
herent QB can be prepared). When a = 0 (pa(0) = p™), i.e.
the TAB is employed, the steady state of QB will reduce to

pSS = P} 10) (0| + Py | 1) (1, (17)

which corresponds to a non-coherent battery without coher-
ence (PlsoS = P&S = 0). Meanwhile, the steady state of QB
only depends on the population distribution of ancilla, and
has a population inversion distribution of p™, i.e., POSOS = PIA1
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and Plsls = Pé%, which is consistent with the result reported in
Ref. [54].

In addition, based on Eqgs. (15) and (16), the steady state
of the system in the weak coupling limit § — O can be ex-
pressed as

A
SS| — ’ 10‘ | >< |+P00 | |
o 1—2| ol 2| loi

(1], (18)

which presents a diagonal distribution similar to that of system
evolving in the TAB. But, from Eq. (16) it can be noticed that
the excitation population of system in the limit of § — 0 is re-
lated to the coherence of initial state of ancilla. And, it can be
verified readily that

A A (2
Plsls_Poo_|P10’ _ PR(1—a?P))
- ;=
1—2|PA[>  1—202PgPf;

19)

<P <
Py /(1 —2P3Pf}) with the lower bound and upper bound cor-

is an increasing function of & (0 < & < 1) and Py, <

responding to ¢« = O for thermal ancilla and ¢« = 1 for pure
coherent state of ancilla, respectively. It also implies that the
larger the coherence magnitude o, the more the storage energy
of QB in saturation becomes, that is, the capacity of QB is pos-
itively associated with the coherence of ancilla contained.

3. Charging properties of open QB
3.1. External driving energy

In our collision charging scheme of QB, the repeated cou-
pling/interaction of QB-ancilla mimics an open charging pro-
cess. It is noted that the charging process in our model in-
volves an external agent acting as a power source to supply
the “charge” (or energy) to the QB due to [U(7),Hp] # 0 with
Hy = Hs + Hp the free Hamiltonian of compound system of
QB plus ancilla. The non-commutator implies that the energy
of QB plus auxiliary bath is non-conserving, and an external
resource, i.e., the external agent (or power source)>324! exists.
In an arbitrary n-th charging (or collision) step the externally
driving energy is divided into two parts: one is the increment
of energy of QB and ancilla, and the other is the switch-on/off
cost at the beginning/end of each charging step.®*#3 Here,
the energy captured by QB and the n-th ancilla can be inde-
pendently expressed as

AU, = TI‘[HS (PS (l‘n)
AQ, = Te{Ha(ph,

_pS(tn—l))L (20)
—Pa,)ls (21)

where ps(t,) and p/’\” are given in Egs. (6) and (8). In terms of
the usual definition of work for a system to do in a finite-time
dynamical process ¢ € [0, 7] the average work done on system

is written as%

w= [ oW

with the time-dependent Hamilton H(¢) and the correspond-

ing state p(z).
contribution caused by the energy level shift of system dur-

The average work W represents the energy
ing the evolution time 7. In fact, the above definition of
average work done on system is also suitable for character-
izing the work done on system in a quench dynamical pro-
cess, such as the switch-on/off operation with 7 — 0 where
the state of system almost remains unchanged due to the in-
finitely short time evolution, i.e., p(t) = p(0) ~ p(7T), and
the differential H(¢) = %gno [H(T)—H(0)]/T. In such a situ-
ation the common expression of average work will reduce to
W =Tr[p(T)H(T)—p(0)H(0)]. Thus, the switch-on/off cost
at the beginning/end in the n-th charging step can be expressed

as
Wit = Tr[Hrpr () — Hopr(t,_,)
+H0[3T(Z,T) — Hrpr(t, )]
=Tr [V(pT(tnfl) - ﬁT(tn))] ’ (22)

where t ", () represent the time before and after (corre-

”/“ 29

sponding to the signs ° ) the switching interaction is
on (off) at the beginning (end) of the n-th charging step,
pr(ty1) = pr(ta-1) = ps(ta1) @ pa, and pr(1y) = pr(ty) =
U(7)pr(tn_1)UT(t). The switch-on/off cost in Eq. (22) is
consistent with that in Refs. [27,28].

switching-on/off work, WSt > 0, indicates that some work

Here, the positive

of external agent is dissipated to environment except for the
part injected to the composite system of QB plus ancilla. And,
the negative work, W' < 0, means that the energy back-
flow with amount of —W:°! from the composite system to
the agent occurs.?®! With respect to the energy conservation
law (or the first law of thermodynamics) the net work done by

the external agent in the arbitrary n-th step is given as

W;llgcnt :AQ'I+AUH+W’(1:OSt' (23)

Here, it is noted that when focusing on the thermodynamics of
the elementary process of duration 7 (i.e., no switching-on/off
dynamical process is considered) as discussed in Ref. [54] the
net work done by the agent in Eq. (23) reduces to wigent —

AQ, + AU, which is the same as the one, named “switching
work” (no switch-on/off cost is included) in Ref. [54]. How-
ever, the switch-on/off cost WEOSI is usually nonzero and it is
a physical quantity of interest in this work. Therefore, when
the charging time reaches #y = N7 the respective total energy
captured by the QB and the auxiliary bath, and the switching

on/off cost, respectively, read

N
Uit = Z AU, =Tr [Hs(ps(tx) — ps(0))], (24)

n=1

Ot = Z AQ, =Tr [Z Halp 0))] , (25)
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N
cost __ cost __
Wert=Y wy

n=1

N
Te| 3 (prlns) ~prw)V [, GO

where pr(0)
system of QB plus the first ancilla before charging QB. Thus,

= ps(0) ® pa(0) is the initial state of composite

the total work performed by external agent, denoted by WEE™,
equals the sum of energy achieved by QB, auxiliary bath, and
the switching on/off cost, and is expressed as

N
Wig™ = Z WiE™ =Usor + Qtot + Wet - (27
n=1
Interestingly, combining with Eqgs. (3), (4), (6), (8), and (9),
after simple algebra is conducted, one can verify that the to-
tal energy independently captured by the QB and the auxiliary
bath from the external agent are equal and can be given as

Utot = Qtot
al 2 A pS 2 pA pS
=w Y [(JA]F = D)PAPY (1) + | Axl” PoyPop (t—1)
n=1
+2Re[A)* AP P (ta-1)]] (28)

where parameters Aj = 1 —iw — (2 +W?)/2 and Ay = —i€&,
Py (ta—1) (P (ta—1)) and P (t,—1) represent the ground (ex-
citation) population and the coherent element of QB at time
ti1 = (n— 1)7. Therefore, the total work, W:ee"

external agent, can be rewritten as

, done by

W 20 4 WES = Tr{sz Ips(ix) — ps(0)]
N
Y [prlte) - mwv}. 29)
n=1

3.2. Indicators of QB’s performance

In a work protocol, MEW can be used to characterize an
important quantity, i.e. QB’s capacity. For a system with an
arbitrary state ps the MEW can be usually described by the
difference of free energy of system between the state ps and

the corresponding passive state op, that is, [47:52]

Whax = F(pS)*F(Gﬁ)a (30)

where the free energy F = U — T'S, with U = Tr(psHs) and
S = —Tr(ps log ps) being the internal energy and the von Neu-
mann entropy of the system. Thus, one can rewrite Eq. (30) as
follows:

Winax = Tr[HS(pS - Gﬁ)] - T[S(pS) _S(Gﬂ)]
= AU —TAS, a3

where AU = Tr [Hs(ps — Gﬁ)] and AS = S(ps)
spond to the decrement of internal energy and the decrement

—S(op) corre-

of internal entropy of system from state ps to op, respectively.

The charging saturation is another significant quantity to de-
scribe how the capacity (or MEW) of QB in the charging pro-
cess is close to saturation level (i.e. full charging). It is usually
defined as the ratio of the MEW of QB at any time #¢, Wiax (¢f),
to the full charging MEW denoted as Wis, of QB,!'% i.e.,

Wmax (tf)
WSS

max

R(r) = (32)

In addition, the average charging power and the efficiency are
two key indicators to depict the charging performance of QB.
Assume that a QB, after a time lapse #, is charged from an
initial passive (or empty) state denoted as og(0) to an active
state ps(77) and the total cost of external agent is Wi, the
average charging power of QB can be defined as[?>2>:87]

Wmax (tf)

P(r) = T (33)

with Wax (tr) = F(ps(#)) — F(0s(0)). And, the charging ef-
ficiency is defined as the ratio of the MEW of QB at time # to

the total driving energy, i.e.,[>¥]
Wmax (tf )
n= : (34)
W:;)gtent

where the driving energy Wie™is given in Eq. (29).

4. Numerical simulation and discussion

In this section, we mainly focus on the performance of
QB in the finite coupling of QB-ancillae and different coher-
ence magnitudes. Specifically, we will investigate the effects
of the coupling strength of ancilla-QB and coherence mag-
nitude of ancilla on the MEW, charging saturation, average
charging power and charging efficiency at length.

4.1. MEW of QB

According to Egs. (15), (16), and (31), we, in Fig. 2(a),
plot the variation of MEW, W3S | of QB with coherence mag-
nitude @ (0 < o < 1) and the coupling strength & (0 <
0 <5) when QB is charged into the saturation level, i.e.,
the steady state of QB (or full charging) is reached. We
choose PA =0.2, P00 = 0.8 and w = 1.5, which implies
B=w! ln(PlA1 /P4) ~ 0.924, which is the effective inverse
temperature of auxiliary bath.

From Fig. 2(a), it can be seen that for CAB with fixed
nonzero coherent magnitude o (0 < o < 1) the MEW of QB
at the saturation level, WSS | always decreases with coupling
strength 8 increasing. It implies that increasing the QB-ancilla
coupling always suppresses the capacity of QB, but for the
TAB with oo = 0 the MEW remains unchanged due to the
steady state of QB being independent of & (see Eq. (17)).
Here, it is noted that the feature of QB’s MEW WSS varying

max

with coupling strength § is dependent on the QB model. For
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the isolated battery model, the MEW of QB always behaves as
a periodic oscillation with the coupling strength (e.g. the iso-
lated single-qubit and harmonic QB model in Ref. [27]). How-
ever, for the open charging QB it is usually not that case. The
feature of the QB’s MEW becomes complex. Except for the
coupling strength of QB-bath (or environment) it may be influ-
enced by some other physical parameters of open QB model.
For example, in the extended Dicke QB model®! it is demon-
strated that the MEW of QB also strongly depends on the ex-
ternal driving field strength, and the effect of internal coupling
strength of QB on the QB’s MEW is shown in an N-qubit spin
chain QB.[38! Moreover, combining with Figs. 2(a)-2(c) we
can see that the feature of QB’s MEW varying with coher-
ent magnitude  of ancillae strongly depends on the coupling
strength of QB-ancilla. Specifically, for the relative small and
large coupling strength & independently corresponding to the
regimes 1 (0 < & <1.28) and IIT (1.4 < § < 5) the MEW, W55 |
of QB behaves as the monotonically increasing and decreas-
ing functions of coherent magnitude @, which are also clearly
shown in Fig. 2(b). While, the MEW first increases and then
decreases in the narrow middle regime II (1.28 < & < 1.4),
which can be seen clearly in Fig. 2(c). Meanwhile, from
Fig. 2(c) one also notices that when the coupling reaches the
critical value 8 = 1.4 the CAB cannot exhibit superiority over
TAB on the MEW of QB in saturation. Thus, it demonstrates
that the MEW of QB is determined by the coupling strength
and the coherence magnitude of ancilla together. And, for
the relatively weak/strong coupling of QB-auxiliary bath the
MEW of QB in saturation is positively/negatively correlated
with ancilla’s coherence, i.e., compared with the situation of
TAB (o = 0) the coherence of CAB can enhance/suppress the
MEW of QB charging with the relative weak/strong coupling
of QB-ancilla.

In addition, in order to demonstrate the characteristics of
MEW of QB assisted with the CAB/TAB in the charging pro-
cess, the plot of MEW of QB varying with charging time #,
(t, = n7) at different values of coupling strength & are given
when the CAB with pure coherent ancillae (& = 1) and the

it can be seen that for the CAB the MEW of QB, Wix (s,
a = 1), always oscillates and finally reaches a steady value
(i.e. the saturation state of QB). It also means that the MEW
(or “charge”) backflow occurs for the QB charging with CAB.
Meanwhile, the larger the coupling strength, the more obvi-
ous the oscillation amplitude is and the smaller the MEW of
QB in saturation becomes. For simplicity, to denote WFeak as
the MEW at the first peak with charging time fpg.x, one can
notice that for the strong coupling the first peak value can go
beyond the full charging value, i.e., Wk > WSS as shown
in Fig. 3(b), which implies that in the strong coupling regime
the first peak time #pe,x can be regarded as an optimal charging
time. This is very different from the situation of QB charging
with TAB (@ = 0) where the QB MEW’s Wyax (t,, &¢ = 0)
monotonically increases as charging time reaches the same
value, W33 (& = 0) = 0.9, which is independent of the cou-
pling strength as shown in Fig. 3(c).

By comparing Figs. 3(a)-3(c) we can find that
for the CAB the QB’s MEW always behaves as oscillation in
the charging process with the charging time 7, = nt. How-
ever, for the TAB the MEW of QB varies monotonically with
t,. Thus, we can conjecture that the oscillation of the MEW
of QB is mainly caused by the coherence of CAB. The sim-
ilar phenomenon has also been demonstrated in the model
of an N-spin chain QB charged by a coherent cavity driving
field in Ref. [38] where the coherent cavity driving field plays
a role similar to the CAB in this work. In addition, as ex-
pected, for the CAB or the TAB, the stronger the coupling
strength of QB-ancilla, the shorter the full charging time of
QB is. In addition, we also notice that though the full charg-
ing MEW of QB with CAB, in the relative weak coupling
regime (i.e., small ) is larger than that of QB with TAB, i.e.,
WSS (o #0) > WSS (a = 0) shown in Fig. 2 (or Figs. 3(a)
and 3(c)), the full charging time is slightly longer for CAB
than that for TAB. It can be understood that the appearance
of “charge” backflow (i.e. the feature of oscillation of QB’s
MEW) caused by ancillae’s coherence prolongs the full charg-

TAB are considered, respectively. From Figs. 3(a) and 3(b) ing time of QB.
WI§]§1X b 15
(a)® 14 ® (©) 492
4 1.2 1.2
3 111 1.0 o4 0.9 i 0.90
< 08 = £ -§=1.28
2 i : 0.6 I
06 o3t 1 ' §=1.36
1 3[=6=01-6=03-5=0.5 .
I J 0.4 —5=1 -6=3 —4=5 -6=140
0 02 04 06 08 10 0702704 06 08 10 0-865—0.2 0.4 05 0.5 10

«

Fig. 2. (a) MEW W33, as a function of coherence magnitude o and coupling strength &, with parametric space of coupling strength divided into
three regimes by the pink solid line with § = 1.28 and the blue solid line § = 1.4, thatis, : 0 < 6 < 1.28,I1: 1.28 < 6 < 1.4 and I1I: 1.4 < 5,

and with MEW W33

max

varying with a for 6 = {0.1,0.3,0.5,1} (regime I) and 6 = {3,5} (regime III) in (b), and & = {1.28,1.32,1.36,1.40}

(regime II) in panel (c). The other parameters are T = 0.005, and w = 1.5.
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a) 1.5 ¢) 1.0
() () —65=0.1

= S 0.8 —6=0.3

I 1.0f LA —oZ0s

dﬂ dh . 5—3

= £ 04} —9=5
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Fig. 3. Variations of MEW Wy,.x with charging step n corresponding to charging time #, = nt for (a) some fixed weak coupling
6 ={0.1,0.2,0.3,0.4,0.5} and (b) some strong coupling 6 = {1,2,3,4,5} for CAB (o = 1), and for panel (c) TAB (o =0) and § =
{0.1,0.3,0.5,1,3,5}. The other parameters are the same as those in Fig. 2.

Here, it is noted that the charging properties of the open
QB system generally focus on the steady state in the weak cou-
pling regime. And, it usually takes a long time to implement
the full charging and results in a smaller charging power. From
Fig. 3(b) we can see that for the CAB, the maximal capacity
(i.e. the QB’s MEW) of the QB charging in the strong cou-
pling regime, appears at the first peak rather than at the steady
state of QB. As is well known, like the pursuit of large ca-
pacity and high efficiency of batteries, fast charging (or high-
power charging) of QB is also a core indicator to evaluate the
high-performance battery. In this sense, it may be interesting
to analyze the performance of QB charging to the first peak
to identify whether the QB with CAB, in the strong coupling
regime, can carry out the fast charging task.

4.2. Charging saturation

Since the MEW of QB in the charging process becomes
oscillatory and the value at the first peak, in the strong cou-
pling regime, can be greater than that of QB in saturation,
we will compare the charging saturation of QB with that of
the CAB and with that of the TAB, respectively. Here, we
only consider the charging saturation of QB when the QB’s
MEW reaches the first peak value at charging time fpex. In
Fig. 4(a) the plot of MEW of QB with TAB (@ = 0) and CAB
(o = 1), WredSS (o = 0) and Wied®SS (o = 1) (the upper la-
bels “Peak” and “SS” denote the first peak value and the full
charging value, respectively) varying with coupling strength &
is given. And, figure 4(b) shows the corresponding saturation
of QB at the charging time fpcax for the CAB (¢ = 1) and the
TAB (o = 0), respectively.

From Fig. 4(a) it can be seen that for the two auxiliary
baths, i.e., CAB and TAB, the QB’s saturation at time fpeyk,
RPe3k (o) = WFeak(or) /WSS (), behaves as a monotonically
increasing function of §. For the coupling strength & ~ 2.1
the QB’s MEW at the first peak, W3 (o = 1), approximately
equals that of QB in saturation, W35 (o = 1). And, the charg-
ing saturation of QB with CAB (a = 1) is always much larger
than that of QB with TAB (o = 0) no matter whether it is
in the weak strong coupling regime or in the strong coupling
regime, i.e. R™%* (ot = 1) > RP** (o = 0) with 0 < § < 5.

Meanwhile, for the CAB the saturation RP**(a = 1) can go
beyond 100% when the coupling strength 0 is large enough,
such as RP*% (ot = 1) > 1 for § > 2.1 as shown in Fig. 4(b).
It indicates that the coherence of ancillae can significantly in-
crease the capability and charging speed of QB to make QB
reach or exceed the full charging MEW of QB in a short-time
charging process (i.e., charging to the first peak value of QB’s

MEW at time tPeak)-
1.5 ;
(2) " les, i
... : ® l;lb(;x(a = 1) o Wg%@k(a _ 1)
1.2+ 'O. : °* Wikk(a=0) © WEek(a=0) |
o..:
E 0.9 ‘i'.
S| i .'.. Djjjjjjjjjjmﬂjjljj:[
1
= 0.61 i ..... ]
e
ok ..'.......
0.3F DDDD : '.o..........!
a i
o i ~
O FEE‘DD V’V’V’\V‘\I]iDD(Iz;;S:DDDDDDDDDDDDDE\:\DEDDDDDDDDDDDE[
0 1 2 3 N :
é
(b) 3.0 . .
9.5t RPeak(aZl)
' ° RPeak(a — O)
= 2.01
L
]
£ 15
3
5
5
IR ] A i _
i
0.5F i ]
i 0=2.1
0 2400000000000000000000000000051
0 1 2 3 " .
4

Fig. 4. (a) Comparisons of MEWs of QB in full charging and at the first peak
time fpeak, WS, () and WP (), when TAB (o = 0) and CAB (o = 1)

max
are considered, respectively. (b) Variations of charging saturation of QB at

charging time fpeax, R¥™(ar) (RP* (@) = Wk (o) /WSS, () with cou-

pling strength & for TAB and CAB. The other parameters are the same as
those in Fig. 2.

4.3. Average charging power and efficiency

Average charging power reflecting the charging speed of
a battery is a key indicator to characterize the performance
of QB. As shown above, the QB’s MEW depends on not
only the coherence magnitude of ancilla but also the coupling
strength. We, in Fig. 5, plot the variations of average charg-
ing power, P(tr, @) defined in Eq. (31), of QB with coupling
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strength & for the CAB (a = 1) and the TAB (o = 0). And,
for simplicity, we consider a case where the QB is charged
for a long time (f; = Tonm) to @ 99% saturation level (i.e.,
R(TCOh.,th) = 99% here, R(Tcoh) Wmax(Tcoh)/WnSlgx( = 1)
and R(Ty) = Wnax (Tin) /WSS (o0 = 0) with To and Ty, being
the charging times of QB with CAB (ot = 1) and TAB (a =0),
respectively) in Fig. 5(a), and also a case for short-time charg-
ing tf = tpeak IN Fig. 5(b).

2.5

(a)

= [\
ot (=)
T T

—_
=]
T

Power (1073)

0.5F

' ' O
2.0 ——— PSok )]

0 1 2 é AIL 5
Fig. 5. Curve of average charging power P(t;, o) versus § of QB with the
CAB (¢ = 1) and the TAB (o = 0) for QB charging to approximate satura-
tion with charging time #; = T, for (a) CAB and #; = Ty, for TAB satisfying
R(Teohh) = 99%, and (b) the first peak time #; = fpe,. The other parameters
are the same as those in Fig. 2.

From Fig. 5(a) it can be seen that the average charg-
ing power of QB PN = P(Ton, & = 1) for CAB and P =
P(Ty, o0 = 0) for TAB, in a long-time charging process, both
behave as a monotonically increasing function of coupling
strength &, which implies that increasing coupling strength &
can enhance the charging speed of QB. This coincides with
our expectation. Meanwhile, we also notice that in the weak
QB-ancilla coupling regime, the average charging power of
QB for the CAB and the TAB are approximately equal to each
other, i.e., P ~ P in the range of 0 < § < 0.5. It means
that, under the weak QB-ancilla coupling, a longer charging
time is required in a full charging process for CAB than that
for TAB, while the QB with CAB can still keep a significant
average charging power being approximately the same as that
for TAB due to the higher capacity of QB in saturation. As
the QB-ancilla coupling strength increases to the regime of
0.5 < 8 < 1.0 where WS (a0 = 1) > WSS (o = 0) still holds,
the advantage of average charging power of QB with CAB be-

gins to disappear, i.e., P > P! as shown in Fig. 5(a), due to

the faster decline of the full charging MEW of QB with CAB,
WSS (oe = 1), over the charging time Top,. Therefore, in the
situation of the weak QB-ancilla coupling and the long-time
charging, the advantage of QB with CAB against the QB with
TAB lies in the higher capacity of QB rather than the charging
power. But, for the short-time charging, t; = fpe,k, the average
charging power of QB with CAB, S = P(tpea, @ = 1), is al-
ways larger than that of QB with TAB, P, = P(tpeak, @ = 0),
ie. P50 > P shown in Fig. 5(b). And, the stronger the
QB-ancilla coupling, the more prominent the superiority of
charging power for CAB, P52t | over that for TAB, P, be-
comes. This indicates that for the CAB it is more suitable for
QB to implement the short-time rapid charging protocol (i.e.,
the high power charging scheme).

According to Eq. (32) we, in Fig. 6, make a comparison
between efficiencies of QB charging with CAB and TAB in
the full charging and the short-time charging (f; = fpeak) pro-
cesses. Here, we denote n$3" and nift as the efficiency of QB
charging to saturation for the CAB (& = 1) and for the TAB
(a0 = 0). respectively, and nso% and n{ll | as the counterparts
corresponding to the short-time charging efficiencies. From
Fig. 6, it can be seen that for the TAB, the efficiency of the QB
in the full charging and the short-time charging, i.e. nghs and
ngéak, are both approximately equal to 25%. That is, for the
TAB the coupling strength of QB-ancilla almost has no influ-
ence on the charging efficiency. In addition, for the CAB the
short-time charging efficiency nlgg{;k of QB, is also insensitive
to the coupling strength § and becomes slightly smaller than
ngéak of QB charging with TAB. However, when the QB with
CAB performs a full charging (i.e., a long-time charging), the
efficiency, ng‘s’h, is closely related to the coupling strength §.
And, it behaves as a decreasing function of §, implying that
the increasing of the coupling strength can suppress the uti-
lization rate of work supplied by the external agent (or energy
source) due to the full charging MEW of QB with CAB also
decreasing with coupling strength increasing. But, one should
also notice that although the full charging efficiency of QB
with CAB, ng‘s’h, decreases as 0 increases, it is still larger than
that of QB with TAB, nss’ in a relatively wide regime, i.e.
Nt > nift with 0 < 8 < 1.9. Therefore, for the CAB the ad-
vantage of QB charging, in the weak coupling regime, is the
long-time charging with a higher charging efficiency than that
for the TAB. Here, it is noted that the intersection with 6 ~ 1.9
is not universal, which is dependent on the parameters of «
and . That is, when we take the parameters o and f differ-
ent from those (@ = 1 and 8 & 0.924) selected in Fig. 6 the
value of coupling strength § at the intersection might not be
1.9 anymore.

Therefore, from the above features shown in Figs. 2, 5,
and 6, one can conclude that with the help of strong coher-
ence of ancilla of CAB, the QB in the strong coupling regime
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is suitable for fulfilling the short-time rapid charging proto-
col with the highly charging power. And, it, in the relative
weak coupling regime, becomes feasible for implementing the
long-time charging to achieve a larger capacity (or MEW) and
higher charging efficiency than the counterparts of TAB.

0.4 :'
oY e
i o ntShS * n;sl]eak
> 0.3 H
Q '
= :
Q '
g 4
= :
M 0.2 ;
P s=1.9
1 1 1 1 L 1 1 1 1 1
015 1 2 3 4 5
5

Fig. 6. Curves for efficiencies " and ndy (nsh, and ni ) versus cou-
pling strength & of QB assisted with CAB (¢ = 1) and the TAB (¢ = 0) in
full charging (short-time charging s = tpeax ) process. The other parameters
are the same as those in Fig. 2.

5. Conclusions and perspectives

In this work, we, in the framework of CM, have inves-
tigated charging performance of QB assisted with CAB at
length, including the MEW, average charging power, charging
saturation and efficiency. We mainly focus on the effects of
ancillae’s coherence and the coupling strength of QB-ancillae
on the QB’s performance, and found some interesting features.
We find that the QB’s capacity (or the full charging MEW) in
the weak QB-ancillae coupling regime is positively correlated
to the coherence magnitude of ancilla of CAB. In addition,
it also demonstrates that under the weak QB-ancilla coupling,
both the MEW and the efficiency of QB in full charging can go
beyond those of QB with TAB. The coherence of ancilla can
cause QB’s MEW to oscillate to a steady value in the charging
process. Especially, in the strong coupling and strong coher-
ence magnitude regime, the QB’s MEW at the first peak can
even exceed that of QB in the full charging, which also re-
sults in the higher average charging power of QB with CAB
in a short-time charging process than that of QB with TAB.
These features suggest that the quantum coherence stemming
from the auxiliary bath can not only serve as a useful resource
(or “fuel” of QB) to improve the performance of QB but also
provide an alternative way to integrate the different charging
protocols into a single QB. That is, with the help of quantum
coherence of CAB, the QB in the weak coupling regime is
suitable to implementing the large capacity and high efficiency
long-time charging protocol, and the short-time rapid charging
protocol with high charging power can be fulfilled by adjust-
ing the coupling parameter to the strong coupling regime. This
work is expected to be beneficial to the in-depth understand-
ing of thermodynamic properties of quantum coherence and

the design of high-performance QB.
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