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With an external in-plane magnetic field, we show the emergence of a topological nodal superconducting phase of
the two-dimensional topological surface states. This nodal superconducting phase is protected by the chiral symmetry
with a non-zero magnetic field, and there are corresponding Majorana Fermi arcs (also known as flat band Andreev bound
states) connecting the two Majorana nodes along the edges, similar to the case of Weyl semimetal. The topological nodal
superconductor is an intermediate phase between two different chiral superconductors, and is stable against the effects
of substrates. The two-dimensional effective theory of the nodal superconducting phase also captures the low energy
behavior of a three-dimensional lattice model which describes the iron-based superconductor with a thin film geometry. The
localizations of the Majorana nodes can be manipulated through external in-plane magnetic fields, which may introduce a

non-trivial topological Berry phase between them.
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1. Introduction

Since the discovery of topological insulators and their

material realization, =

research on topological band struc-
tures has become one of the major topics in condensed
matter physics.  Starting from the pioneering works of
Thouless,> Haldane,!®! Kane and Mele,[”8! the “ten-fold
way” classification!”!°1 of topological insulators and topolog-
ical superconductors has provided an elegant example of the
interplay between symmetry and gapped band systems. The
non-trivial topology can be characterized either by the total
Chern number (or Z, if time reversal symmetry is present) of
the occupied bands,!”:8! or through the bulk—edge correspon-
dence; namely, there are gapless topological edge modes cor-
responding to the non-trivial topology of the bulk band when
an open boundary condition is applied.!'!]

Besides the gapped band structure, the topology of gap-
less bands has also been studied. Weyl semimetals are
the most well-known three-dimensional example with a non-

(121 The Weyl node is a monopole

trivial gapless band structure.
of Berry’s phase, and is protected by its non-trivial winding
number around the node. From the perspective of bulk—edge
correspondence, there are surface Fermi arcs connecting Weyl
nodes with opposite chiralities.!!*!% The existence of a Fermi
arc is related to a two-dimensional Chern number; namely,
if one considers a line connecting the Weyl nodes, and for
a given momentum along the line, the Hamiltonian reduces

to a quasi two-dimensional gapped system which has gap-

Corresponding author. E-mail: xiluo@usst.edu.cn
© 2023 Chinese Physical Society and IOP Publishing Ltd

DOI: 10.1088/1674-1056/ac7208

less edge modes when the bulk Chern number is non-zero,
and the gapless edge modes correspond to the Fermi arcs.
In other words, the Weyl semimetal is an intermediate state
between a topological insulator and a trivial one.l!>16] Af-
ter Weyl semimetals, the topological nodal-line semimetal has
also been proposed.!!”l A general relation between the topo-
logical classification of gapless systems and the gapped ones
has been discussed. '8!

A systematic way of predicting topological materials (in-
cluding higher-order ones) is by comparing the possible band
structures allowed by the lattice symmetry with their atomic
limits, which are trivial band structures.[19-21]

Furthermore, the concept of topological states of mat-
ter not only prospers in condensed matter physics, but also
appears in classical systems and beyond, such as topologi-

(22 [23-231 topological

[28,29]

cal Weyl magnons,??! topological phonons,

[2627] and topological non-Hermitian systems.

photonics,
Within topological systems, the topological superconductor
has drawn much attention. One reason is that the Majorana
zero modes and Majorana edge modes in the topological su-
perconductor have potential applications in realizing topolog-
ical quantum computation. 3033

One famous scenario for realizing the Majorana zero
mode is that proposed by Fu and Kane, using the prox-
imity effect between a topological insulator and an s-wave
superconductor.** Following this track, several possible

cases of Majorana zero modes have been observed?>#?1. In
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2018, a 2¢2 /h conductance was observed in InSb nanowires,
which was believed to be evidence of the Majorana zero
mode, 3! but this result has been supplanted by the same au-
thors’ new data. [44]

Recently discovered iron-based superconductors, such
as FeTeg 55Seg.4s, #2401 (Lig g4Feo.16)OHFeSe,[*7] LiFeAs, 48]
and CaKFe4Asy, ! are new promising candidates for observ-
ing Majorana zero modes and Majorana edge modes.>! One
intriguing property of the iron-based superconductor is its en-
durance against a large in-plane magnetic field (e.g., more than
20 T in thin film of FeTeSe-92!), which is one of the motiva-
tions of this paper.

Since the normal state of an iron-based superconductor is

a topological insulator, >3-4

we will focus on the supercon-
ductivity of the topological surface state (T'SS) with an exter-
nal in-plane magnetic field. We find a topological nodal phase
protected by chiral symmetry (with a pseudo time-reversal
symmetry 7;)2 = 1), and for open boundary conditions, a Ma-
jorana Fermi arc connects these two Majorana nodes, simi-
lar to the case of Weyl semimetal.!'” The Majorana Fermi

arc is also known to be a flat band Andreev bound state["!

which can influence the interface properties drastically.[0->81
The Andreev flat band states have also been considered in two
dimensions with p-wave superconductivity®® or with inho-
mogeneous magnetic fields,® and in three dimensions with
momentum dependent pairings/®!! or odd-parity pairing.[®?!
Furthermore, we reveal that the topological nodal supercon-
ductor is an intermediate state between two different chiral su-
perconductors, which is exactly a two-dimensional supercon-
ductor analogue of a Weyl semimetal. This nodal supercon-
ducting phase is also confirmed in a three-dimensional lattice
model with thin film geometry, which is possible to realize in
iron-based superconductors. The localizations of the Majo-
rana nodes can be controlled by the in-plane magnetic field,
which may introduce a non-trivial topological Berry phase be-
tween them, similar to the proposal of braiding the Weyl nodes
in Weyl semimetals. (%3]

This paper is organized as follows. In Subsection 2.1, we
construct an effective Bogoliubov—de Gennes (BdG) Hamilto-
nian for the superconducting TSSs. Although the time-reversal
symmetry is broken by the external in-plane magnetic field, a
pseudo time-reversal symmetry 7, with 7—p2 = 1 remains. To-
gether with the particle-hole symmetry, a chiral symmetry can
be defined, which protects the topological nodal superconduct-
ing phase. There will be a Majorana Fermi arc connecting
the two nodes when open boundary conduction is applied. In
Subsection 2.2, we show that the topological nodal supercon-
ductor can be viewed as an intermediate state between two
chiral superconductors, which provides the topological stabil-
ity of the nodal superconductor. We discuss the effects of
substrates in Subsection 2.3. In Subsection 2.4, we consider

a three-dimensional lattice model simulating the thin film of

(541 and the nodal superconduct-

iron-based superconductors,
ing phase is confirmed numerically. The last section is de-
voted to conclusions, and we provide more details on the band

structures of the effective theory in Appendix A.

2. Results and discussion

2.1. Superconducting TSS under an in-plane magnetic
field and Majorana Fermi arc
We start from a general effective BAG Hamiltonian de-
scribing the superconducting TSSs of a thin film of a topolog-
ical insulator

hy = qxOx X T+ qyOyX:T; — HO0 X0 T
+100 )T, + A Oy Xz Ty, (1)

where we have chosen the Nambu basis as

T
_ i i i T
= (‘I’mq, Vilg: Y210 Vol Vir— g0 Vi — g Vot g ‘l’zi_q) .

Here q stands for momentum in the two-dimensional surface,
1 and | stand for spin polarizations, and the surfaces are la-
beled 1 and 2. o©;, X, and 7; are Pauli matrices that act on
the spin, surface, and particle-hole spaces respectively. The
first two terms in the Hamiltonian (1) describe the topologi-
cal surface states in the top and bottom surfaces with oppo-
site helicities. p is the chemical potential and ¢ is the hop-
The last
term is the intra-surface spin-singlet pairing. This odd-parity

ping term between the top and bottom surfaces.

pairing term can be induced by a 7m-junction or by repulsive
interactions, 3464631

The BAG Hamiltonian (1) is time-reversal symmetric, i.e.,
Tho(q)T ' = hi(—q), with T = ioy x0Tk, where K is the
complex conjugation operator. The charge conjugation can
also be defined by Cho(q)C~! = —h(—q) with C = 6o x0T K.
Note that in the normal state, the TSSs in top and bottom sur-
faces have opposite helicities; therefore there is an emergent
mirror symmetry of the xy plane. The superconducting TSS
is believed to respect this mirror symmetry; namely, we find
that Myyho(q@)M! = ho(q) with My, = —i0.2,7.1°%7] From
the mirror symmetry M,,, one can note that it commutes with
the odd-parity pairing term Aoy ¥, 7, while it anti-commutes
with the even-parity pairing term, say, A. 0, X Ty; therefore the
odd-parity pairing term is favored by the mirror symmetry.

Now we consider adding an in-plane magnetic field.
Because of the two-dimensional rotation symmetry, we can
choose the in-plane magnetic field to be along the x-direction
without loss of generality. By adding a Zeeman term to A, the
BdG Hamiltonian becomes

hx = hO + lexXoTz, (2)

where A, is the in-plane Zeeman coupling strength. Although
the time-reversal symmetry is broken by the external magnetic
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field, there remains a pseudo time-reversal symmetry 7, =
O XxTo/KC (which is the combination of time-reversal symme-
try 7 and the mirror symmetry —iM,,) with 7;,hx(q)7;’1 =
hi(—q), and 7'102 = 1. The particle-hole symmetry remains
true with the in-plane magnetic field. Therefore the Hamilto-
nian /2, (2) has a chiral symmetry Zh,(q)Z ! = —h,(q), with
E =CT, = OxXxTx. Namely, the system belongs to BDL[!
The BDI superconductor is also discussed in Refs. [60,68].
By substituting the momentum ¢; — sing; and the topping
term r — fo +11 (2 — cos g — cos gy ), we can construct a lattice
model of the effective Hamiltonian 4, (2). We plot the band
structure of the lattice model in Fig. 1. From the band struc-
ture, one observes that the system is a nodal superconductor
(Fig. 1(a)), and there is a Majorana Fermi arc connecting the
two nodes when choosing open boundary conditions along the
y-direction (Fig. 1(b)), which provides a two-dimensional su-
perconductor analogue of a Weyl semimetal. A more detailed
study on the phase diagram of the hopping term g and #; is
provided in Appendix A.

Similar to the case of Weyl semimetal, where the Fermi
arc is related to a two-dimensional Chern number,!'2! one can

u CIx‘f'iQy_lx

A qx — iLIy*/’Lx u
Q(q) —t+A 0
0 —t—A

For a quasi 1D superconductor with chiral symmetry, namely,

for a given ¢?, the topological number is defined by !

1 a
W(q%) = Elm </ dgydy, In (detQ (qy,qg))> . (6)

From bulk—-edge correspondence, if one considers open
boundary conditions along the y-direction, then for a non-zero
W (q?), there will be W(q?) types of Majorana zero mode(s)
localizing at each end of the open boundary. W (¢?) can only
change in the case when the bulk gap closes. For the param-
eters chosen in Fig. 1(a), W(gy = 0) = 1 and W(gx = 7) =0,
which is consistent with Fig. 1(b), namely, the Majorana Fermi
arc, which comes from the Majorana zero modes at the ends,
connects two bulk Majorana nodes, and exists when W (¢?) #
0 and disappears when W (¢?) = 0. The physics here is similar
to that of a Weyl semimetal where the Fermi arc connects two

Weyl points with opposite helicities.[!?]

(a) 3 (b) 3
2
T 3
S| R
—2
-3 _3
-3 0 3

qz
Fig. 1. The band structures of i, 2) with u =0, A=A, = 1,10 =1 =0.5,
and 71 = 1. (a) The bulk spectra with g, = 0. (b) Open boundary condition
along the y-direction with y = 50. The two Majorana nodes are connected by
a Majorana Fermi arc.

find a non-trivial topological number of a one-dimensional
system associated with the existence of Majorana Fermi arc.
To be more specific, for a given qg (except for the Majorana
nodes), the BDI Hamiltonian /,(gy,q?) describes a quasi one-
dimensional system, and it is classified by Z in 1D."! In order
to determine the characteristic topological number, we change
into the basis that diagonalizes the chiral operator & with the
unitary transformation Uz,

0001 O
0010 0
0100 0 -1
1000 —1
1000 1
0100 O
0010 0
0001 O

0 —
-1

(=)
—

/V2, 3)

0
0
0
0
1
0

SO = OO
— OO oo OO

such that UEIE =z =diag(1,1,1,1,—1,—1,—1,—1), and

_ 0 O(q) )
Uz'hUsz = A : 4
= ( O'(q) O @
where
—t—A 0
0 —t+A
. 5
H —qx — 14y — Ay ©)
—qx+1qy — Ay u

2.2. Interpreting the nodal superconducting phase as an
intermediate phase between two chiral superconduc-
tors

Since Weyl semimetal can be viewed as an intermediate
phase between a topological insulator and a trivial one,!'®! one
may ask whether the nodal superconducting phase could be
interpreted as an intermediate state between two topological
distinct phases. The answer is yes, which also provides the
topological origin of the stability of the nodal superconduct-
ing phase.

In order to show this scenario, we add a spin-triplet inter-
surface pairing term into the Hamiltonian A, (2),

h=h,— AthXyTya @)

where A, is the spin-triplet pairing strength. This term pre-
serves the mirror symmetry M,,, and breaks both the time-
reversal symmetry 7 and the pseudo one 7,; therefore, the
chiral symmetry is broken by A;. The spin-triplet pairing can
arise from the Coulomb interaction, and has played an impor-
tant role in topological superconductivity, such as Cu,Bi;Ses
in 3D[%%701 and bilayer Rashba systems in 2D.[64]

When there are no external magnetic fields, the band
spectra near I point are
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Ei,i,a=i\/q2+t2+<At+aA>2+u2ﬂ:2 (A -+ aAP + (@ + ) 2, ®)

where o = +. The topological phase boundary can be deter-
mined by the band touching at the I" point;[%”) namely, the
phase boundaries are given by

(A £ A+ p? =12, ©)

which are two circles centered at +A with radius ¢ for fixed
A and ¢ in the A;—u plane; see Fig. 2. In addition, within
each circle, there is a topological chiral superconducting phase
with a non-zero Chern number. These topological non-trivial
phase are protected by the mirror symmetry M,,, and be-
cause {M,,,C} = 0, the topological phase is classified by
7 & 7..19667] More interestingly, when 7 > A, these two circles
intersect. Although the total Chern-number is zero in the inter-
section, it remains non-trivial because of the mirror symmetry
and the Z & Z classification. In particular, when A; = 0, the
two circles coincide, and because the system is time reversal

symmetric, it is classified by Z,.[”) In addition, there will be
topological helical edge states when the parameters are within
the circles.

!(a) L[®)
-1
-1 N=0
-2 -1 0 1 2 -2 -1 0 1 2
A, A,

Fig. 2. (a) and (b) Topological phase diagrams of / (7) in the A;,—u plane and
A2, plane with A = 1,7 =0.5, (a) A, =0, and (b) & = 0. N stands for the
bulk Chern number. Along the A; = 0 line within the two circles is the topo-
logical nodal superconducting phase, as confirmed numerically in Fig. 1(b),
which is an intermediate state between two chiral superconductors.

Now we add in the external in-plane magnetic field. With-
out loss of generality, we choose t = 0 for simplicity (the ef-
fect of u is shown in Fig. 2(a)). Then the band spectra become

Eiig= i\/qg+qg+ (t+aA)2—|—A,2+),x2j:2\/q,2€lxz+(t+0m)2 (AF+22). (10)

The topological phase boundary is determined as before. We
plot the phase diagram in Fig. 2 (see Appendix A for more
details). From Fig. 2(a) one notes that there are two distinct
topological non-trivial regions with opposite Chern numbers
when the external magnetic field is absent. Furthermore, the
non-zero Chern number N indicates that time-reversal sym-
metry is broken when the spin-triplet pairing term A; exists.
By turning on the external in-plane magnetic field A, the two
topological non-trivial regions are connected without gap clos-
ing at the I' point (see Fig. 2(b)). From the phase diagram
Fig. 2(b) we have two observations. One is that the topolog-
ical chiral superconducting phase is protected by the mirror
symmetry M,, since the in-plane magnetic field A, breaks it
and causes phase transition. The other one is that because of
the phase transition between these two topological non-trivial
phases, the bulk gap should be closed at a momentum away
from the I' point; in particular, the gapless phase transition
occurs when A, = 0 and the nodal superconducting phase is
protected by the chiral symmetry (see Fig. 1). These results
are also confirmed by the numerical calculations of the lat-
tice model, which are presented in Appendix A. To sum up,
in this section, we show that the nodal superconducting phase
can be viewed as an intermediate phase between two different
topological non-trivial phases; therefore the nodal structure is
topologically stable and protected by the chiral symmetry.

\
2.3. Effects of substrate

The superconducting TSSs could be realized in the thin
films of the iron-based superconductors through the molecular

711 or exfoliation;[7?! in either method,

beam epitaxy method
the substrate will always be present. Then we shall consider if
the topological nodal superconducting phase was stable in the

presence of substrate.

—2 -1 0 1 2
v

Fig. 3. The topological phase diagram of Ay, (11) in the v—A, plane with
u=0,A=1,andr=0.5. The red shaded area is the topological nodal
superconducting phase which remains stable when the substrate exists.

A uniform substrate can be treated as a difference of
chemical potential of the two surfaces; therefore we consider a
term VOp )X, T, to simulate the effect of the substrate. By adding
this term into the Hamiltonian 4, (2), it becomes

hsup = hx+VGOXzTZ~ (1D
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The substrate breaks mirror symmetry M, but preserves chi-
ral symmetry. We plot the phase diagram in the v—A, plane in
Fig. 3 with the phase boundary determined by the gap closing
at the I" point of the above Hamiltonian. From the phase dia-
gram, we see that the topological nodal phase is stable against
the substrate.

2.4. Three-dimensional lattice model

In order to confirm the existence of the topological nodal
superconducting phase and the Majorana Fermi arcs, here we
construct a three-dimensional lattice model to mimic a thin
film of topological insulator with superconductivity. For the
normal state of an iron-based superconductor, we consider a
four-band lattice model with two orbital degrees of freedom
(p, and dxz_yz),[53’54

direction with Zeeman coupling A,

I and the magnetic field is applied along x

3P (q) = v(singio;px) +M(q) Gop; + 1L Po + A:Oxpo,

where o; and p; are Pauli matrices acting on spin and the or-
bital. v is the hopping constant which we set to unity, M(q) =
Mo — M (cos gy + cosgy) — M cos g, with M; being constants
that control the topological phase of the normal state when the
magnetic field is absent. For example, we choose My = —8.5,
M = —3, and M, = 3, such that the normal state is a topolog-
ical insulator with a band inversion at Z, and there will be one
TSS on each open surface along the z-direction.>*4! The low
energy effective theory of the model Hamiltonian /3P (12) can
also describe the k- p theory near the I" point of a normal state
of Cu,BiySes where the orbital degrees of freedom come from
the conduction and valence bands at I" point.[6%!

For the superconducting part, we introduce an inter-
orbital spin-singlet pairing term A = Apioyp, which is
inversion-odd. The reason is that, in the effective theory (1) for
the superconducting TSS, the pairing term is odd under mir-
ror symmetry My, which is a remnant of the three-dimensional
inversion symmetry. Then the BAG Hamiltonian reads

h3D A‘"T
Iigaa = ( o {9 (= q)) : (12)

which to be realized

superconductors.’+%%731 For a thin film geometry, we con-

is possible in the iron-based
sider four layers along the z-direction and add an on-site
energy difference V in the top and bottom layers to simu-
late the effects of substrates.>*! We plot the topological band
structure in Fig. 4. The bulk spectra is a nodal superconduc-
tor (Fig. 5(a)) and the Majorana Fermi arc exists when we
choose an open boundary along y, which is also stable against
substrate potential (Fig. 5(b)). The behavior of the thin film
of the three-dimensional lattice model is consistent with the
effective theory of the superconducting TSSs discussed in
Subsection 2.1. The rich structures of the lattice model, e.g.,
the emergence of A and A;, will be presented in future works.

1

R 0

-1

S/ N\

_377r 0 ™

qIL'

Fig. 4. The BdG band spectra of the three-dimensional lattice model
h%'?iG (12) with four layers along the z-direction. My = —8.5, M| = —3,

M, =3,A)=15,V=05and A, =0.5. (a) Bulk spectra with g, = 0.
(b) Open boundary condition along the y-direction with y = 30. There is a
Majorana Fermi arc connecting the Majorana nodes.

3. Conclusion

In summary, we study the superconducting TSSs under
an external in-plane magnetic field. Due to a pseudo time-
reversal symmetry, the system belongs to BDI. There exists a
topological nodal superconducting phase with Majorana Fermi
arcs connecting the Majorana nodes, and it is an intermediate
state between two different topological chiral superconduc-
tors, which fulfills a two-dimensional superconducting ana-
logue of Weyl semimetals. This topological nodal supercon-
ducting phase is stable against substrates, and can be real-
ized in a three-dimensional lattice model for the thin films of
an iron-based superconductor®*! as well as a topological su-
perconductor Cu,Bi,Ses,[%”) which can endure large in-plane
magnetic field. The Majorana nodes can be controlled through
external in-plane magnetic field, which may introduce a non-

trivial topological Berry phase between them. 03!

Appendix A: More results on two-dimensional
lattice model

The effective BdG Hamiltonian we consider for the su-
perconducting TSSs with an external in-plane magnetic field
reads

hop = gxOx)To + qyOy X T — U0 X0T; + 100 XxT;

+AOy X Ty — A O Xy Ty + A Ox X0 T, (A1)

where o;, ¥;, and 7; are Pauli matrices acting on spin, surface,
and particle—hole spaces respectively. u is the chemical po-
tential, 7 is the hopping between up and bottom surfaces, A
is the intra-surface spin-singlet pairing, A, is the inter-surface
spin-triplet pairing, and A, is the in-plane Zeeman coupling.
To construct a lattice model, we substitute the momentum
gi — sing; and the topping term ¢ — 9 +1; (2 —cos g, —cos gy ).

For the topological nodal phase, let us consider the effects
of the hopping term and its phase diagram of 7y and #;. For
clarity, we choose the parameters as in Fig. 1, namely, u = 0,
A=A, =1,A, =0, and vary fy and t;. The arguments present
here can be generalized to other choices of parameters. We
solve the band structure of the Hamiltonian A2p (A1) for g, =0
under the given parameters, and the localizations of the Ma-

jorana nodes can be determined by ¢? = +cos™! (7“):1171),
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where we have assumed 7y and #; being positive without loss

of generality. The topological phase transition can be deter-

mined by whether the Majorana nodes exist or whether they

meet and open a gap, namely,

to+1 —1
tht1

We plot the phase diagram in Fig. Al(a), and study the prop-

=1, to+H—1=0. (A2)

erties of different phases by numerics under open boundary
conditions in Figs. A1(b)-A1(f). We fix #{ = 0.4 and vary fty.
In Fig. A1(b), 1y lies in the white regime of Fig. Al(a), which
is a trivial gapped superconducting phase. In Fig. Al(c), fy lies
in the pink regime, which is a topological nodal superconduc-
tor with a Majorana Fermi arc connecting the Majorana nodes.

(a) 3 (b) 1

In Fig. A1(d), 1 lies at the phase boundary between pink and
blue regimes, where the Majorana Fermi arc remains and the
bands touch at I' and X. In Fig. Al(e), ty lies in the blue
regime, which shows the Majorana nodes at X evolve towards
I' and the ones at I" move towards X. In Fig. A1(f), #y lies in
the orange regime, and the band gap has touched again at X.
Furthermore, we plot the phase diagram in A,—A, plane in
Fig. A2(a). We also choose five typical points in Fig. A2(a)
and plot their band structures (Figs. A2(b)-A2(f)). Away from
A; = 0 line, there are chiral Majorana edge modes, and their
chiralities change side if A; has an opposite sign. In addition,
along A; = 0, the chiral Majorana edge modes evolve into the
Majorana Fermi arcs that connect the Majorana nodes.

() 1

Fig. Al. (a) The topological phase diagram of the nodal superconducting phase in #;—f plane with u =0, A = A, = 1, and A; = 0. From (b) to (f) are band
structures of spp (A1) with 50 sites along the y-direction, and we fix t; = 0.4. (b) tp = 2.2, in the white regime of (a). (c) fo = 1.6 in the pink regime. (d)
to = 1.2, at the phase boundary. (e) fo = 0.8, in the blue regime. (f) o = 0.4, in the orange regime.

(a) (b)

qz

q.’E q.’l?

Fig. A2. (a) The topological phase diagram in the A,—A, plane with 7o =t =0.5,#; =1, 4 =0 and A = 1. From (b) to (f) are band structures of /;p (Al)
with 50 sites along the y-direction. (b) A, = 1.2, 4, =0, (c) A, =0.2, 4, =1,(d) A, =0, A, =1, () A, = —0.2, A, = 1, (f) A, = —1.2, A, = 0. The red (blue)
curve stands for the edge mode localizing at the left (right) edge. The chiralities of the chiral Majorana edge modes in (b) and (c) are opposite to those in (e)

and (f), which is consistent with the bulk Chern number N in (a).
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