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We theoretically investigate the quantum interference theory of magnetotransport of the three-component or spin-
1 chiral fermions, which possess two linear Dirac bands and a flat band. For isotropic scalar impurities, the correction
of conductivity from the coherent backscatter and non-coherent backscatter contributions cancel out in the intravalley
scattering, leading to a weak localization correction to the Drude conductivity from the intervalley scattering. For the
anisotropic impurities, the above cancelation is removed, we find the approximative quantum interference conductivity in
the weak anisotropy case. The contributions from the chiral anomaly and classical Lorentz force are also discussed. Our
work reveals some intriguing and detectable transport signatures of the novel spin-1 chiral fermions.
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1. Introduction

Disorders usually break crystal translational symmetry
and play a crucial role in the transport properties of elec-
trons in solids.l'l It has been shown that strong disorders
could induce metal-to-insulator transition, leading to Ander-
son insulators.[?! In the quantum diffusion regime where the
mean free path is much shorter than the phase coherent length
and the size of the system, electrons remain the phase co-
herence during the impurity scattering.[*! Consequently, this
weak disorders could give rise to noticeable contribution to the
classical Drude conductivity at low temperature (Fig. 1(b)),
manifesting as weak localization (WL) or weak antilocaliza-
tion (WAL).¥) WL and WAL correspond to the construc-
tive and destructive interference between time-reversed scat-
tering paths, respectively (Fig. 1(a)). The quantum interfer-
ence corrections (WL/WAL) strongly depends on the specific
properties of the electronic system including the dimension-
ality, the types of disorders, the form of the spin—orbit cou-
pling, the Berry phase of electrons. > Recently, the WL ef-
fect has been used to identify the nature of two-dimensional
(2D) massless Dirac electrons with nontrivial Berry phase in
the context of graphene!'%!!] and surface states of topological
insulators. [>12-151

Three-dimensional (3D) topological semimetals, a new
state of quantum matter, support massless fermions such as
well-known Dirac and Weyl fermions at discrete points in the

[16-18

Brillouin zone. I The nontrivial topology and unique en-

ergy dispersion of massless fermions could lead to a great va-
riety of novel quantum phenomena, such as chiral anomaly
and the resulting negative magnetoresistance,''°->1 and chi-

¢ [26-28

ral sesudomagnetic effec 1 Very recently, first princi-
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ples calculations suggest that the chiral crystalline family of
transition metal silicides, including CoSi, RhSi, RhGe, and
CoGe,!””! has been recently proposed as ideal candidates to
host unconventional chiral fermions characterized by a large
monopole charge, some of which have been observed experi-
mentally through angle-resolved photoemission spectroscopy
(ARPES), transport and infrared optical spectroscopy.20-3?]
In this work, we focus on the three-component chiral fermion
or spin-1 chiral fermion3?! that is characterized by the combi-
nation of two Dirac-like bands and a flat band with threefold
band crossings (Fig. 1(c)), carrying a larger monopole charges
of +2. These spin-1 chiral fermions exhibit fantastic physi-

[30-32,34]

cal properties, such as helical surface states, unusual

magnetotransport, 33361 the circular photogalvanic effect, 7]

[38] The investigation of

and unconventional superconductivity.
the impact of disorders on the quantum transport of new chiral
fermions would be highly desired.

In this work, we give a theory of magnetoconductivity
for spin-1 chiral fermions due to quantum interference in the
presence of scalar impurities by using Feynman diagram tech-
niques. We find a WL correction to the Drude conductivity,
which is consistent with the Berry phase analysis. In addi-
tion, the impact of anisotropic disorders is also discussed in
the weak anisotropy limit.

The paper is organized as follows. In Section 2, we in-
troduce the effective model the spin-1 chiral fermions and cal-
culate the monopole charges. In Section 3, we calculate the
Drude conductivity and quantum interference corrections from
both the intravalley and intervalley scattering from isotropic
disorders. In Section 4, we consider the anisotropic disor-
ders and calculate the quantum interference conductivity in the
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weak anisotropy limit.
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Fig. 1. (a) Backscattering of electrons along two time-reversed paths
in disordered metals. The blue and red lines in (b) are the magneto-
conductivity signature of WL and WAL, respectively. (c) The energy
dispersion of the spin-1 fermions.

2. The effective model

According to the Fermion doubling theorem, [*! fermions
with opposite chirality usually appear in pairs in solids. Thus
we consider a pair of valleys for spin-1 fermions located at
+k.

H(k) =Y vl [xveh(k+ xke) - L)Wy, (1)
k.x

where the Fermi velocity is about vg ~ 6.7 X 107 cm/s, 1401 7 is
the reduced Planck constant, Yy, = (ka,h V.0, ka,—l)
is a three-component field operator, y = =+ is the valley index,
and k is measured from each valley. L = (L,L,,L;) repre-
sents three 3 x 3 matrices with the pseudospin equaling to 1,
and in the bases of eigenstates of L., the Hamiltonian near each
valley can be written as

ke ke—ik, 0
H% = vah kx + iky 0 kx — lky . (2)
0 ketiky, —k

The corresponding eigenenergies are Ey ) j, = Avehk, with A =
41,0 being the band index. Without loss of generality, we as-
sume that the Fermi energy Er > O lies in the conduction band
and is far away from the band touching point, so as to ignore
the interband scattering. The wave functions of the conduction
bands in the two valleys y = = are given as
% (cos@+1)

_ 9 sin(6)
+.k) = V2 )
—1e%9(cos6—1)
—2e %% (cos6—1)
|_ k> _ 7e_i¢sin9 (3)

V2
I(cosO+1)

where the angles are defined as cos6 = k;/|k| and tan¢ =
ky/ky. |—, k) can be gotten by replacing k with —k in |+, k),
namely, 6 -+ 7 —0,¢ — w4+ ¢. Note that we here choose
this gauge to keep the eigenstates being single-valued in the
limit @ — 0. The Berry curvature of each valley is defined as
2, (k) = Vi x (xk|iVi k) = —x k.14 Then the relevant
monopole charge of the spin-1 fermions can be calculated as

1
- [dS- Q= =+1. 4
N mé X X “)

Note that the phase difference between the two time reversal
scattering paths is equivalent to the Berry phase along the loop
formed by the two paths.!”l For the spin-1 fermions whose
Berry phase is 27, the time reversed scattering paths will in-
terfere constructively, leading to a negative correction to the
classical Drude conductivity, that is, the WL effect.

3. Magnetoconductivity for isotropic disorders

In this section, we investigate the impacts of the disorder
that is described by the Dirac delta function

U(r) :Zu,ﬁ(r—Ri), (5)

where R; denotes the position of the impurity, and u; is the
corresponding scattering intensity, u; = ug for the intraval-
ley scattering, u; = u; for the intervalley scattering. We uti-
lize Feynman diagram techniques to evaluate the semiclassi-
cal Drude conductivity 6*¢ as well as the relevant the quantum
interference correction to the conductivity o9 which contains
the parts from the intravalley scattering Ggi and the intervalley
scattering qui.

3.1. Semiclassical Drude conductivity

In order to calculate the conductivity, we need the disor-
der modified velocity through the vertex correction, as shown
in Fig. 2(a).
(Fig. 2(b)) can be written as

Then the semiclassical Drude conductivity

2
‘ eh Z R ~A -
OF = 2qv 7 (k VXikakakVX[k> 7 ©

where V is volume of the system, v ;x is the velocity of elec-
trons in the conduction band near the valley X, vyix = gailf, =
vek/k. The corrected velocity Vi by the disorder scatter-
ing can be evaluated from the ladder diagram (Fig. 2(a)). The
retard and advanced (R/A) Green functions are G%A(a)) =
1/(o—E&x+ i%), with §g, = Ey, — Eg and Ey, = vphik. Here T is
the total disorder scattering time!*?! and is the inverse of self-
energy from the impurity scattering including the intravalley
and intervalley scattering. Within the first-order Born approx-
imation, 7 can be written as[®

1 21 1 1
_—_—= — ! /! 8 - /) = — - 7
i §,<Uk:,k Uk ) 8(0 — &) TOJF T @)
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Here, the disorder correlation function with impurity average
is defined as

<Uk|,k2Uk2,k1> = <Uk:1 szkz ky > + <Uk|,7k2UkT;:k3] >

_ 3n .9 .2 )
- 87rVNF‘L'{Sm 0 sin” 6, cos” (¢ — o)

+25sin 6 sin 6, cos(¢; — )
+ (1—-2m) (l sin20, sin26, cos(¢p; — ¢2)

+20030100592+1)}, (8)

with
&= (v e -0 = N o)
= 7 L {viat) 3060 = 5N 0
where n is the concentration of impurities, Ny = 2”2?% is the

density of states per valley, and U, %, = (+,k1 [U(7)[+, k2)
and Uy, 3, = (+, k1 |U(r)| —, k) are the corresponding scat-
tering amplitudes. The corrected velocity 17;c shown in

Fig. 2(a) can be obtained by solving the iteration equation
P = Vi + Y. GGy (Up o Ups 1) By - (11)
k/

Due to the isotropic energy dispersion and the disorder poten-
tial, we could assume ‘7;@ = 17,-\);c and put it into Eq. (11). After
cumbersome calculations, we find

2
ni=mn= 12)

C12n]

with ny = 5= Then the isotropic Drude conductivity

2 + 2.
is directly obtalngd fIrom Eq. (6) as follows:

o;f = Je*Nwvitn,. (13)
It has the same form as that of the conventional two-
component Weyl fermions,!® except a difference of prefac-
tor of 2. The Drude conductivity is usually expressed as
0%¢ = ¢2N;D in terms of the diffusion coefficient D = %v%rnv.

Fig. 2. (a) The Feynman diagram for vertex correction and (b) the di-
agram for the semiclassical Drude conductivity 6. The red and blue
arrowed solid lines denote electron’s retard/advanced Green functions,
respectively. The dashed line denotes impurities scattering.

3.2. Conductivity correction from quantum interference
odi
The quantum interference correction to the Drude con-
ductivity o9t usually contains two parts: the intravalley
The total

quantum interference conductivity correction o9 is the sum

cooperons GO and the intervalley cooperons o'.

of the two parts:
i =263 + o (14)

We first consider the conductivity correction from the intraval-
ley scattering as shown in Fig. 3,

ol = o + 203 (15)

where factor 2 comes from two topological equivalent dia-
grams, and the conductivity corrections from the bare and
dressed Hikami boxes are expressed as[*’]
Zrk 4k Z Gy1.GrGa

o = o ke kG (16)

27rV

e ~ ~
8 = 5o Llhva L LA OL05 G o
2nV T
xGg_ le’:?Gkal (Uk ey Ug—te.q—ky ) - a7

The quantum interference effect comes into the conductiv-
ity correction by the maximally crossed diagrams which are
called cooperons. For the intravalley scattering, the dressed
cooperon I, r, can be obtained through the Bethe—Salpeter

equation (BSE), as shown in Fig. 3,

Tiey ky = Ty 1 +ZI—;c1 kgw"gw" P P (18)

where Fkohkz = (Ug, .k, U—k, —k,) is the bare cooperon and the

detailed calculations are given in Appendix A.

q—ki g—k q—k;

Fig. 3. The Feynman diagrams for quantum interference correction to
conductivity from the intravalley scattering. (a) The bare Hikami box
for the intravalley scattering. (b) The dressed Hikami box for the in-
travalley scattering. (c) The BSE for the intravalley cooperons.
The conductivity correction in Egs. (16) and (17) can be
finally written as
2 22 3
i__em [ dq x
27
(2m)’ ¢* + 9%

GBO_ h 8

e (l—nl)m/ X0
o 20
0= () (20)

19)

16 qz—l—Q%’
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where Qg and ) are the cooperon gap and the correspond-
ing weighting factor, respectively, and their values are given
in Appendix A. The total quantum interference conductivity
correction from the intravalley scattering becomes

qi _ g qi
Oy = Opo+ 20k

_ 732111113/ d*q
h 8 ) (@2n)’¢+05

ey

It clearly gives rise to a WL effect, which is consistent with the
Berry phase argument. We note that the intravalley scattering
corrected conductivity Ggi only keeps the term that depends on
the relative intensity of the intervalley scattering 1)y, and in the
limit 1m; — O the ratio of bare Hikami boxes to dressed Hikami
boxes is
q1
=222, (22)
Ogo
It means that the correction for the bare and dressed Hikami
boxes from the intravalley scattering will cancel each other
out. In Table 1, we compare our results with those of 3D
single Weyl fermions®#* and double Weyl fermions.[”! Note
that this cancelation may be removed by anisotropic energy
dispersion, anisotropic disorders and higher order impurities
scattering in the dressed Hikami boxes. We will examine the
anisotropic disorders in the next section.
Table 1. Comparison among 3D single-Weyl fermions, 3D double-

Weyl fermions, and 3D spin-1 fermions, with £/ being the monopole
charge.

N WL/WAL n i
3D single-Weyl 1 WAL ﬁ [61 ] /6[6'44]
2
3D double-Weyl 2 WL {1 Som _p/am
x,y
3D spin-1 2 WL %zm ~1/2

We would like to consider the conductivity contributions

from the intervalley cooperons:
o = 2(o3 + 201} +20%), (23)

as shown in Fig. 4, which consists of one bare Hikami box

on = 27‘EV
><‘ffc,+Gk7+Gq—k,—‘73—k,—G2—k,—Gﬁ,+> (24)

and two dressed Hikami boxes

qi +
O = '~ (k
1FI 27‘EV e 1, —
- R
X\/Y_JrG le +G ke Gq Ky —
KT GA G <U,jklU:;77kl>7 (25)
GZquI = i (k=

27rV %k q

- R ~R R R
XV + Gkt Gry - Gg k- Ggry +

X Vx -k, +Gq kp, +G/’:,+ <Uljl;1 U:;cr,—kl > . (26)

Note that each of the two dressed Hikami boxes contains two
topological inequivalent diagrams.

ORI

+,k1 —,q kl
\*\
—.a—k & 1ok
\— 7q _F%
(¢) - k v Yy v
e o k%
e ~ )
S v vov v
*\\ ’U_ . .U’ > v
—ak .
B v o o 0

Fig. 4. The Feynman diagrams for quantum interference corrected conduc-
tivity from the intervalley scattering: (a) the bare Hikami box for the in-
travalley scattering, (b) and (c) the dressed Hikami boxes for the intravalley
scattering, and (d) the coupled BSEs for the intervalley cooperons.

The intervalley cooperons, as shown in Fig. 4(d), satisfy
the coupled BSEs: [®!

7 (ki ko)
= V1 (ki k2) +Z Z Yk, k )g‘eﬂg‘f" O (kK ),
27

I (ki k)
= Yy (ki ko) + ) Z Vro(k1 k)G o O (ke ko),
k v= o8

where 1 = (Ug] 1, U%%, _k,) and 3 = (Ug] 1, U%%, k)
are the bare cooperons and the detailed derivations are given in
Appendix B. Then, the conductivity corrections in Egs. (24),
(25) and (26) from the intervalley scattering cooperons can be

written as
G N ( 0yf | 4% | 248 )
" h105) ry? \Qi+¢*  Qi+¢* Qi+q*)’

)
50 :ﬁ4nma/ d3q( LA SR 7 )
n 75 ) 2P \Qi+qr GR+r Qi+q?)]
q
)

(,q1:£4nma/ a3 ( AR SV )
h 75 ) e \oi+e? 0i+qr QR4qP)

(29)

where Q; and y; (i = 1,2,3) are the cooperon gaps and the
corresponding weighting factors, respectively, and their val-
ues are given in Appendix B. The total quantum interference
correction to the conductivity is the sum over all the above
Feynman diagrams:
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quzc +0

2(0-130 +2x GFO) +2(GBI "‘2(711:1 + 20—2FI)

¢ d¢
- 72/ s G0
Q2+ 5 in Eq. (30) with
I 21
F,(B) = m/ dqg, [W(lz+2+quz+le >
1
—1//( + = +qu2+le2)] (31)
i

where I = \/Ti/4eB is the magnetic length, /4 is the phase co-
herence length, and y is the Digamma function, we can write
the WL induced magnetoconductivity as

869 (B) = ¢%(B) —

2
:—%zximw)—m(o». (32)

5% (0)

The phase coherence length is the function of temperature T
and has the form [y o< T~7/2,145] where p is related to the deco-
herence mechanism, p = 3/2 for the electron—electron interac-
tion, p = 3 for the electron—phonon interaction.!'! As shown
in Fig. 5(a), at low temperatures, we have ly > [y > [, and

/B, where [ = /D7

is the mean free length. As the temperature increases, /y be-

the magnetoconductivity (32) 66(B) o<

comes shorter, and for Iy < [,l3 < [y, the magnetoconductiv-
ity (32) becomes 86 (B) o< B2. At the sufficiently high temper-
atures, the phase coherence length and the mean free length are
comparable, the WL correction to magnetoconductivity disap-
pears.

As aforementioned, the dressed and bare Hikami boxes
from the intravalley scattering cancel each other out for the
isotropic Delta disorders, only the contribution from the inter-
valley scattering 7; remains. When 1; + 1, = 5/3, the inter-
valley cooperons gaps are 0, the intervalley cooperons have a
major contribution to the magnetoconductivity. The WL ef-
fect becomes pronounced, and increases with 7, as shown in
Fig. 5(b). However, when 1, + 1, # 5/3, the magnetoconduc-
tivity of the intravalley cooperons and that of the intervalley
cooperons are both small, so the magnetoconductivity curve
almost coincides with the horizontal axis for any finites values
of 1y and 1n,.

In addition to the WL induced magnetoconductivity, there
are two other contributions to the total magnetoconductivity:
the classical magnetoconductivity due to the Lorentz force and
positive magnetoconductivity due to the chiral anomaly. The
classical magnetoconductivity §6°(B) = —neu’B?, where
n = k3 /67* is the carrier concentration, and u = en, vt /fiky
is the mobility for the spin-1 fermions. When applying an par-
allel electric and magnetic field to the chiral spin-1 fermions,

charges are pumped from one valley to the valley with opposite
chirality, giving rise to a chiral chemical potential proportional
to the large momentum intervalley scattering time 7;, which
is the chiral anomaly. Similar to the Weyl semimetals,[1%2!]

we find the corresponding magnetoconductivity §64(B) =

432\/ FU
47r2hE2 ’
20 T T T T
—Ily=10 nm (a)
—1ly=>50 nm
= ly=100 nm
= %[ —1,=500 nm 1
= — 1y =1000 nm
T
<
[}
L
)
o
w

08 1.0

— = 0 70 (b)
_ 20 —m=0.80
Te 1 =0.90
L =1.00

T?L 15 m %73
<
N\“j, 10f
T
8 5t m+n.7#5/3

0 . \

0 0.2 0.4 0.6 0.8 1.0

B (T)

Fig. 5. The magnetoconductivity §% (B) for different phase coherence
length Iy at 7,41, = 5/3 and [ = 10 nm in (a), and for different 1; and
M at/ =10 nm and /3 = 1000 nm in (b).

4. Impacts of anisotropic disorder

In this section, we would like to investigate the im-
pacts of the anisotropy of impurities on the quantum trans-
port properties of spin-1 fermions. Specifically, we consider

Yiud(r—

u = diag{ug,uo, (1 +M)up}. The scattering time becomes

the anisotropic impurity potential U’ = R;), where

angle-dependent and has the form

2

i g (3—4cosB+cos(20))|. (33)

It can be seen that in the weak anisotropy limit 17 — 0, the
scattering time reduces to the isotropic one 7j. As a result, the
renormalized velocity becomes anisotropic:

Ve = n)gl)vp sinf cos ¢ + nf)vp sin(26)cos ¢,

vy = ny(l)vp sin 6 cos ¢ + T]y(z)vp sin(26) cos ¢,

v, = nz(l)vp cos 6 + nZ(Z)VF cos(20),
and the renormalized velocities can be obtained by solving the
following iterative equation for the vertex correction:

T +ZG ¥ (U Ui ) T (34)
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After some complex calculations, we find that the coefficients
of renormalized velocity in the x and y directions as follows:

n) = (v - Z18+1

* Y —9+57’

@) @) 5n

X = y = 5 35

and in the z direction

) = 286+n2+n))

¢ 36-1Tn(2+n)’

) sn(2+n)

P— . 36

T e v 1) (56)

Note that in the limit 1 — 0, the renormalized velocity re-
covers that in the presence of the isotropic disorder ni(l) =
27771'(2) = 0. We first calculate the Drude conductivity to the
first order of 1 in three directions:

. . 2
O = 0% ~ P Ne 12 <3 - 1’75> , (37)
2 2n
) 2
G;Zc ~ e NFTOVF <3 + 15> (38)

It is clear that anisotropic disorders could cause anisotropic
transport even for electrons with an isotropic energy disper-
sion.

The quantum interference correction to the conductivity
from the bare and dressed Hikami boxes can be directly calcu-

lated as
i e? —1296+144n+16n 1
%x) = T T (=50 Z o Q,<w>
i i648+252n 3612 1 X0
O-F,x(y) = h (9 51") v Z q n lea (40)

and the cooperons for the anisotropic disorder are given in Ap-
pendix C. The total quantum interference corrected conductiv-
ity in the x or y direction is

/qi ___/qi /qi
%) = %8.x0) 2%k x(y)
e® 648n — 5617 1
_ 41
CERE Z 2 S

In the z direction, the bared Hikami box gives

i €* —1296+31n% + 1447 lZ X

=< 42
GB,Z h (9751.[)2 % - q2+Q(%’ ( )

and the dressed Hikami box gives

648 +576m — 8102 1
4
(9—5n)2 Z 2 (43)

Following the similar calculations, we can obtain the total con-

qi e
Fz — z

ductivity in the z direction as follows:

/qi /qi /qi
0, " = Op,+20%;

737129611—1311] 1
h (9-5n)?

L

By replacing 3 VYilq S5 75 2+ 5 in Egs. (41) and (44) with

1/1/1d l+1+
a2 4|V 23

w(l+;+@@+F&J] (45)

F(B) = ey

the magnetoconductivities in the x, y and z directions can be
summarized as

€% 6481 — 561>

i 212960 —131n% , , , ,
56/ (B) = %W% (F'(B)—F'(0)). (46)

It can be seen that anisotropic disorders could lead to
anisotropy of quantum interference correction of conductivity
in different directions. Note that in the absence of anisotropy
of disorders, 1 — 0, we could reproduce the result for the
isotropic disorder.

5. Conclusions

In summary, we have investigated the quantum interfer-
ence magnetoconductivity of spin-1 chiral fermions in the
presence of isotropic and anisotropic disorders by using the
method of the standard Feynman diagram. We find a WL cor-
rection to the classical Drude conductivity, consistent with the
27 berry phase. The anisotropy of disorders could remove the
cancelation of the coherent backscattering from bared Hikami
cooperon and non-backscattering from the dressed Hikami
ones in the intravalley scattering. The predicted novel trans-
port properties due to quantum interference of new spin-1 chi-
ral fermions can be verified experimentally.
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Appendix A

In this appendix, we show the process of solving the
Bathe—Salphter equation for the intravalley scattering. To
solve this iterative equation, we use the bare cooperon as the
initial value

Ik, k)
= <Uk]7k2U7k1.*k2>
~ 3n(l—m) .
= eaney PI2i(91— 92)l{11+cos26,

+ 05826, + 16c0s 01 cos 6, +3co0s20; cos26,

017502-6



Chin. Phys. B 32, 017502 (2023)

. . B . 272N,
+16sin6; sin 6, cos(91 — ¢) +cos2(41 — ¢2) ~ ﬂ:h Pt (1 — @, T — ivpTgcos O — (vpTq)? cos? 9). (A4)
+4sin26; sin26, cos(¢; — ¢2)

+ 0826, c0s26; cos2(¢1 — ¢2) To get the form of the dressed cooperon Iy, ,, we can first
— 0820, cos2() — ¢p) —cos26,cos2(d; — )}, (Al) substitute the bare cooperon (A1) as the zeroth order trial so-

Iution into the right side of BSE in Eq. (A2), and obtain the

and the corresponding full cooperon can be obtained through
first-order solution as follows:

the BSE, as shown in Fig. 3,

Ty ey = FklkﬁZFklkg‘e"g‘g" B P (A2)

&n ~1E—10m -0
1—;61 ks _1—;€1 k2+zl—;€1 kgl gl 1 I_I‘cAky (AS)

1
ien*ék‘s’i%Sgn(‘eﬂ)
tion, and sgn(x) is the sign function; &, and @,, are the Mat-

where Q,I:’” = is the Matsubara Green func-

Fkl1 k, has more terms than I"kO1 k,- Next, we continue to sub-
subara frequency for the fermions and bosons, respectively. stitute I"! (k1 , k7 ) into the right-hand side of the equation to get
Replacing the summation by integration, the BSE in  the second-order solution

Eq. (A2) can be written as

27 g
17@]"’2 I_I‘clk2+v/ ¢/

y / 2 dkgls,,gls,, 1a)m.
0
The radial integral can be calculated as!6!

/O deglsnglen o

1—;61 ko +ZI—;G:1 kglgnglen lmnll_;(‘,l,kz' (A6)

2
ky.k
Fkl wlke ke 1.k2

(A3) After some calculations, we can find that szl Lk, has no
more linearly independent terms than Fkll k,» Which indicates
that this set of polynomials becomes closed during iteration.

Therefore, the full cooperon Iy, x, can have the form

I, ke, = exp[—2i(¢; — ¢2)] {Al + A5 0820 +A3c08260, + Ay cos 0 cos 0, +Ascos20; cos26,

3h
647NtV
+Agcos(¢; — @) sin O sin 6, + A7 cos2(d; — ¢2) +Agcos(P) — @) sin26; sin26,
+A9c0826; c0s26,cos2(P) — ¢2) +A19cos260; cos2(P; — ¢r) + A1 cos262cos2(P) — ¢2)

+Cjcos 0] 4+ Crcos 6 + C3 0820 cos 8 + C4cos 0 cos20, + Cs cos(@; — @) sin26; sin 6,

+C6COS(¢1 —(])2) sin61 Sinzez}. (A7)

To further determine these undetermined coefficients, we put Eq. (A7) into the BSE in Eq. (A2), and obtain a set of linear
equations. In the limit w,, — 0, these coefficients have the form

10 (35 (7n;* +48n2 — 7 — 48) +33(m — 1)°0* — 5(n — 1)2(39m, +214)Q2)

A= )
T 17, (N2 +10m+9) +9(n — 1)30° — 15(n; — 1)2(6m+23)Q* + 150 (n? +TnZ — ny — 7) 02
P 70(n; — 1) (=25mi(m+ 1) +3(m — 1)>Q* +5 (3n2 — 5Smi +2) Q%)
—175m; (N 4 10 +9) +9(1; — 1)30° — 15(m — 1)2(6m, 4 23)@* + 150 (n} + 702 —m —7) Q%
e 70 (=25n: (n? — 1) +3(m = 1)°Q* +5(m — 1)*3m — 2)@?)
} —175m (N2 +10m;+9) +9(m; — 1)3Q0 — 15(m, — 1)2(61; +23)Q* + 150 (0 + T2 — i — 7) Q2
e 160(n; — 1) (35m7 +315m, + 3n20* — 6mQ* +30* — 3002 0° — 75nIQ2+105Q2)
T 175, (N2 +1014+9) +9(m — 1)3Q° — 15(n; — 1)2(6m, +23)Q* + 150 (n + 702 — 1 — 7) Q%
pe 350(m — 1) (15m2 +15m, 4+ 3n20* — 6m0* +30* —9n?Q? — nQ2+10Q2)
T 175, (N2 +10m+9) +9(n — 1)30° — 15(1; — 1)2(6m, +23)Q* + 150 (n + TnZ — 1y —7) Q%'
| 16(1 nl)(l W — 531 —m)Q* - )
6 = b
— 105 (1 = m0)2Q% - (% - %(1 —m)Q*— 1) (1 o %3(1 —m)Q*— 1)
= 70(m; — 1)
=T +mQ?— 0 —
4(1—m) (452 - (1 -m)Q* - 1)
As = 1 1—m

— 105 (1 —m)?Q* — (%* (1 =) 71) (

3(1-m)Q—1)
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= 70(m—1) Ao = — 70(m—1) Ajp = — 70(m —1) (A8)
~Tm+mQ? - Q*—63 =T +mQ? - Q*—63 =T +mQ? - Q*—-63
80i(m — 1)*Q (=35, + 6m;0* — 60* — 210)
Cl:__ 2 —1\306 _ _ 4 27
175m (N2 + 101+ 9) +9(m — 1)3Q° — 15(n; — 1)2(61m; +23)0* + 150 (n + Tn2 —m—7) Q
80i(m — 1)>Q (—35m, + 6m;0* — 60* — 210)
2= —175 21101, 4+9) +9(n, — 1)30° — 15(n, — 1)2(61; +23)0* + 150 7 2’
M (n?+10m49) +9(n — 1)°Q (M )(m+ )O* 4150 (0 +7n2 —mi —7) Q
o 2800i(n; — 1)*n
> 175m (N2 100, +9) +9(m — 1)3Q f15(171—1)2<6n1+23)Q4+150(m +InE—m—17) Q%
Co — 28001(7]1 1)2 1
6 —175m (nZ + 101+ 9) +9(1m; — 1)3Q0 — 15(my — 1)2(61; +23)Q* + 150 (0 + T2 — i — 7) Q2
o 560i (n? —2m+1) Q0
T 3502 +350m, + 3n20% — 6mQ* +30% — 15n20% — 70m,02 + 8502 + 315’
560i (n2 —2m;+1) Q
CG=—77 204 _ 4 T 121202 _ 2 2 )
3512 +350m, +3n2Q* — 6mQ* + 30* — 1512 Q% — 70m,Q% + 8502 + 315
C3:C4:C9:C10:C11:C12:0. (A9)

It can be seen that, in the limit ¢ — 0, only the first term
becomes divergent and has the form

1 X0

intervalley cooperons, as shown in Fig. 4(d), satisfy the cou-
pled BSEs!®!

= vit2 g2 + Q(z)’ (A10) F—++7<k’17k2) = Yti(klak&)
igy 18)1 10 y—
48+7n1 Tm(9+m) Z 5 (k1 k)G, "G, " Iy (K k),
where yp = 3 , 0% = T6(-nn () Thus the full
cooperon has the form B
3h Xoexp|—2i(01 — ¢2)] I (ki,ka) = vy (ki ka)
I K, = 5 5 > . (A11)
64TNeTV T4V5 q°+Q; +Zy+v (k1,k )glsnglan 1(0va (k, k).
Appendix B (B2)
In this appendix, we give the detailed calculation of the = Here ¥ = —v, and the bare cooperons for the intervalley scat-
dressed cooperon for the intervalley scattering. Similarly, the  tering are defined as
|
yf;(kl ko) = 2;]1;;2‘/ { % sin® 0, sin> 6, + 3cos” o sin* % e2i(91-02) 4 36ip* o cos” & e 2i(91-02)
F
. 0, 0 6 6, 0 6 o) e/
_ i(91—92) g; 39 G322 —i(¢1-92) i3 1 A in 22 cosd3 22
12¢ sin — 2 cos > sin > cos — > —12e sin 5 cos 2 sin > cos > }, (B3)
mh 9 e in2 it 01 o4 92 2i(0-0) 401 402 g -gy)
Yil t(k1,ky) = SINGTY {8 sin” O; sin” 6, + 3sin 5 cos 5 e +3cos sin 5 e
; 0 0 °) ¢ . 0 0 0 0
+12ei01-9) gin? L cos ?1 sin 72 cos® 72 —12e"1(®1=®)gip 71 cos’ 71 sin’ 72 cos 22} , (B4)
o+ __Mmh_[9 a0 462 igi-gy) a0 a6 ai(g-g)
Y (ki ky) = SINGTV {8 sin” 6, sin® 6, + 3cos* — > +3sin* = 0
. 0 0 6 6 : 0 6, 6 0
161-902) gin 2L o563 L in 22 cogd 2 —i(91—¢2) ¢in3 2L 372 g 2
+12e sin 2 cos 2 sin > S > +12e sin 2 cos — > sin > cos > }, (BS)
N LA 001 0 02 000 4 3006t O ot & o202
y++(k1,k2)—2nNFTV{Ssm 6, sin® 6, + 3sin* > sin +3cos > cos 5 e
. 6 6 6 6, 6 6
i(¢1-92) (i3 2L 1372 —i(¢1—92) o3 2L 2 o3 22
+12e sin cos — > sin’ > cos — > +12e sin — cos > sin > cos > }, (B6)

where 1, o< <U iy ;:Uk_,_k> measures the weight of the intravalley scattering. Assuming the full cooperons have the following form

017502-8
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mh
2aNeTV

0 0 5. 0 0 .
' (ki,ky) = {a5 sin” 6; sin” 6, + a; cos” 2 gin® ?2 e201=%) 4 4 gin* 2 cost ?2 e 2i(91-92)

0 0 0 )
+asze' i(61-02) sin 21 cos3 e} sm3 2 cos— +tage

0 6 6 6
5 5 5 1(91-92) gjp3 21 cos ?1 sin -2 cos® 2 }7 (B7)

2 2

I (kiyka) =

oS 01 ;462 o 0 46
) 7\/.]: v {bj Sin2 91 Sin2 92 + bl sin4 71 Sin4 72 621(¢1 92) + b2 COS4 ? COS4 22 _21((1)1 )

. 6 6 7/ 7] 0 6, 2]
+b3el(¢‘*¢2>sin3?]cos > sm3?2cos > +bse (¢'*¢2>sin?1cos3?15 > 2 cos? 22}, (B8)

and substituting them into the coupled BSEs in Egs. (B1) and (B2), we finally get the coefficients of the full cooperons

1 1 b 315(-21 ?)+35
Tt 0+ Vit Q3 +¢q 87Ma (—126 (n —nZ) +2101m,)
1 x5 X3b
—a =23 hi=py=— 3
43— v2t2 Q3 +¢%’ T T 03+ and the cooperon gaps are
1l x5 L%
=55 —F5>—, bs= ——— B9
TR+ g BT RR g 9 07— 41 (02 ) — 14707, 11225
1= )
where the weighting factors are vEt? (=266 (2 —nf) +7701m,)
4 3675 0 — 441 (n2 —n2) — 1470m, + 1225
X1 2266 (2 —n?) +770m,)” P (=161 (17 —n?) +350m,)”
,  105(=21(n7 —n?)+35n,) o= 441 (2 — n?) — 1470m, + 1225 B1D)
A (266 (12— ni2) + 770, 2 (126 (n2 - n?) +210m,)
e 14700
3 = ’
(=161 (13 —n?) +3501,) Appendix C
p  420(=21(n2—n?)+35n,)
= Na (_ 16112 +350m, + 1611112) ’ In this appendix, we turn to evaluate the quantum interfer-
Y 11025 ence correction to the Drude conductivity. The bare cooperon
X5 = 8(—126(n2 —n?) +210m,)’ for the anisotropic disorder becomes
/ 3h 11497  143n 3n
0
Ik, = N ———exp(—i2(¢ — %)){ ) + D) cos(26) + 0 cos(26,)
—i(¢1—¢2) (1
+ 42_17 cos(6;)cos(6,) + _i_zn cos(26;)cos(26,) + ¢ 16( +1) [4sin(6)sin(60;) +sin(26;)sin(26,)]
i(91—-¢2) —2i(91-92) (1 4-2n +n?
+ CT [4sin(0;)sin(6,) + sin(20;) sin(26,)] + © 24 n+n’) [1—cos(26;) —cos(26;)
+¢08(26,)c0s(26,)] + — 2 (91792) [1 4 cos(26;) cos(26,) — cos(26;) — cos(26,)] } (CD)

We then assume the dressed cooperon as

Fk’l’kz 5 ?\);l exp(—i2(¢; — ¢2)) {A1 +Cicos(6;) + Cyycos(261) cos(8) + Ciacos(0;) cos(26,) + Crcos(6,)
+C3c08(0;)cos(62) + Caco8(261) + C5c08(262) + Cscos(26; ) cos(26,)

+exp(—i(@; — ¢2)) [A2sin(6;) sin(6,) + A3sin(26,)sin(26,) +C7sin(26;)sin(6,) + Cg sin(6, ) sin(26,)]
+exp(—i(@; — ¢2)) [A4sin(0;) sin(62) + Assin(26;)sin(26,) +Ciosin(26;) sin(62) + Co sin(6;) sin(26,)]
+exp(—i2(¢1 — ¢2)) [A¢ +A7c0s(261) +Agcos(26,) +Ag cos(26;) cos(26,)

+Ci3¢08(2601) cos(02) +Crqacos(6;)cos(26,) + Cigcos(6,)]

+exp(i2(¢1 — ¢2)) [A10+A11c08(201) +A12c08(2602) +A3c08(261)cos(265)

+Cy5c08(261)cos(6:) +Cigcos(61)cos(26,) +Ci7c08(62)]}, (C2)
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where the undetermined coefficients can be obtained by solv-
ing the BSE in the similar mean above. In the limit ¢ — 0, we
find that only the term A; diverges and has the approximate
dressed cooperon as

Bt L B0 eip(-2i(— ), (CH)
PR 2RNRTo VTR 2 4 QF ’
with
1 21n 6623
/ 2
Ny D C4
X0~ 5720 " Tes00™ €
) 772
N ——. C5
QO SV%Tg ( )

In the limit 7 — 0, we have Q6 — 0, and the dressed cooperon
is divergent for small g — O.
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