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We systematically study the evolution of modulated nerve impulses in a myelinated nerve fiber, where both the ionic
current and membrane capacitance provide the necessary nonlinear feedbacks. This is achieved by using a perturbation
technique, in which the Liénard form of the modified discrete Fitzhugh–Nagumo equation is reduced to the complex
Ginzburg–Landau amplitude equation. Three distinct values of the capacitive feedback parameter are considered. At
the critical value of the capacitive feedback parameter, it is shown that the dynamics of the system is governed by the
dissipative nonlinear Schrödinger equation. Linear stability analysis of the system depicts the instability of plane waves,
which is manifested as burst of modulated nerve impulses that fulfills the Benjamin–Feir criteria. Variations of the capacitive
feedback parameter generally influences the plane wave stability and hence the type of wave profile identified in the neural
network. Results of numerical simulations mainly confirm the propagation, collision, and annihilation of nerve impulses in
the myelinated axon.
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1. Introduction
There is a growing interest in recent years to investigate

the nonlinear processing of information in reaction-diffusion
systems, with sharp focus on neural networks.[1–6] From a
biophysical perspective, the knowledge of neural information
propagation mechanism constitutes one of the most interesting
scientific challenges in excitable media. Generally speaking,
an excitable system is one in which an initial stimulus of suffi-
cient amplitude initiates a traveling wave propagating through
the medium.[7,8] The mechanism of nerve impulse propaga-
tion was first investigated by Hodgkin–Huxley in 1952,[9,10]

based on data from the squid giant axon for the space clamp
membrane. This ionic model is highly physiological and gov-
erned by four nonlinear differential equations. Due to some
computational difficulties encountered, Richard FitzHugh and
Jin-ichi Nagumo independently proposed a simplified neu-
ronal model of Hodgkin and Huxley known as the FitzHugh–
Nagumo (FHN) model.[11,12] The FHN model is based on the
Van Der Pol equations and mainly captures and crystallizes all
the features of a dynamical system.

Concretely in the 1940s, Hodgkin, Huxley, and Katz
mathematically and experimentally investigated the nature of
nerve impulses. Their research revealed that the electrical
pulses across the membrane arise from the uneven distribu-
tion between the intracellular fluid and the extracellular fluid
of potassium (K+), sodium (Na+), and protein anions.[9,10,13]

When a neuron is not emitting a signal, it is said to be at rest

of roughly −70 mV and the interior part of the neuron is more
negative with respect to the exterior. The variation in the Na+

and K+ permeability allows for the movement of ions in and
out of the cell by means of opening and closing of various ion
channels. The influx of Na+ and efflux of K+ results in elec-
trical potential difference. Triggered by a stimulus the Na+

channels open, the influx of Na+ ions increases, the membrane
depolarizes, and the potential voltage reaches a threshold level
typically between −50 mV and −55 mV. At this moment an
abrupt depolarization takes place, which rapidly moves the po-
tential to a maximum of +30 mV.[9,10,13] At a similar rate,
the Na+ and K+ channels close and open, respectively, initiat-
ing membrane repolarization caused by an efflux of K+ ions,
thereby causing the potential to drop back to resting state. Dur-
ing the repolarization process, the membrane goes through a
transient hyperpolarization of −10 mV below resting poten-
tial. In a nutshell, all these changes in potential are physically
depicted as an action potential, impulse or spike observed dur-
ing the transmission of nerve impulses.

The above description of the action potential based on the
Hodgkin–Huxley (HH) model is limited because it mainly as-
sumes that the membrane capacitance is a constant.[9,10] How-
ever, experimental results suggest that the changes in mem-
brane capacitance are of an order of magnitude sufficient to
account for the observed voltage changes during the action
potential.[14,15] This variation in membrane capacitance may
emanate from changes in thickness and area (among other
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physiological factors) of the membrane during the action po-
tential. Recent studies have been carried out to model the
membrane capacitance as a nonlinear function of the trans-
membrane voltage (see, for example, Ref. [6] and refer-
ences therein). Dikandé et al.[6] considered two types of
capacitance–voltage (C–V ) characteristics, which are poly-
nomial functions of the transmembrane voltage, and showed
that the cytoplasm behaves like a self generative excitable
medium during the transmission of nerve impulses. They fur-
ther demonstrated that for both myelinated and unmyelinated
nerve fibers, the nerve impulses are well-localized in space-
time coordinates with their shapes and stability determined by
the C–V characteristics. However, the present study clearly
differs from the one carried out by Dikandé et al. in the fol-
lowing three ways: (i) We focus mainly on a myelinated axon
with a recovery mechanism. (ii) The ionic current is consid-
ered to be a nonlinear function of the transmembrane voltage.
(iii) The issue of dissipation in the nerve fiber is addressed,
which enables us to monitor the evolution of nerve impulse
without significant distortion. Here the effects of dissipation
clearly dominates that of linear dispersion, leading to a non-
linear diffusive process because of the interplay between non-
linearity and dissipation. Traveling pulses in dissipative sys-
tems is some times termed dissipative solitons, which were
first predicted to exist in reaction-diffusion systems.[16] Dissi-
pative and nonlinear effects are also crucial factors in reaction-
diffusion systems, with the dissipative effect spreading though
out a neural network because of the spatially localized con-
nectivity between adjacent group of neurons. However, the
dynamic balance between these two components usually gen-
erates diffusive solitons observed in most excitable media.

The conduction of action potential is physically mani-
fested as the propagation of nerve impulse that maintains its
amplitude, density, and velocity during the transmission of
neuronal information along a conservative axon. The phe-
nomenon of modulational instability, which is triggered by
competitive effects of nonlinearity and dispersion in nonlin-
ear systems,[17–20] is inextricably linked to the observation of
soliton-like modes in neural networks.[1,4,5] Ever since the dis-
covery of solitons by Fermi, Pasta, and Ulam,[17] enormous ef-
forts have been made to elucidate on many complex phenom-
ena in a plethora of nonlinear physical systems. This ranges
from the propagation of femtosecond pulses in erbium doped
fibers,[21] observation of first-order bright solitary waves in
non-autonomous generalized AB system,[22,23] classification
of solutions to the defocusing complex modified Korteweg–de
Vries equation with the step-like initial condition,[24] among
many others.

This study mainly presents an electrical diffusive lattice
in the form of a transmission line that models the modified
discrete FHN equations, which physically depicts a myeli-

nated axon with nonlinear membrane capacitance. The math-
ematical study of spatially discrete models is challenging be-
cause of special and poorly understood phenomena occurring
in them like propagation failure. In fact, this work is an ex-
tension of the one carried out in Ref. [4], with the exception
that the membrane capacitance of the myelinated axon is now
a polynomial function of transmembrane voltage. Hence this
membrane is considered as a self-excitable organ with capac-
itive feedback parameter, α , used to modify the dynamics of
the propagating modulated nerve impulses. We will thus de-
rive the complex Ginzburg–Landau (CGL) amplitude equa-
tion from the modified discrete FHN model with the system
of equation reduced to the dissipative nonlinear Schrödinger
(DNLS) equation when α =αcr (where αcr is the critical value
of the capacitive feedback parameter). Bright solitary wave so-
lutions of the DNLS equation are obtained, which enable us to
observe the propagation of modulated nerve impulses in the
myelinated axon at this critical value.

In Section 2, we describe an electrical circuit that repre-
sents a discrete FHN model with nonlinear membrane capaci-
tance. By using Kirchhoff’s current and voltage laws, we de-
rive the modified discrete FHN equation which is transformed
to its Liénard form. The model CGL amplitude equation is
eventually obtained from the Liénard equation using the mul-
tiple scale expansion in the semi-discrete approximation per-
turbation method. Modulational instability analysis is carried
in Section 3, with results that fulfill the Benjamin–Feir cri-
teria. This clearly shows that the modulated nerve impulses
emanate from unstable plane wave solutions, with variation in
α generally influencing the stability of plane waves. Analytic
solutions of the derived amplitude equations lead to the ob-
servation of modulated nerve impulses. A numerical simula-
tion scheme of the Liénard form of the modified discrete FHN
equation is carried out in Section 4, with initial condition be-
ing the solutions of the derived amplitude equations. Results
of the numerical simulations mainly confirm the propagation,
collision, and annihilation of nerve impulses in the myelinated
axon, as the various relevant parameters are varied. Finally the
main results are summarized in Section 5 with discussion and
conclusion.

2. Nerve transmission line model equations of
the electrical lattice

We consider a nonlinear electrical FHN lattice realized
with N elementary cells, resistively coupled by linear resistors
Rc, as represented in Fig. 1. Each cell contains a nonlinear
capacitor of capacitance C(Un), a linear self-inductance L, lin-
ear resistor R, a cell ε , and a nonlinear resistor of resistance
RNL. The current–voltage characteristic of the nonlinear resis-
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tor obeys the following cubic law:[11,12]

in =−
1

R0

(
Un−

1
3

U3
n

U2
0

)
, (1)

where R0 and U0 are normalization parameters with R0 being a
weighting resistor. This nonlinear resistor RNL is mostly con-
structed using analogue multipliers.

Un↩

C↼Un)

Un Un⇁

n↩ n

R

L

RNL

iniLic

Rc Rc

n⇁

ε

Fig. 1. Schematic representation of the electrical lattice under consid-
eration. The nonlinear resistance RNL and nonlinear capacitance C(Un)
are functions of the transmembrane voltage.

Using Kirchhoff’s laws leads to the set of differential
equations describing nonlinear propagation in the lattice,

dQn

dt
=

1
Rc

[Un+1 +Un−1−2Un]

+
1

R0

(
Un−

1
3

U3
n

U2
0

)
− iL,n, (2a)

L
diL,n

dt
= ε +Un−RiL,n, (2b)

where Un and iL,n are the voltage and the resulting current,
respectively, through the linear inductor L at the nth cell.
By using the normalized variables: un = Un/U0, K = R0/Rc,
vn = R0iL,n/U0, a = R2

0ε/LU2
0 , b = R2

0/LU0, c = RR0/LU0 and
τ =U0/R0t, we transform Eq. (2) to a one-dimensional chain
of modified discrete FHN equations:

c0(1−3αu2
n)u̇n = un−

u3
n

3
− vn +K(un+1−2un +un−1), (3a)

v̇n = a+bun− cvn. (3b)

Here we assume that the total charge on the membrane
of the myelinated axon (i.e., the charge stored by the non-
linear membrane capacitor) is governed by the polynomial
function[6]

Q(un) = c0(1−αu2
n)un, (4)

where c0 is the constant value of the membrane capacitance,
α is the capacitive feedback parameter having dimensions of
inverse voltage squared. Physically, un is the membrane poten-
tial at the nth excitable membrane site known as Ranvier node
while vn is the corresponding recovery variable. Diffusive soli-
tons as carriers of energy are well understood in conservative

media, but the situation here is different because the medium
is highly dissipative with the nonlinear ionic current insuffi-
cient to balance the energy outflow due to dissipation. This
generates additional nonlinearity by spontaneously inducing
the nerve membrane to manage the ionic charges with the C–
V characteristics given by Eq. (4). This measure is to main-
tain a stable diffusive solitary wave profile in the myelinated
axon.[25–27] Note that for α = 0, Eq. (3) is reduced to the well-
known FHN equations.[11,12]

The recovery variable vn depicts the slow dynamics be-
cause the parameters a,b,c� 1. For Eq. (3a), the first term,
un, accounts for the positive feedback, where depolariza-
tion enhances more depolarization through the voltage-gated
sodium channel. The second term, −u3

n/3, is a rapid nega-
tive feedback loop, corresponding to the auto-inactivation of
the sodium channel. The third term, −vn, represents a recov-
ery process, which may be physically responsible for regu-
lating the outward potassium currents that oppose depolariza-
tion. The last term is the discrete diffusive term with coupling
strength K, which is proportional to the difference in intern-
odal currents through a given Ranvier node. The first term
in Eq. (3b), i.e., a, mainly measures the potassium leakage
current, while bun captures the activation of the voltage-gated
potassium channel by the membrane potential un, which in-
creases the magnitude of vn. Lastly, −cvn controls the pump-
ing of potassium ions out of the neuron.

Differentiating Eq. (3a) with respect to time and substi-
tuting the value of v̇n from Eq. (3b) yield

(1−3αu2
n)ün +Ω

2
0 un +(u2

n− γ2)u̇n

−γ1u3
n−3α(cu2

n +2unu̇n)u̇n + γ0

= D0(un+1−2un +un−1)+D1(u̇n+1−2u̇n + u̇n−1), (5)

where Ω0 =
√

b− c, γ0 = a, γ1 =−c/3, γ2 = 1−c0c, D0 = cK,
and D1 = K are all constants, and we set c0 = 1 without loss
of generality. The wave frequency in the myelinated axon is
assumed to always be amplitude modulated, with the relation-
ship between constants in Eq. (5) and the circuit parameters
given in Appendix A.

System (5) is therefore the Liénard form of the modi-
fied discrete FHN model of a myelinated nerve fiber. For
D0 = D1 = 0 and α = 0, Eq. (5) becomes the cubic Liénard
equation with linear damping and it is sometimes regarded as
a generalization of damped oscillations. Furthermore, within
the linear regime and when the dissipation is neglected, we ob-
tain the well-known linear harmonic oscillator that finds nu-
merous applications in both classical and quantum physics.
The Liénard type of equations have been extensively inves-
tigated from both mathematical and physical perspectives, and
their study remains an active field of research in mathematical
physics.[4,5,28–30]
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Since Eq. (5) is non-integrable, we proceed it by using
a perturbation technique to find appropriate solutions. In this
light, all the dissipative coefficients γ2 and D1 are perturbed
to the order ε2 because of minimal damping,[5] where ε � 1
is a slow variable parameter. Also, we greatly minimize the
rate at which the leakage potassium ions are discharged from
the neuron by perturbing γ0 to order ε3. Consequently keeping
just terms up to order ε2, Eq. (5) is rewritten as

(1−3αu2
n)ün +Ω

2
0 un−D0(un+1−2un +un−1)

+u2
nu̇n−3α(cu2

n +2unu̇n)u̇n− γ1u3
n

= ε
2D1(u̇n+1−2u̇n + u̇n−1)+ ε

2
γ2u̇n. (6)

Frequency limits exist within which normal propagation
of nerve impulse signals is monitored across the modified dis-
crete FHN axon. In order to identify the exact range of fre-
quency, we introduce a perturbation method where a suitable
solution of the modified FHN model containing ε parameter
is exploited. Upon substitution of this solution into the mod-
ified diffusive FHN model (6), the wave dispersion relation is
obtained with terms at order of ε0 e iθn . Hence, we consider a
simplified solution of our modified discrete FHN model (6) of
the form

un(t) = εψ(n, t)e iθn + εψ
∗(n, t)e−iθn +o(ε3), (7)

with θn = qn−ωt, where ω is the angular frequency and q is
the normal mode wave number.

In the perturbation approach known as the multiple scale
expansion in the semidiscrete approximation, ψ(n, t) is sup-
posedly independent of the “fast” variables t and n. Instead,
it depend on the “slow” variables defined by Xi = ε ix and
Ti = ε it, for i ≥ 1. A continuum limit approximation is then
employed with the wave amplitudes, while the discrete nature
of the phase is maintained. Interested readers are advised to
consult[5,31] for a comprehensive coverage of this perturbation
technique.

 . . .
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Fig. 2. Linear dispersion curve of the nerve impulse for D0 = 0.04 and
Ω 2

0 = 0.032. There is a lower cutoff mode q = 0 with frequency ω0 =

Ω0 and upper cutoff mode q= π with frequency ωmax =(Ω 2
0 +4D0)

1/2.

Collecting terms at order ε0 e iθn gives the dispersion re-
lation

ω
2 = Ω

2
0 +4D0 sin2

(
q
2

)
, (8)

which is plotted in Fig. 2. From Eq. (8), the linear spectrum
has a gap ωmin = Ω0 and it is limited by the cut-off frequency
ωmax = (Ω 2

0 +4D0)
1/2 due to discreteness.

Terms of order ε1 e iθn gives

∂ψ

∂T1
+ vg

∂ψ

∂X1
= 0, (9)

where vg = D0 sinq/ω is the group velocity of the linear wave
packets.

Finally, we collect terms proportional to ε2 e iθn to have

∂ 2ψ

∂T 2
1
−2iω

∂ψ

∂T2

= D0 cos(q)
∂ 2ψ

∂X2
1
+2iD0 sin(q)

∂ψ

∂X2
+[3(γ1−αω

2)

+ i(1−3cα)ω]|ψ|2ψ + iω
[

4D1 sin2
(

q
2

)
− γ2

]
ψ. (10)

By considering the reference mobile frame ξi = Xi− vgTi and
τi = Ti with vg being the group velocity of the wave, we obtain

i
∂ψ

∂τ2
+

P
2

∂ 2ψ

∂ξ 2
1
+(Qr + iQi)|ψ|2ψ + i

R
2

ψ = 0, (11)

where P is the real dispersion coefficient, Qr and Qi are respec-
tively the real and imaginary parts of the nonlinear coefficient,
while R is the dissipative coefficient. These parameters are
given by

P =
D0 cos(q)− v2

g

ω
, (12a)

Qr =
3(γ1−αω2)

2ω
, (12b)

Qi =
1
2
(1−3cα), (12c)

R =−γ2 +4D1 sin2
(

q
2

)
. (12d)

Equation (11) is the CGL equation, and broadly speaking, it
represents one of the most-studied nonlinear equations in the
scientific community today. This is because it gives a qual-
itative and quantitative description of a myriad of physical
activities.[4,32,33] For example, in a diffusive Hindmarsh–Rose
neural network, the propagation of modulated nerve impulses
observed is also governed by the CGL equation, which clearly
demonstrates how neurons participate in processing and shar-
ing of information.[5]

The capacitive feedback parameter, α , clearly influences
the nonlinearity of Eq. (11). For Qi > 0 and Qi < 0, we are
dealing with the nonlinear gain and nonlinear loss, and the dy-
namics of the system is still governed by the CGL equation.[4]

When Qi vanishes, the value of α is given by

αcr =
1
3c

, (13)
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which is called the critical value of the capacitive feedback
parameter and constraint by c 6= ω2

3γ1
. Consequently, Eq. (11)

reduces to the DNLS equation which governs the propagation
of modulated nerve impulses observed in the myelinated axon
at the critical value of the capacitive feedback parameter (αcr).
This is an interesting result because when the dissipation is ne-
glected, we obtain the nonlinear schrödinger (NLS) equation.
This result highlights the crucial role played by the capaci-
tive feedback parameter, α , and ties in with the studies carried
out by Tchawoua in Ref. [34], who investigated the dynamics
of solitons in diatomic nonlinear networks with a double-well
site potential and a cubic coupling potential between nearest
neighbors. He rigorously proved that the modulated waves ob-
served along the chain is a solution of the CGL equation, and
when the diatomic chain was replaced by a monatomic chain
without considering dissipation, the CGL equation reduces to
the usual NLS equation. DNLS equation also finds numerous
application in the transmission of light pulses down an optical
fiber, phase transitions in materials, and modeling of signals in
real electrical lattices.[35–38]

3. Modulational instability analysis and the ob-
servation of localized nerve impulses in the
myelinated axon
Modulational instability is generally considered within

our current context as a precursor for the generation of local-
ized modulated nerve impulses in the myelinated axon. Con-
sequently, we can now study perturbations ε(ξ1,τ2)� 1 of the
continuous wave (cw) solution to the CGL Eq. (11) by using
the ansatz[39,40]

ψ(ξ1,τ2) = exp
[

iQrτ2−
(2Qi +R)τ2

2

]
[1+ ε(ξ1,τ2)]. (14)

We substitute this ansatz into the CGL Eq. (11), linearize in
ε , and look for solutions of the form ε(ξ1,τ2) = [ā(τ2) +

ib̄(τ2)]cos(q̄ξ1), which correspond to a weak perturbation
of the intense cw background. Note that q̄ is the constant
wavenumber of the perturbation and we obtain a linear sys-
tem for ā(τ2) and b̄(τ2) as

dā
dτ2

=
Pq̄2

2
b̄− (1+2ā)Qi exp(−Rτ2), (15a)

db̄
dτ2

=−Pq̄2

2
ā+2āQr exp(−Rτ2). (15b)

From this system of equations, we derive a single equation for
the real part ā(τ2) of the perturbation as follows:

d2ā
dτ2

2
−η

2(τ2)ā+Qi
d

dτ2
[(1+2ā)exp(−Rτ2)] = 0, (16)

where āτ2(0) = 0, ā(0) = a0, ā(0) = 0, and

η
2(τ2) = q̄2P2

[
Qr

P
exp(−Rτ2)−

q̄2

4

]
. (17)

For the special case where Qi = R = 0, there is a rapid
growth in the perturbation for η2 = q̄2P2

[PQr
P2 − q̄2

4

]
> 0, which

leads to PQr > 0. This is the pre-condition for observation of
localized modes, known as the Benjamin–Feir condition for
the system of the NLS equation.[38]

However for Qi 6= 0, R 6= 0, the stability analysis becomes
abide complex because the parameter η(τ2) is now implic-
itly dependent on time, and Eq. (16) is characterized by dis-
sipation. Since ā(τ2)� 1, the effects of dissipation on this
weak perturbation are negligible during the rapid transition
of ā(τ2) from an exponential growth to oscillatory behavior.
This typically takes place within a time frame known as the
critical time τ0, obtained by setting η(τ0) = 0, which leads to
τ0 =

1
R ln
[ 4Qr

Pq̄2

]
. The critical wavenumber q̄cr is equally given

by

q̄2
cr =

4Qr

P
exp(−Rτ2), (18)

as depicted in Fig. 3. The band of q̄cr exponentially decreases
with an increase in the dissipation of the medium, i.e., the ini-
tial growth of modulational perturbations around the cw solu-
tion is being suppressed with increase in dissipation and time.

     


.

R

q
c
r
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.

.

.

t2/.

t2/.
t2/.

Fig. 3. Variation of the critical wavenumber qcr with dissipation R, for
P = Qr = 1.00.

When the saturation effects of unstable plane wave is neg-
ligible (i.e., Qi� 1), we see that solutions of ā(τ2) in Eq. (16)
are exponentially growing for η2(τ2) > 0, indicating that the
wavenumbers q̄ is within a finite interval around the carrier.
Due to dissipative effects, the unstable sidebands converges
toward the carrier and the condition η2(τ2)> 0 leads to Qr

P > 0
(i.e., PQr > 0) and q̄2 < q̄2

cr. Clearly the cw solutions are unsta-
ble with an increase in dissipation of the medium suppressing
the instability.

On the other hand, for η2(τ2) < 0, solutions of ā(τ2)

becomes oscillatory and as τ2 → ∞, we have ā(τ2) ≈
aamp cos[q̄2Pτ2/2] with aamp being the amplitude of these os-
cillations which depends on a0. Obviously in this regime,
Qr
P < 0 (i.e., PQr < 0) and q̄2 > q̄2

cr, the stability of cw so-
lutions is guaranteed.
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We have so far defined the behavior of the cw solutions
when η2(τ2)> 0, η2(τ2)= 0 and η2(τ2)< 0. These processes
capture and crystallize the stability dynamics of the system,
which clearly tie in with the Benjamin–Feir criteria. The big
problem now is to rigorously look for the most appropriate
solution to Eq. (16) that matches exactly with all these predic-
tions. In this light, we substitute x = exp[−Rτ2/2] and trans-
form Eq. (16) into

x
d2ā
dx2 +(1−σix2)

dā
dx

+σ
2
r θ

4 ā
x

−(σ2
r θ

2ā+σi[1+2ā])x = 0, (19)

where σr = 4Qr/R, σi = 4Qi/R and θ 2 = Pq̄2/4Qr. Equation
(19) is the modified Bessel equation, and for the special case
of α = αcr we have σi = 0, leading to solution[39]

ā(τ2;σr,θ) =
a0πσrθ

sinh(σrθ 2)
Im
{

Iiσrθ 2′ (σrθ)I−iσrθ 2

×
[
σrθ exp

(
− Rτ2

2

)]}
, (20)

where Iiσrθ 2 is the modified Bessel function with Iiσrθ 2′ denot-
ing differentiation with respect to the argument. As τ2 → ∞,
solution in Eq. (20) reduces to ā(τ2) ≈ cos(σrθ

2Rτ2/2+ φ),
where φ is the phase difference. Because σrθ

2Rτ2/2 =

Pq̄2τ2/2, it shows that solution (20) is most appropriate.
Figures 4(a) and 4(b) depict the three-dimensional plot

of product PQr and the corresponding contour plot, as func-
tions of wave number q and capacitive feedback parameter
α . It clearly captures and crystallizes regions of nonlinear
excitations in the myelinated axon. In Fig. 4(c) it is shown

that for α < αcr, an increase in the wave number q mainly fa-
vors the stability of plane waves in the myelinated axon. Fig-
ure 4(d) equally shows the same trend as in Fig. 4(c), with
α = αcr = 1.00. The influence of α on the stability of plane
waves is clearly visible in Fig. 4(e), where α > αcr. For the
case α = 1.25, once the critical wave number is exceeded, it
becomes impossible to identify localized modes. However, an
increase in α with the case of α = 2.00 favors the generation
of more localized modes, even when the wave number exceeds
its critical value. These observations are consistent with the
predictions made by Benjamin and Feir in fluid dynamics.[38]

The stability analysis just performed confirms the pres-
ence of localized wave packets in the myelinated axon, which
we now proceed to analytically obtain the appropriate solu-
tions. As the capacitive feedback parameter α is varied, we
will consider two distinct solutions to the amplitude equation
of motion.

3.1. Modulated impulses for α 6= αcr and wavenumber q >

0

For α 6= αcr and wavenumber q > 0, the form of the so-
lution to Eq. (11) that depicts modulated nerve nerves in the
myelinated axon is given by[5,34,41,42]

ψ(ξ1,τ2) =
ψ0 eφ

2

[ e−2φ + cos(2ρφ)− i sin(2ρφ)

cosh(2φ)+ cos(2ρφ)

]
, (21)

where φ = qξ1−ωτ2 and ρ = 3Qr
2Qi

[
1±
√

1+ 8
9 (

Qi
Qr
)2
]
. Insert-

ing solution (21) into Eq. (7), we obtain for the nerve impulse
dynamics the following solution:
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un(t) = εψ0 eφn
[ [e−2φn + cos(2ρφn)]cos(θn)+ sin(2ρφn)sin(θn)

cosh(2φn)+ cos(2ρφn)

]
, (22)

where

θn = qn−
[√

Ω 2
0 +4D0 sin2 (q

2
)]

t, φn =
nqε

√
Ω 2

0 +4D0 sin2( q
2 )−qεD0 sin(q)t− ε2[Ω 2

0 +4D0 sin2( q
2 )]t√

Ω 2
0 +4D0 sin2( q

2 )
.

A detailed analysis of spatial evolution of the modulated
nerve impulses for t = 0,20.0,40.0 is highlighted in Fig. 5.
Generally the form of the modulated nerve impulse is modified
as time increases, with variation in α having minimal effects
on this form. However, the amplitude of the modulated nerve
impulse is greatly altered with variation in α . This is glaring
with the transition of α from 0.99 to 1.50 in Fig. 5. This result
suggests that the capacitive feed back parameter α is inextri-
cably linked to the amplitude of the modulated nerve impulses

in the myelinated axon, and ties in with the result obtained by
Dikandé et al.[6]

It should be noted that the spatial profile of the modulated
nerve impulse solution (22) cannot be traced at lower cut off
mode q = 0. Furthermore, solution (22) remains undefined for
α = αcr. Consequently we now seek for a specific solution in
which these parameter values are valid, in order to fully ac-
count for the evolution of the modulated nerve impulses in the
myelinated axon.
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3.2. Modulated impulses for α = αcr and at lower cut off
mode (q = 0)

For α = αcr and at lower cut off mode (q = 0), the form
of the envelope soliton solution of Eq. (11), according to
Ref. [37], is given by

ψ(ξ1,τ2) = χ(τ2)u(X)exp[i(Kξ1−ρ(τ2))], (23)

where X = X(ξ1,τ2) = ς0(τ2)ξ1 +β0(τ2), with K being a real
constant, χ(τ2), ς0(τ2), β0(τ2), and ρ(τ2) are real functions of
variable τ2 to be defined and u is a real function of variable X .
Inserting the ansatz (23) into Eq. (11) and separating the real

and imaginary parts give

P
2

ς
2
0

( du
dX

)2
+

Qr

2
χ

2u4

+
[ dρ(τ2)

dτ2
− P

2
K2
]
u2−A0 = 0, (24a)( dχ/dτ2

χ
+

R
2
+Qiχ

2u2
)

u

+
[ dβ0

dτ2
− 1

ς0

dς0

dτ2
β0 +PKς0 +

dς0/dτ2

ς0
X
] du

dX
= 0, (24b)

where A0(τ2) is an arbitrary function of τ2 (constant of inte-
gration with respect to X). Demanding that ς0 and β0 satisfy
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equation

dβ0

dτ2
− 1

ς0

dς0

dτ2
β0(τ2)+PKς0 = 0 (25)

yields

β0(τ2) =−PKτ2ς0(τ2)+K0ς0(τ2), (26a)

X = ς0(τ2)[ξ1−PKτ2 +K0], (26b)

where K0 is an arbitrary real parameter. Inserting Eq. (26) into
system (24a)–(24b) yields

P
2

ς
2
0 (τ2)

( du
dX

)2
+

Qr

2
χ

2u4

+
[ dρ(τ2)

dτ2
− P

2
K2
]
u2−A0 = 0, (27a)( 1

χ

dχ

dτ2
+

R
2
+Qiχ

2u2
)

u+
[ X

ς0

dς0

dτ2

] du
dX

= 0. (27b)

Equation (27a) is an elliptic ordinary differential equation. For
α = αcr (i.e., Qi = 0), the simplest functions ς0(τ2) and χ(τ2)

for which Eq. (27b) is satisfied for every u(X) are obtained by
demanding that the coefficients of u and du/dX in this equa-
tion vanish, i.e., 1

χ

dχ

dτ2
+ R

2 = 0 and X
ς0

dς0
dτ2

= 0. This leads to

χ(τ2) = ψ0 exp
(
− R

2
τ2

)
, ς0(τ2) = ς00, (28)

where ψ0 6= 0 and ς00 6= 0 are two real constants. Thus, if
χ(τ2) and ς0(τ2) are defined by Eq. (28), system (27a)–(27b)
becomes( du

dX

)2
=−2Qrχ

2

Pς2
0

u4 +
PK2−2dρ/dτ2

Pς2
0

u2 +
2A0

Pς2
0
. (29)

We assume that Eq. (29) possesses a solution of the
form[37]

u(X) = sech(mX), (30)

where m and ρ(τ2) are parameters to be determined. By sub-
stituting Eq. (30) into Eq. (29) and equating coefficients of
terms with the same powers of sech(mX) to have

A0 = 0, (31a)

m2 =
PK2−2dρ/dτ2

Pς2
0

, (31b)

m2 =
2Qrχ

2

Pς2
0

. (31c)

Solving Eq. (31) gives

ρ(τ2) =
PK2

2
τ2 +

Qrψ
2
0

R
exp(−Rτ2)−ρ0,

m =

√
2Qr

P
χ

ς0
, (32)

consequently, solution of Eq. (11) reads[37]

ψ =
ψ0 e−

Rτ2
2 exp

{
i(Kξ1− PK2τ2

2 − Qrψ
2
0

R e−Rτ2 +ρ0)
}

cosh
{

ψ0

√
2Qr
P e−

Rτ2
2 [ξ1−PKτ2 +K0]

} ,

R 6= 0, (33a)

ψ =
ψ0 exp

{
i(Kξ1− [PK2

2 −Qrψ
2
0 ]τ2 +ρ0)

}
cosh

{
ψ0

√
2Qr
P [ξ1−PKτ2 +K0]

} ,

R = 0. (33b)

It is important to note that ρ0 is an arbitrary real constant and
we have set ς00 = 1.00 without loss of generality.

We now show how the modulated nerve impulses prop-
agate in the myelinated axon by substituting Eq. (33a) into
solution (7) of the nerve impulse. We fix the values R = 2.00,
ψ0 = 1.00, K = 20.0, K0 = ρ0 = 0.00, Qr = 2.00 and P = 1.00
without loss of generality, but just to simplify the mathemati-
cal computations. This leads to

un(t) = 2ε e−τ2 sech[2e−τ2(ξ1−20τ2)]

×
{

cos[20ξ1−200τ2− e−2τ2 ]cos(qn−ωt)

− sin[20ξ1−200τ2− e−2τ2 ]sin(qn−ωt)
}
. (34)

Recall that ξ1 = ε(x−vgt), τ2 = ε2t, x = n and at lower cutoff
mode q = 0, ω = Ω0, vg = 0. This reduces solution (34) to the
form

un(t) = 2ε e−ε2t sech[2e−ε2t(εn−20ε
2t)]

×
{

cos[20εn−200ε
2t− e−2ε2t ]cos(Ω0t)

+ sin[20εn−200ε
2t− e−2ε2t ]sin(Ω0t)

}
. (35)

A plot of the spatial profile of the nerve impulses in the
myelinated axon with the variation of the perturbation param-
eter ε is given in Fig. 6 at different time frames. It is also
observed that the modulated impulses become more localized
as the perturbation ε increases. For example, for ε = 0.100
as in the first diagram of Fig. 6, the modulated impulses over-
lap, indicating that neuronal information is slowly transmitted
in the myelinated axon. However, as the perturbation gradu-
ally increases to ε = 1.000 as in the last diagram of Fig. 6,
the neural signals are transmitted with high efficiency. This
observation suggests that the flow of ionic charges within the
neural membrane is greatly influenced by the variation of the
perturbation parameter ε .

Analysis of the time series dynamics of the nerve impulse
fixed at the origin generates the curves in Fig. 7. Also, as the
perturbation increases, the nerve impulses gradually become
more localized, suggesting that these perturbations physiolog-
ically affect the opening and closing of voltage-gated ion chan-
nels in the nerve membrane. In particular, for ε = 1.000, we
observe a single spike which is qualitatively similar to those
recorded in squid axons.[40]
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Fig. 6. Evolution of modulated impulses at lower cutoff mode (q = 0), according to Eq. (35) with Ω0 = 0.18. The perturbation ε is varied.
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mode q = 0 and fixed at the origin (n = 0) for Ω0 = 0.18.

4. Numerical analysis of the Liénard form of the
modified FHN equation
The possibility of different outcomes with collision of

nerve impulses in neural networks has greatly motivated the
investigation of this phenomenon in this section. Action po-
tentials are considered to be an electrical phenomenon, which
is governed by the theoretical equations initially proposed
by Hodgkin and Huxley.[10] Despite the numerous successes
recorded by the HH model, it has been recently subjected
to intense criticism. For example, it has been suggested
that action potentials are a class of nonlinear waves called
solitons,[43] which upon head-on collision, two solitons pen-

etrate and continue to move with undistorted profile. Further-
more, penetration of two solitons propagating in a lipid bi-
layer membrane was also predicted in Ref. [43]. However, a
plethora of results[44–46] clearly indicates that pulse penetra-
tion is not observed in excitable membranes. Considering this
evidence, it is unlike that action potentials are correctly de-
scribed as solitons. It must be underscored that this does not
cast doubt on the perception that an action potential is a nonlin-
ear acoustic phenomenon. Other solitary waves like in Bose–
Einstein condensates[47] and catalytic surface reactions,[48]

annihilate upon head-on collision. Interestingly, annihilation
however seems to be a comparatively rare scenario, suggest-
ing that this phenomenon may require special type of nonlin-
earity in the medium of interaction. Furthermore, there are
strong indications that excitable cells reside close to a phase
transition.[49,50] If the latter incorporates the nonlinearity that
allows for the generation of an action potential, the pulse could
entail a phase change of the excitable medium. This transient
realization of a different material phase may lead to pulse an-
nihilation when two action potentials meet. In order to be able
to penetrate, the pulses would have to propagate through this
new phase.

4.1. Localized standing waves

We now numerically integrate Eq. (6), which is the
Liénard form of the modified discrete FHN equation. This
is achieved by using the fifth-order Runge–Kutta scheme with
a time step of 0.01, on a spatial domain supporting N = 101
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dynamical units, under periodic boundary conditions. To solve
this non-integrable discrete nonlinear equation, we take, as ini-

tial condition, the analytical solution given by the modulated
nerve impulse solution (22), which at t = 0.00 reads

un(0) = εψ0 enqε

[
[e−2nqε + cos(2ρnqε)]cos(nq)+ sin(2ρnqε)sin(nq)

cosh(2nqε)+ cos(2ρnqε)

]
. (36)

On the upper part of Fig. 8 for the given set of the sys-
tem parameter values, it is observed that after sending the
pulse ansatz in the system, the structure preserves this exci-
tation state permanently with no event of propagation. This
suggests that stationary localized pulses are accessible for our
biological system. This solution is indeed an asymmetric lo-
calized solution which intimates the existence of a stable sta-
tionary bright envelope soliton solution for our modified dis-
crete FHN model equation (6). Figures 8(a), 8(b), and 8(c)

show the three-dimensional spatiotemporal display, the upper
view, and the profile of this static pulse solution at all times,
respectively.

Under other parameter conditions, this pulse solution
turns into a localized standing wave. These are highlighted in
Figs. 8(d)–8(f). Figure 8(f) shows the standing wave profiles
at different times. Further variations in the value of nonlinear
coefficient γ1 lead to different profiles of localized standing
waves as reflected in Fig. 9.
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Fig. 9. Effects of variation in γ1 on the localized waves of the modified discrete FHN Eq. (6). The parameters are same as those in Fig. 8 but
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4.2. Propagation and collision

By varying the wave dispersion coefficient D0 in the modified FHN neural network, we observe the profile of the waves as
shown in Fig. 10.
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Fig. 10. Effect of dispersion coefficient D0, on the propagation of ac-
tion potential in the modified FHN model. The parameters are same as
those in Fig. 8 but for (a) D0 = 0.02, (b) D0 = 0.04, (c) D0 = 0.06, and
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It is generally found that an increase in D0 leads to a cor-
responding increase in the speed of propagation of nerve im-
pulses. For the particular case in Fig. 10(d), the nerve impulse
takes just about 165 to move across the network. Based on
these observations, we now plot the time of propagation τp

and the propagation speed vp, as a function of D0, as shown in
Fig. 11.

Figure 11(a) clearly shows that the time of propagation τp

is inversely proportional to the dispersion coefficient D0, while
Fig. 11(b) depicts that the propagation speed vp increases ex-
ponentially with D0. We further plot the spatial profiles of the
nerve impulses at a particular value of dispersion coefficient
D0, as shown in Fig. 12. The spatial profiles of the nerve im-
pulses in Fig. 12(c) give the evolution from a pulse impulse at

t = 0.00 to an asymmetric impulse at t = 206.4.
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By further choosing suitable parameters in the numeri-
cally integration of the modified discrete FHN Eq. (6), in-
teresting behavior of the nerve impulse signal is revealed as
in shown Fig. 13. The pulse degenerates into a bi-soliton
which propagates in opposite directions within the lattice of
the myelinated axon. As a result of the imposed periodic
boundary conditions, these two pulses collide at the bound-
aries of the neuronal lattice and annihilate each other.[1] Im-
mediately after the annihilation, a dynamic structure known as
multipulse crystal emerges in the myelinated axon. This multi-
pulse solution is indeed a quadripulse, which can be viewed as
being indicative of a localized firing state, with the occurrence
of spatially localized static spiking structures in the neuronal
network as in Fig. 13(d) when t = 35. These nerve impulse
structures eventually evolve to occupy the entire lattice site as
depicted in Fig. 13(f) when t = 150.

5. Discussion and conclusion
Soliton-like modes have already been identified in neu-

ral networks. For example, Moukam et al. reported on
localized nonlinear excitations in diffusive Hindmarsh–Rose
(HR) neural networks with nearest-neighbor linear electrical
couplings.[5] On the other hand, Mvogo et al. considered the
same HR network but with long-range diffusive coupling.[51]

In both analyses, the neural membrane capacitance was as-
sumed to be constant. However Dikandé et al. considered a
nonlinear membrane capacitance for both myelinated and un-
myelinated nerve fibers, and showed that nerve impulses are
well-localized in neural networks.[6] Our current investigation
for single mode oscillations mainly deals with the modified
FHN model. In fact we have considered an electrical lattice in
the form of a nonlinear transmission line that models the mod-
ified discrete FHN system, in which the charge stored in the
membrane, Q, is a nonlinear function of the trans-membrane
voltage, i.e., Q(un) = c0(1−αu2

n)un. This nonlinear mem-
brane capacitance is spontaneously induced during the gener-
ation and transmission of nerve impulse in the highly dissi-
pative myelinated axon. The capacitive nonlinearity coupled
with that of the ionic current dynamically competes with the
highly dissipative effects experienced in the myelinated axon.
By using the multiple scale expansion in the semi-discrete ap-
proximation, we have shown that the system of equation gov-
erning the propagation of modulated nerve impulses in the dis-
sipative myelinated axon is the CGL amplitude equation. This
equation is reduced to the DNLS equation at the critical value
of the capacitive feedback parameter (i.e., at α = αcr). We
equally investigate the modulational instability of the propa-
gating nerve impulses, and confirm the predictions made by
Benjamin and Feir in fluid dynamics.[38] The capacitive feed-
back parameter α plays a crucial role in plane wave stabil-
ity. In fact, we find that the dissipation generally suppresses

the modulational instability by switching the growth of the
perturbations into an oscillatory behavior. This is graphically
demonstrated in Fig. 3, where the critical wavenumber q̄cr de-
creases with an increase in the dissipation R. The amplitude
of the propagating modulated nerve impulses is generally al-
tered with variation in α , suggesting that this parameter has a
physiological effect on the ion channels in the membrane. For
α = αcr, the modulated nerve impulses are also identified in
the myelinated axon (in both the spatial and time domains) at
lower cutoff mode, which become more localized as the per-
turbation parameter ε is increased. The results of numerical
simulations of the modified discrete Fitzhugh–Nagumo equa-
tion show the propagation, collision, and annihilation of im-
pulses in the neural network.

The ideal form of the C–V characteristic is actually dic-
tated by reliable experimental data on nerve impulse trans-
mission under appropriate physiological conditions. However,
an in-depth analysis involving available experimental data on
the response of the nerve membrane capacitance to the trans-
membrane excitations is vital to gain complete qualitative as
well as quantitative understandings of the nerve impulse gen-
eration and transmission in a myelinated axon with self ex-
citable membrane. In this light, we believe that under appro-
priate physiological conditions, experimental investigations
will shed more light on our current theoretical study carried
out on a myelinated axon with self-excitable membrane.

Appendix A

Ω0 =

√
R0(R0−R)

LU0
,

γ0 =
R2

0ε

LU2
0
, γ1 =−

RR0

3LU0
,

γ2 =
LU0− c0RR0

LU0
,

D0 =
RR2

0
RcLU0

, D1 =
R0

Rc
,

un =
Un

U0
, vn =

R0iL,n

U0
.
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